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To Felix Browder, a mentor and close friend, 
who taught me to enjoy PDEs through the 
eyes of a functional analyst 


Preface 


This book has its roots in a course I taught for many years at the University of 
Paris. It is intended for students who have a good background in real analysis (as 
expounded, for instance, in the textbooks of G. B. Folland [2], A. W. Knapp [1], 
and H. L. Royden [1]). I conceived a program mixing elements from two distinct 
“worlds”: functional analysis (FA) and partial differential equations (PDEs). The first 
part deals with abstract results in FA and operator theory. The second part concerns 
the study of spaces of functions (of one or more real variables) having specific 
differentiability properties: the celebrated Sobolev spaces, which lie at the heart of 
the modern theory of PDEs. I show how the abstract results from FA can be applied 
to solve PDEs. The Sobolev spaces occur in a wide range of questions, in both pure 
and applied mathematics. They appear in linear and nonlinear PDEs that arise, for 
example, in differential geometry, harmonic analysis, engineering, mechanics, and 
physics. They belong to the toolbox of any graduate student in analysis. 

Unfortunately, FA and PDEs are often taught in separate courses, even though 
they are intimately connected. Many questions tackled in FA originated in PDEs (for 
a historical perspective, see, e.g., J. Dieudonné [1] and H. Brezis—F. Browder [1]). 
There is an abundance of books (even voluminous treatises) devoted to FA. There 
are also numerous textbooks dealing with PDEs. However, a synthetic presentation 
intended for graduate students is rare. and I have tried to fill this gap. Students who 
are often fascinated by the most abstract constructions in mathematics are usually 
attracted by the elegance of FA. On the other hand, they are repelled by the never- 
ending PDE formulas with their countless subscripts. I have attempted to present 
a “smooth” transition from FA to PDEs by analyzing first the simple case of one- 
dimensional PDEs (i.e., ODEs—ordinary differential equations), which looks much 
more manageable to the beginner. In this approach, I expound techniques that are 
possibly too sophisticated for ODEs, but which later become the cornerstones of 
the PDE theory. This layout makes it much easier for students to tackle elaborate 
higher-dimensional PDEs afterward. 

A previous version of this book, originally published in 1983 in French and fol- 
lowed by numerous translations, became very popular worldwide, and was adopted 
as a textbook in many European universities. A deficiency of the French text was the 
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lack of exercises. The present book contains a wealth of problems. I plan to add even 
more in future editions. I have also outlined some recent developments, especially 
in the direction of nonlinear PDEs. 


Brief user’s guide 


1. Statements or paragraphs preceded by the bullet symbol e are extremely impor- 
tant, and it is essential to grasp them well in order to understand what comes 
afterward. 

2. Results marked by the star symbol x can be skipped by the beginner; they are of 
interest only to advanced readers. 

3. In each chapter I have labeled propositions, theorems, and corollaries in a con- 
tinuous manner (e.g., Proposition 3.6 is followed by Theorem 3.7, Corollary 3.8, 
etc.). Only the remarks and the lemmas are numbered separately. 

4. In order to simplify the presentation I assume that all vector spaces are over 
R. Most of the results remain valid for vector spaces over C. I have added in 
Chapter 11 a short section describing similarities and differences. 

5. Many chapters are followed by numerous exercises. Partial solutions are pre- 
sented at the end of the book. More elaborate problems are proposed in a separate 
section called “Problems” followed by “Partial Solutions of the Problems.” The 
problems usually require knowledge of material coming from various chapters. 
I have indicated at the beginning of each problem which chapters are involved. 
Some exercises and problems expound results stated without details or without 
proofs in the body of the chapter. 
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Chapter 1 
The Hahn-Banach Theorems. Introduction to 
the Theory of Conjugate Convex Functions 


1.1 The Analytic Form of the Hahn-Banach Theorem: Extension 
of Linear Functionals 


Let E be a vector space over R. We recall that a functional is a function defined 
on E, or on some subspace of E, with values in R. The main result of this section 
concerns the extension of a linear functional defined on a linear subspace of E by a 
linear functional defined on all of E. 


Theorem 1.1 (Helly, Hahn-Banach analytic form). Let p : E — R be a function 
satisfying! 

(1) Px) = Ap(x) Vx € E and Và >Q, 

(2) pty) < p@)+ ply) Vx, y EE. 


Let G C E be a linear subspace and let g : G > R be a linear functional such that 
(3) g(x) < p(x) Vx eG. 


Under these assumptions, there exists a linear functional f defined on all of E that 
extends g, i.e., g(x) = f(x) Vx € G, and such that 


(4) f(x) < px) Wx e £E. 


The proof of Theorem 1.1 depends on Zorn’s lemma, which is a celebrated and 
very useful property of ordered sets. Before stating Zorn’s lemma we must clarify 
some notions. Let P be a set with a (partial) order relation <. We say that a subset 
Q C P is totally ordered if for any pair (a, b) in Q either a < b orb < a (or both!). 
Let Q C P be a subset of P; we say that c € P is an upper bound for Q ifa < c for 
every a € Q. We say that m € P is a maximal element of P if there is no element 


1 A function p satisfying (1) and (2) is sometimes called a Minkowski functional. 
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x € P such that m < x, except for x = m. Note that a maximal element of P need 
not be an upper bound for P. 

We say that P is inductive if every totally ordered subset Q in P has an upper 
bound. 


e Lemma 1.1 (Zorn). Every nonempty ordered set that is inductive has a maximal 
element. 


Zorn’s lemma follows from the axiom of choice, but we shall not discuss its 
derivation here; see, e.g., J. Dugundji [1], N. Dunford—J. T. Schwartz [1] (Volume 1, 
Theorem 1.2.7), E. Hewitt-K. Stromberg [1], S. Lang [1], and A. Knapp [1]. 


Remark 1. Zorn’s lemma has many important applications in analysis. It is a basic 
tool in proving some seemingly innocent existence statements such as “every vector 
space has a basis” (see Exercise 1.5) and “on any vector space there are nontrivial 
linear functionals.” Most analysts do not know how to prove Zorn’s lemma; but it is 
quite essential for an analyst to understand the statement of Zorn’s lemma and to be 
able to use it properly! 


Proof of Lemma 1.2. Consider the set 


D(h) is a linear subspace of E, 
P= {h: D(h) C E> R/hAis linear, G C D(h), 
h extends g, and h(x) < p(x) Yx € D(h) 


On P we define the order relation 
(hy < h2) & (D(h1) C D(h2) and hz extends h1). 


It is clear that P is nonempty, since g € P. We claim that P is inductive. Indeed, let 
Q C P be a totally ordered subset; we write Q as Q = (hi)ier and we set 


D(h) = U D(hi), h(x) =hi(x) if x € D(hi) for some i. 
icl 

It is easy to see that the definition of h makes sense, that h € P, and that h is 
an upper bound for Q. We may therefore apply Zorn’s lemma, and so we have a 
maximal element f in P. We claim that D(f) = E, which completes the proof of 
Theorem 1.1. 

Suppose, by contradiction, that D(f) Æ E. Let xo ¢ D(f); set D(h) = D(f) + 
Rxo, and for every x € D(f), set h(x + txo) = f(x) + ta (t € R), where the 
constant a € R will be chosen in such a way that h € P. We must ensure that 


f(x)+tæ < p(x+txo) YxeD(f) and YteR. 


In view of (1) it suffices to check that 
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f(x) +a < p(x+x0) Wx € D(f), 
f(x) -—a < p(x—x9) Vx € D(f). 


In other words, we must find some « satisfying 


sup {fO)— py —x0)} <a < inf {p(x + xo)— f(x)}. 
yeD(f) xeD(f) 


Such an g exists, since 


Sf) — pO — xo) < px +x0)— f(x) Vee D(f), Vy € D(f); 


indeed, it follows from (2) that 


fœ + fO) < pœ +y) < p&t+xo) + ply — xo). 


We conclude that f < h; but this is impossible, since f is maximal and h Æ f. 


We now describe some simple applications of Theorem 1.1 to the case in which 
E is a normed vector space (n.v.s.) with norm || ||. 


Notation. We denote by E* the dual space of E, that is, the space of all continuous 
linear functionals on E; the (dual) norm on E* is defined by 


(5) Il flex = ue fœ) = sup f(x). 


lxlls Ins 1 
xE l3 


When there is no confusion we shall also write || f || instead of || f || z«. 

Given f € E* and x € E we shall often write (f, x) instead of f (x); we say that 
(, ) is the scalar product for the duality E*, E 

It is well known that E* is a Banach space, i.e., E* is complete (even if E is not); 
this follows from the fact that R is complete. 


e Corollary 1.2. Let G C E be a linear subspace. If g : G — R is a continuous 
linear functional, then there exists f € E* that extends g and such that 


Ifl = sup |g@)| = lallo. 


XE 
lxl<1 
Proof. Use Theorem 1.1 with p(x) = |lg|lg«llx|l. 


e Corollary 1.3. For every xo € E there exists fo € E* such that 
|| foll = Ilxoll and (fo, xo) = Ilxoll?. 


Proof. Use Corollary 1.2 with G = Rxo and g (txo) = t||xo||?, so that || gl] g« = ||xoll. 


Remark 2. The element fo given by Corollary 1.3 is in general not unique (try 
to construct an example or see Exercise 1.2). However, if E* is strictly con- 
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vex?’— for example if E is a Hilbert space (see Chapter 5) or if E = L? (Q) with 
1 < p < œ (see Chapter 4)—then fo is unique. In general, we set, for every xo € E, 


F0) = { fo € E*; I foll = lixoll and (fo, xo) = llxol?}. 


The (multivalued) map x9 > F (xo) is called the duality map from E into E*; some 
of its properties are described in Exercises 1.1, 1.2, and 3.28 and Problem 13. 


e Corollary 1.4. For every x € E we have 


(6) Ixl = sup {f x)| = max |(f, x). 
feE* JEE 
Į fI<1 FISI 


Proof. We may always assume that x Æ 0. It is clear that 


sup |(f,x)| < lix]. 
fEE* 
IfI<1 


On the other hand, we know from Corollary 1.3 that there is some fo € E* such 
that || foll = llxl] and (fo, x) = Ilxll?. Set fı = fo/llxll, so that | fil] = 1 and 
(fi, x) = (Ix). 

Remark 3. Formula (5)—which is a definition—should not be confused with formula 
(6), which is a statement. In general, the “sup” in (5) is not achieved; see, e.g., 
Exercise 1.3. However, the “sup” in (5) is achieved if E is a reflexive Banach space 
(see Chapter 3); a deep result due to R. C. James asserts the converse: if E is a Banach 


space such that for every f € E* the sup in (5) is achieved, then E is reflexive; see, 
e.g., J. Diestel [1, Chapter 1] or R. Holmes [1]. 


1.2 The Geometric Forms of the Hahn—Banach Theorem: 
Separation of Convex Sets 


We start with some preliminary facts about hyperplanes. In the following, E denotes 
an N.v.s. 


Definition. An affine hyperplane is a subset H of E of the form 
H={xeE; f(x) =a}, 


where f is a linear functional’? that does not vanish identically and a € R is a given 
constant. We write H = [f =a] and say that f = « is the equation of H. 


2 A normed space is said to be strictly convex if ||tx + (1 — t)y|| < 1, Vt € (0,1), Vx, y with 
\|x|| = ||y|] = 1 and x Æ y; see Exercise 1.26. 

3 We do not assume that f is continuous (in every infinite-dimensional normed space there exist 
discontinuous linear functionals; see Exercise 1.5). 
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Proposition 1.5. The hyperplane H = [ f = a] is closed if and only if f is contin- 
uous. 


Proof. It is clear that if f is continuous then H is closed. Conversely, let us assume 
that H is closed. The complement H°] of H is open and nonempty (since f does not 
vanish identically). Let x9 € H°, so that f (xọ) Æ «œ, for example, f (xo) < a. 

Fix r > 0 such that B(xo, r) C H°, where 


B(xo,r) = {x € E; |x — xoll < r}. 
We claim that 
(7) f(x) <a Vx e B(xo,r). 


Indeed, suppose by contradiction that f(x,) > a for some x; € B(xo,r). The 
segment 
{x, = (1 — t)xo + tx, ; t € [0, 1]} 


is contained in B(xo, r) and thus f(x;) 4 a, Vt € [0, 1]; on the other hand, f(x;) = 
a for some t € [0, 1], namely t = ES. a contradiction, and thus (7) is proved. 
It follows from (7) that 


f@otrz) <a Vz e€ BO, 1). 
Consequently, f is continuous and || f || < (a — f(xo)). 


Definition. Let A and B be two subsets of E. We say that the hyperplane H = [ f = 
a] separates A and B if 


f@)<a VWxeA and f(x)>a Wre B. 


We say that H strictly separates A and B if there exists some £ > 0 such that 


f(x)<a-—e VxeAandf(x)>ate Wre B. 


Geometrically, the separation means that A lies in one of the half-spaces deter- 
mined by H, and B lies in the other; see Figure 1. 
Finally, we recall that a subset A C E is convex if 


tx+(1—-thye A Vx,yeA, Vte [0,1]. 


e Theorem 1.6 (Hahn-Banach, first geometric form). Let A C E and B C E be 
two nonempty convex subsets such that AN B = Ø. Assume that one of them is open. 
Then there exists a closed hyperplane that separates A and B. 


The proof of Theorem 1.6 relies on the following two lemmas. 


Lemma 1.2. Let C C E be an open convex set with O € C. For every x € E set 


6 1 The Hahn—Banach Theorems. Introduction to the Theory of Conjugate Convex Functions 


H 


Fig. 1 


(8) p(x) = inf{æ > 0; a7!x € C} 


(p is called the gauge of C or the Minkowski functional of C). 
Then p satisfies (1), (2), and the following properties: 


(9) there is a constant M such that O < p(x) < M||x|| Vx € E, 
(10) C= {x € E; p(x) < I}. 


Proof of Lemma 1.2. It is obvious that (1) holds. 
Proof of (9). Let r > 0 be such that B(O, r) C C; we clearly have 


1 
PQ) S—|lx|| Vx € E. 
r 


Proof of (10). First, suppose that x € C; since C is opèn, it follows that (l+e)x € C 


for € > 0 small enough and therefore p(x) < -a < 1. Conversely, if p(x) < 1 


there exists œ € (0, 1) such that w—!x € C, and thus x = a (&7!x) + (1 — œ)0 € C. 


e Letx, y € Eandlete > 0. Using (1) and (10) we obtain that OTE EC 


and [Gyre — € C. Thus TETE + TOn C for all t € [0, 1]. Choosing the value 


_ aie x+y 
t= Porp WE find that OPOE = C. Using (1) and (10) once more, we 


are led to p(x + y) < p(x) + p(y) + 2e, Ve > 0. 


Lemma 1.3. Let C C E be a nonempty open convex set and let xy € E with xo ¢ C. 
Then there exists f € E* such that f(x) < f(xo) Yx e C. In particular, the 
hyperplane [f = f (xo)] separates {xo} and C. 


Proof of Lemma 1.3. After a translation we may always assume that 0 € C. We 
may thus introduce the gauge p of C (see Lemma 1.2). Consider the linear subspace 
G = Rxo and the linear functional g : G —> R defined by 
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g(txo =t, teER. 

It is clear that 

g(x) < p(x) YxeG 
(consider the two cases t > 0 and t < 0). It follows from Theorem 1.1 that there 
exists a linear functional f on E that extends g and satisfies 

f(x) < p(x) Wee E. 
In particular, we have f (xq) = 1 and that f is continuous by (9). We deduce from 
(10) that f(x) < 1 for every x € C. 


Proof of Theorem 1.6. Set C = A — B, so that C is convex (check!), C is open (since 
Ç= UyeR(A — y)), and 0 ¢ C (because A N B = Ø). By Lemma 1.3 there is some 
f € E* such that 

f@ <0 zec, 


that is, 
fœ) < fO) Wee A, VyeB. 


Fix a constant « satisfying 
sup f(x) <æ < inf f(y). 
xeA yeB 


Clearly, the hyperplane [f = a] separates A and B. 


e Theorem 1.7 (Hahn-Banach, second geometric form). Let A C E and B C E 
be two nonempty convex subsets such that A N B = Ø. Assume that A is closed and 
B is compact. Then there exists a closed hyperplane that strictly separates A and B. 


Proof. Set C = A — B, so that C is convex, closed (check!), and 0 ¢ C. Hence, 
there is some r > 0 such that B(0, r) A C = Ø. By Theorem 1.6 there is a closed 
hyperplane that separates B(0, r) and C. Therefore, there is some f € E*, f #0, 
such that 


fx-y)<f(rz) Vxe A, Vye B, Vze BO, 1). 


It follows that f(x — y) < -r||f|| Yx € A, Vy € B. Letting £ = Fri fi > 0, we 
obtain 
f@)tex<fy)—e Were A, VyeEB. 


Choosing @ such that 


sup f(x) +e <a < inf f(y) —- 8, 
xeA yeB 


we see that the hyperplane [f = a] strictly separates A and B. 


Remark 4. Assume that A C E and B C E are two nonempty convex sets such that 
ANB = Ø. If we make no further assumption, it is in general impossible to separate 
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A and B by aclosed hyperplane. One can even construct such an example in which 
A and B are both closed (see Exercise 1.14). However, if E is finite-dimensional one 
can always separate any two nonempty convex sets A and B such that AN B = Ø 
(no further assumption is required!); see Exercise 1.9. 


We conclude this section with a very useful fact: 


e Corollary 1.8. Let F C E be a linear subspace such that F + E. Then there 
exists some f € E*, f #0, such that 


(f,x)=0 VWre F. 


Proof. Let xo € E with xo ¢ F. Using Theorem 1.7 with A = F and B = {xo}, we 
find a closed hyperplane [f = æ] that strictly separates F and {xo}. Thus, we have 


(f,x) <a <(f,x0) Vx e F. 
It follows that (f, x) =0 Vx € F, since à( f, x) < a for every A € R. 


e Remark 5. Corollary 1.8 is used very often in proving that a linear subspace F C E 
is dense. It suffices to show that every continuous linear functional on E that vanishes 
on F must vanish everywhere on E. 


1.3 The Bidual E**. Orthogonality Relations 


Let E be an n.v.s. and let E* be the dual space with norm 


Ifl = sup |(f,x)I. 


xEE 
lxl<1 


The bidual Æ** is the dual of E* with norm 


lElle+ = sup |(&, f) € ek"). 
fEE* 
IFAIES! 
There is a canonical injection J : E —> E** defined as follows: given x € E, the 
map f |> (f, x) is a continuous linear functional on E*; thus it is an element of 
E**, which we denote by Jx.4 We have 


(Jx, fjes e = (f,x)e rg Wee E, Vf € E*. 


It is clear that J is linear and that J is an isometry, that is, || Jx|| gz» = ||x|| g; indeed, 
we have 


4 J should not be confused with the duality map F : E —> E* defined in Remark 2. 
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|Jxlle* = sup |(Jx, f) = sup K(f x) = Ixl 
E E* feE* 
Wfllsd Ifllst 
(by Corollary 1.4). 

It may happen that J is not surjective from E onto E** (see Chapters 3 and 4). 
However, it is convenient to identify E with a subspace of E™ using J. If J turns 
out to be surjective then one says that EF is reflexive, and E** is identified with E 
(see Chapter 3). 


Notation. If M C E is a linear subspace we set 


M+ ={f € E*; (f,x)=0 Vx eM}. 


If N C E* is a linear subspace we set 


Nt={xeEs(f,x)=0 Vf EN}. 


Note that—by definition—N+ is a subset of E rather than E**. It is clear that M+ 
(resp. N+) is a closed linear subspace of E* (resp. Æ). We say that Mt (resp. N+) 
is the space orthogonal to M (resp. N). 


Proposition 1.9. Let M C E be a linear subspace. Then 


(Mt)+ = M |. 


Let N C E* be a linear subspace. Then 
(Ne) aN, 


Proof. It is clear that M C (M+)+, and since (M+)+ is closed we have M c 
(M+)+. Conversely, let us show that (M+)+ C M. Suppose by contradiction that 
there is some x9 € (M+)+ such that xo ¢ M. By Theorem 1.7 there is a closed 
hyperplane that strictly separates {xo} and M. Thus, there are some f € E* and 
some a € R such that 


(f, x) <a < (f, xo) Vx eM. 


Since M is a linear space it follows that (f, x) =0 Vx € M and also (f, x9) > 0. 
Therefore f € M+ and consequently (f, xo) = 0, a contradiction. 
It is also clear that N C (N+)+ and thus N c (N+)+. 


Remark 6. It may happen that (N+)+ is strictly bigger than N (see Exercise 1.16). 
It is, however, instructive to “try” to prove that (V+)+ = N and see where the 
argument breaks down. Suppose fo € E* is such that fo € (N+)+ and fo ¢ N. 
Applying Hahn—Banach in E*, we may strictly separate { fo} and N. Thus, there is 
some € € E* such that (£, fo) > 0. But we cannot derive a contradiction, since 
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£ ¢ N+—unless we happen to know (by chance!) that € € E, or more precisely 
that E = Jxo for some xo € E. In particular, if E is reflexive, it is indeed true that 
(N+)+ = N. Inthe general case one can show that (N +)+ coincides with the closure 
of N in the weak* topology o (E*, E) (see Chapter 3). 


1.4 A Quick Introduction to the Theory of Conjugate Convex 
Functions 


We start with some basic facts about lower semicontinuous functions and convex 
functions. In this section we consider functions g defined on a set E with values in 
(—oo, +00], so that g can take the value +00 (but —oo is excluded). We denote by 
D(@) the domain of ¢, that is, 


D(g) = {x € E; g(x) < +}. 


Notation. The epigraph of ¢ is the set 
epig = {[x,A]e E x R; g(x) SA}. 
We assume now that E is a topological space. We recall the following. 


Definition. A function g : E — (—0oo, +00] is said to be lower semicontinuous 
(1.s.c.) if for every A € R the set 


Ip < à] = {x € E; g(x) <A} 
is closed. 


Here are some well-known elementary facts about l.s.c. functions (see, e.g., 
G. Choquet, [1], J. Dixmier [1], J. R. Munkres [1], H. L. Royden [1]): 


1. If g is lLs.c., then epi ọ is closed in E x R; and conversely. 
2. If gisl.s.c., then for every x € E and for every ¢ > 0 there is some neighborhood 
V of x such that 


pO) = e@)—e YyeV; 
and conversely. 


In particular, if ọ is 1.s.c., then for every sequence (x,) in E such that x, > x, 
we have 


lim inf (xn) > g(x) 
noo 


and conversely if E is a metric space. 
3. If g and øz are l.s.c., then g) + g2 is l.s.c. 


5 We insist on the fact that R = (—o0o, 00), so that A does not take the value oo. 
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4. If (pi)ier is a family of l.s.c. functions then their superior envelope is also l.s.c., 
that is, the function g defined by 


g(x) = sup g(x) 


icl 


is l.s.c. 
5. If E is compact and ¢ is l.s.c., then inf g ọ is achieved. 


(If E is a compact metric space one can argue with minimizing sequences. For a 
general topological compact space consider the sets [p < A] for appropriate values 
of à.) 


We now assume that E is a vector space. Recall the following definition. 


Definition. A function g : E —> (—oco, +00] is said to be convex if 


g(tx + (1 —t)y) <te(4)+d-nety) Vx,ye E, Wte 0,1). 


We shall use some elementary properties of convex functions: 


1. If g is a convex function, then epi g is a convex set in E x R; and conversely. 

2. If g is a convex function, then for every A € R the set [p < A] is convex; but the 
converse is not true. 

3. If 91 and @2 are convex, then g; + @2 is convex. 

4. If (@)ie; is a family of convex functions, then the superior envelope, sup; 9i, is 
convex. 


We assume hereinafter that E is an n.v.s. 


Definition. Let g : E — (—0oo, +00] be a function such that ọ # +00 (i.e., 
D(g) 4 Ø). We define the conjugate function y* : E* > (—00, +00] to be® 


of) = supt(f, x)—g@)} (f € E*). 
xE 


Note that y* is convex and 1.s.c. on E*. Indeed, for each fixed x € E the function 
f |> (f, x) — g(x) is convex and continuous (and thus 1.s.c.) on E*. It follows that 
the superior envelope of these functions (as x runs through E) is convex and 1.s.c. 


Remark 7. Clearly we have the inequality 
(1) (fx) SPH) Yee E, Vf eE*, 


which is sometimes called Young ’s inequality. Of course, this fact is obvious with our 
definition of y*! The classical form of Young’s inequality (see the proof of Theorem 
4.6 in Chapter 4) asserts that 


6 g* is sometimes called the Legendre transform of ¢. 
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ig [X, Aol =B 


X E 


Fig. 2 


1 E 
(12) ab < —a” + — bP Va,b>0 
P P 


with 1 < p < œ and a + a = |. Inequality (12) becomes a special case of (11) with 
E = E* = Rand g(t) = atl? g* (s) = wisi? (see Exercise 1.18, question (h)). 


Proposition 1.10. Assume that g : E —> (—0oo, +00] is convex l.s.c. and œ # +00. 
Then p* Æ +00, and in particular, y is bounded below by an affine continuous 
function. 


Proof. Let x9 € D(ọ) and let ào < (xo). We apply Theorem 1.7 (Hahn—Banach, 
second geometric form) in the space E x R with A = epig and B = {[xọ, Ao]}. 
So, there exists a closed hyperplane H = [® = a] in E x R that strictly separates 
A and B; see Figure 2. Note that the function x € E > ®([x, 0]) is a continuous 
linear functional on E, and thus ®([x,0]) = (f,x) for some f € E*. Letting 
k = ®((0, 1]), we have 


(ix, à) = (f, x) +kA VEX,AlEeExR. 
Writing that ® > œ on A and ® < a on B, we obtain 
(f,x)+kà >a, VY[x,à] € epig, 


and 
(f, xo) + ko < a. 


In particular, we have 
(13) (f,x) +ko(x)>«æ Vx € Dg) 


and thus 
(f, xo) + ko(xo) > a > (f, xo) + ko. 


It follows that k > 0. By (13) we have 
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1 a 
—7f.x)—e)<—-7 Vx € DY) 
k k 
and therefore (if) < +00. 


If we iterate the operation x, we obtain a function y** defined on Æ**. Instead, we 
choose to restrict p** to E, that is, we define 


g(x) = sup {(f,x) -@*(f)} EE). 
feE* 


e Theorem 1.11 (Fenchel—Moreau). Assume that g : E —> (—oo, +00] is convex, 
Ls.c., and gp # +œ. Then y*™* = ọ. 


Proof. We proceed in two steps: 
Step 1: We assume in addition that y > 0 and we claim that y** = g. 


First, it is obvious that g** < g, since (f,x) — g*(f) < g(x) Vx € E and 
Yf € E*. In order to prove that y** = y we argue by contradiction, and we assume 
that g**(x9) < (xo) for some x9 € E. We could possibly have g(x) = +00, but 
y** (xo) is always finite. We apply Theorem 1.7 (Hahn—Banach, second geometric 
form) in the space E x R with A = epig and B = [xo, y**(x0)]. So, there exist, as 
in the proof of Proposition 1.10, f € E*, k € R, anda € R such that 


(14) (fx) +kA>a Vix, A] € epig, 
(15) (f, xo) + kp*™* (xo) < a. 


It follows that k > 0 (fix some x € D(ọ) and let à —> +00 in (14)). [Here we cannot 
assert, as in the proof of Proposition 1.10, that k > 0; we could possibly have k = 0, 
which would correspond to a “vertical” hyperplane H in E x R.] 

Let £ > 0; since g > 0, we have by (14), 


(fix) +(k+ejp(x)>« Vx € Dg). 


o( F)< CA 
k+e k+e 


It follows from the definition of g** (xo) that 


ae Ag i f f a 
£ (0) > ( chon) o( =| i ees 


Thus we have 


Therefore 


(J, x0) + k+6)p™ (x0) 2a Ve > 0, 


which contradicts (15). 
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Step 2: The general case. 
Fix some fo € D(g*) (D(g*) 4 Ø by Proposition 1.10) and define 


Q(x) = g(x) — (fo, x) + G* (fo), 


so that @ is convex |.s.c., @ Æ +00, and Y > 0. We know from Step | that (9)** = @. 
Let us now compute (@)* and (@)**. We have 


P = of + fo) — o (fo) 
and 
D (x) = (x) — (fo. x) + * (fo). 
Writing that (@)** = @, we obtain y*™* = ọ. 
Let us examine some examples. 


Example 1. Consider g(x) = ||x||. It is easy to check that 


srn JO if || fll < 1, 
a= +œ if || fI| > 1. 


It follows that 
g™*(x) = sup (f, x). 
feE* 
fils! 
Writing the equality 
ep =f, 


we obtain again part of Corollary 1.4. 


Example 2. Given a nonempty set K C E, we set 


0 ifxe K, 


I = 
ia) Cems a 


The function Zg is called the indicator function of K (and should not be confused 
with the characteristic function, xx, of K, which is | on K and 0 outside K). Note 
that [x is a convex function iff K is a convex set, and Zg is l.s.c. iff K is closed. The 
conjugate function (/x )* is called the supporting function of K. 

Itis easy to see thatif K = M is a linear subspace then (Im)* = [jy and y)™* = 
T+). Assuming that M is a closed linear space and writing that (I )"* = Im, we 
obtain (M+)+ = M. In some sense, Theorem 1.11 can be viewed as a counterpart 
of Proposition 1.9. 
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We conclude this chapter with another useful property of conjugate functions. 


x Theorem 1.12 (Fenchel—-Rockafellar). Let y, Y : E — (—co, +00] be two con- 
vex functions. Assume that there is some xo € D(g) D(w) such that ¢ is continuous 
at xo. Then 


inf (p(x) + W@)} = sup {-9*(-f) — W*(/)} 
xEE feE* 

= max(-9"(— f) = WN) = = mine") +D). 
The proof of Theorem 1.12 relies on the following lemma. 


Lemma 1.4. Let C C E be a convex set, then IntC is convex.’ If, in addition, 
Int C Æ Ø, then 


Cate. 
For the proof of Lemma 1.4, see, e.g., Exercise 1.7. 
Proof of Theorem 1.12. Set 
a= inf {p@~) + W@)}, 
xeE 
b= sup {—¢*(—f) — W*(/)}- 
fek* 
It is clear that b < a. If a = —oo, the conclusion of Theorem 1.12 is obvious. Thus 
we may assume hereinafter that a € R. Let C = epi ọ, so that Int C ¥ Ø (since ¢ is 
continuous at x9). We apply Theorem 1.6 (Hahn—Banach, first geometric form) with 


A = Int C and 
B={[x,A])eExR; à <a- y(x). 


Then A and B are nonempty convex sets. Moreover, ANB = Ø; indeed, if [x, A] € A, 
then A > g(x), and on the other hand, g(x) > a — w(x) (by definition of a), so that 
[x,à] ¢ B. 


Hence there exists a closed hyperplane H that separates A and B. It follows that 
H also separates A and B. But we know from Lemma 1.4 that A = C. Therefore, 
there exist f € E*, k € R, anda € R such that the hyperplane H = [® = a] in 
E x R separates C and B, where 


(ix, à] = (f, x) + kà Y[x, À] EExR. 
Thus we have 


(16) (fx) +kA>a Vix,A] EC, 
a7) (f x) tka <a V[x,A] eB. 


7 As usual, Int C denotes the interior of C. 
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Choosing x = xo and letting à — +00 in (16), we see that k > 0. We claim that 
(18) k>0. 


Assume by contradiction that k = 0; it follows that || f || 4 0 (since ® ¥ 0). By (16) 
and (17) we have 


(fix) 2a Vx € DY), 
(f,x) <a Vx Ee DW). 


But B(xo, £0) C D(@) for some £ọ > 0 (small enough), and thus 
(f,xo +€0z) >a Yz e€ BO, 1), 


which implies that ( f, xo) > œ + &€o|| f ||. On the other hand, we have (f, xo) < «œ, 
since x9 € D(y); therefore we obtain || f|| = 0, which is a contradiction and 
completes the proof of (18). 

From (16) and (17) we obtain 


and 


so that 


OO 


On the other hand, from the definition of b, we have 


EOE 
ORTO] 


Example 3. Let K be a nonempty convex set. We claim that for every x9 € E we 
have 


We conclude that 


(19) dist(xo, K) = inf |]x — xoll = max {(f, xo) — T4 (f)}. 
xeK feE* 
If lls 


Indeed, we have 
inf ||x — xoll = inf {g@) + ¥@)}, 
xeK xEE 


with g(x) = ||x — xol| and w(x) = Ig (x). Applying Theorem 1.12, we obtain (19). 
In the special case that K = M is a linear subspace, we obtain the relation 
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dist(xo, M) = inf ||x — xoll = max (f, xo). 
xeM M+ 


Je 
Ifill 


Remark 8. Relation (19) may provide us with some useful information in the case 
that inf,<x ||x — xol| is not achieved (see, e.g., Exercise 1.17). The theory of min- 
imal surfaces provides an interesting setting in which the primal problem (..e., 
infyeez{p(x) + W(x)}) need not have a solution, while the dual problem (i.e., 
max fee+{—@*(—f) — w*(f)}) has a solution; see I. Ekeland-R. Temam [1]. 


Example 4. Let g : E — R be convex and continuous and let M C E be a linear 
subspace. Then we have 


i EEE 
inf olx) any (f) 


It suffices to apply Theorem 1.12 with y = Im. 


Comments on Chapter 1 


1. Generalizations and variants of the Hahn—Banach theorems. 

The first geometric form of the Hahn—Banach theorem (Theorem 1.6) is still valid in 
general topological vector spaces. The second geometric form (Theorem 1.7) holds in 
locally convex spaces—such spaces play an important role, for example, in the theory 
of distributions (see, e.g., L. Schwartz [1] and F. Treves [1]). Interested readers may 
consult, e.g., N. Bourbaki [1], J. Kelley-I. Namioka [1], G. Choquet [2] (Volume 2), 
A. Taylor—D. Lay [1], and A. Knapp [2]. 


2. Applications of the Hahn—Banach theorems. 
The Hahn—Banach theorems have a wide and diversified range of applications. Here 
are two examples: 


(a) The Krein—Milman theorem. 


The second geometric form of the Hahn—Banach theorem is a basic ingredient in 
the proof of the Krein—Milman theorem. Before stating this result we need some 
definitions. Let E be an n.v.s. and let A be a subset of E. The convex hull of A, 
denoted by conv A, is the smallest convex set containing A. Clearly, conv A consists 
of all finite convex combinations of elements in A, i.e., 


conv A = X tai; I finite, a; € A Vi, t; > 0 Vi, and Xoi = if 


iel icl 


The closed convex hull of A, denoted by convA, is the closure of conv A. Given a 
convex set K C E we say that a point x € K is extremal if x cannot be written 
as a convex combination of two points xọ, x1 E€ K, i.e., x A (1 — t)xo + tx; with 
t e (0, 1), and xo Æ x1. 
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e Theorem 1.13 (Krein—Milman). Let K C E be a compact convex set. Then K 
coincides with the closed convex hull of its extremal points. 


The Krein—Milman theorem has itself numerous applications and extensions (such 
as Choquet’s integral representation theorem, Bochner’s theorem, Bernstein’s theo- 
rem, etc.). On this vast subject, see, e.g., N. Bourbaki [1], G. Choquet [2] (Volume 2), 
R. Phelps [1], C. Dellacherie-P. A. Meyer [1] (Chapter 10), N. Dunford—J. T. Schwartz 
[1] (Volume 1), W. Rudin [1], R. Larsen [1], J. Kelley—I. Namioka [1], R. Edwards 
[1]. An interesting application to PDEs, due to Y. Pinchover, is presented in S. Agmon 
[2]. For a proof of the Krein—Milman theorem, see Problem 1. 


(b) In the theory of partial differential equations. 


Let us mention, for example, that the existence of a fundamental solution for a gen- 
eral differential operator P (D) with constant coefficients (the Malgrange—Ehrenpreis 
theorem) relies on the analytic form of Hahn—Banach; see, e.g., L. H6rmander [1], 
[2], K. Yosida [1], W. Rudin [1], F. Treves [2], M. Reed-B. Simon [1] (Volume 2). 
In the same spirit, let us mention also the proof of the existence of the Green’s 
function for the Laplacian by the method of P. Lax; see P. Lax [1] (Section 9.5) 
and P. Garabedian [1]. The proof of the existence of a solution u € L° (Q) for the 
equation divu = f in Q C RN, given any f € LN (Q), relies on Hahn—Banach 
(see J. Bourgain—-H. Brezis [1], [2]). Surprisingly, the u obtained via Hahn—Banach 
depends nonlinearly on f. In fact, there exists no bounded linear operator from L^ 
into L© giving u in terms of f. This shows that the use of Zorn’s lemma (and the 
underlying axiom of choice) in the proof of Hahn—Banach can be delicate and may 
destroy the linear character of the problem. Sometimes there is no way to circumvent 
this obstruction. 


3. Convex functions. 

Convex analysis and duality principles are topics which have considerably expanded 
and have become increasingly popular in recent years; see, e.g., J. J. Moreau [1], 
R. T. Rockafellar [1], [2], I. Ekeland-—R. Temam [1], I. Ekeland—T. Turnbull [1], 
F. Clarke [1], J. P. Aubin-I. Ekeland [1], J. B. Hiriart—-Urutty—C. Lemaréchal [1]. 
Among the applications let us mention the following: 


(a) Game theory, economics, optimization, convex programming; see J. P. Aubin [1], 
[2], [3], J. P. Aubin-I. Ekeland [1], S. Karlin [1], A. Balakrishnan [1], V. Barbu- 
I. Precupanu [1], J. Franklin [1], J. Stoer—C. Witzgall [1]. 

(b) Mechanics; see J. J. Moreau [2], P. Germain [1], [2], G. Duvaut—J. L. Lions 
[1], R. Temam-G. Strang [1] and the comments by P. Germain following this 
paper, H. D. Bui [1] and the numerous references therein. Note also the use 
of (nonconvex) duality by J. F. Toland [1], [2], [3] (for the study of rotating 
chains), by A. Damlamian [1] (for a problem arising in plasma physics), and by 
G. Auchmuty [1]. 

(c) The theory of monotone operators and nonlinear semigroups; see H. Brezis [1], 
F. Browder [1], V. Barbu [1], and R. Phelps [2]. 

(d) Variational problems involving periodic solutions of Hamiltonian systems and 
nonlinear vibrating strings; see the recent works of F. Clarke, I. Ekeland, 
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J. M. Lasry, H. Brezis, J. M. Coron, L. Nirenberg (we refer, e.g., to F. Clarke— 
I. Ekeland [1], H. Brezis—J. M. Coron-L. Nirenberg [1], H. Brezis [2], J. P. Aubin— 
I. Ekeland [1], I. Ekeland [1], and their bibliographies). 

(e) The theory of large deviations in probability; see, e.g., R. Azencott et al. [1], 
D. W. Stroock [1]. 

(£) The theory of partial differential equations and complex analysis; see L. Hör- 
mander [3]. 


4. Extensions of bounded linear operators. 

Let E and F be two Banach spaces and let G C E be a closed subspace. Let 
S : G — F bea bounded linear operator. One may ask whether it is possible to 
extend S by a bounded linear operator T : E — F. Note that Corollary 1.2 settles 
this question only when F = R. In general, the answer is negative (even if E and F 
are reflexive spaces; see Exercise 1.27), except in some special cases; for example, 
the following: 


(a) If dim F < oo. One may choose a basis in F and apply Corollary 1.2 to each 
component of S. 

(b) If G admits a topological complement (see Section 2.4). This is true in particular 
if dim G < œ or codim G < œ or if E is a Hilbert space. 


One may also ask the question whether there is an extension T with the same norm, 


i.e., ||T || cce,F) = IS ll ccc, r) The answer is yes only in some exceptional cases; see 
L. Nachbin [1], J. Kelley [1], and Exercise 5.15. 


Exercises for Chapter 1 


1.1 | Properties of the duality map. 


Let E be an n.v.s. The duality map F is defined for every x € E by 
F(x) ={f € E*; [fll = lix] and (f, x) = [[x|’}. 
1. Prove that 
F(x) ={f € E*; fI < Ixl] and (f, x) = Ilx?) 


and deduce that F(x) is nonempty, closed, and convex. 
2. Prove that if E* is strictly convex, then F(x) contains a single point. 
3. Prove that 


* 1 2 1 2 
Fay={P E*; zll 5 Mell = (f,y—x) wee). 


4. Deduce that 
(F(x)— F(y), x-y) >20 Yx,y EE, 
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and more precisely that 
(f—g,x—y)20 VWr,yek, Vie F(x), Vg € Fy). 
Show that, in fact, 
(f -8 x- y) > (xl yD? Va,yeE, VP Ee FO), Vee FO). 
5. Assume again that E* is strictly convex and let x, y € E be such that 
(F(x) — FO), x— y) =0. 


Show that Fx = Fy. 


1.2 |Let E be a vector space of dimension n and let (e;)1<i<n be a basis of E. Given 
x € E, write x = } ;_]; xje; with x; € R; given f € E*, set f; = ( f, ei). 


1. Consider on E the norm 


n 
lxi = ŽC al: 
i=l 


(a) Compute explicitly, in terms of the f;’s, the dual norm || f||z* of f € E*. 
(b) Determine explicitly the set F (x) (duality map) for every x € E. 


2. Same questions but where F is provided with the norm 


Il lloo = max |x;|. 
l<i<n 


3. Same questions but where F is provided with the norm 


n 1/2 
lxl2 = e mt 


i=l 


and more generally with the norm 


n 1/p 
Ix|lp = (> st" , where p € (1, œœ). 
i=l 


1.3 | Let E = {u € C({0, 1]; R); u(0) = 0} with its usual norm 


lull = max |u(t)|. 
relo, 1] 


Consider the linear functional 
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1 
f:ue Ew fw) = | u(t)dt. 
0 


1. Show that f € E* and compute || f || g». 
2. Can one find some u € E such that ||u|| = 1 and f(u) = || fllz*? 


1.4 | Consider the space E = cg (sequences tending to zero) with its usual norm 
(see Section 11.3). For every element u = (u1, u2, u3,...) in E define 


1. Check that f is a continuous linear functional on E and compute || f || z+. 
2. Can one find some u € E such that ||u|| = 1 and f(u) = || fllz*? 


1.5 | Let E be an infinite-dimensional n.v.s. 


1. Prove (using Zorn’s lemma) that there exists an algebraic basis (e;)j¢7 in E such 
that |e; = 1 Vi € J. 
Recall that an algebraic basis (or Hamel basis) is a subset (e;)j¢7 in E such that 
every x € E may be written uniquely as 


x= X xiei with J C I, J finite. 
ieJ 


2. Construct a linear functional f : E —> R that is not continuous. 
3. Assuming in addition that E is a Banach space, prove that J is not countable. 
[Hint: Use Baire category theorem (Theorem 2.1).] 


1.6 | Let E be an n.v.s. and let H C E be a hyperplane. Let V C E be an affine 
subspace containing H. 


1. Prove that either V = H or V = E. 
2. Deduce that H is either closed or dense in E. 


1.7 | Let E be an n.v.s. and let C C E be convex. 


1. Prove that C and Int C are convex. 
2. Given x € C and y € Int C, show that tx + (1 — t)y € IntC Yt € (0, 1). 
3. Deduce that C = Int C whenever Int C Æ Ø. 


1.8 | Let E be an n.v.s. with norm || ||. Let C C E be an open convex set such that 
0 € C. Let p denote the gauge of C (see Lemma 1.2). 


1. Assuming C is symmetric (i.e., —C = C) and C is bounded, prove that p is a 
norm which is equivalent to || ||. 
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2. Let E = C({0, 1]; R) with its usual norm 
lull = max |u(t)]. 
te[0,1] 


Let y 
C= fu € E; 1 lu(t)|?dt < 7 
0 


Check that C is convex and symmetric and that 0 € C. Is C bounded in E? 


Compute the gauge p of C and show that p is a norm on E. Is p equivalent to 
II 1? 


1.9 | Hahn—Banach in finite-dimensional spaces. 


Let E be a finite-dimensional normed space. Let C C E be a nonempty convex 
set such that O ¢ C. We claim that there always exists some hyperplane that separates 
C and {0}. 

[Note that every hyperplane is closed (why?). The main point in this exercise is 
that no additional assumption on C is required. ] 


1. Let (xn)n>1 be a countable subset of C that is dense in C (why does it exist?). 
For every n let 


n n 
Cn = conv{x1, X2, ..., Xn} = {xX = XO nxi; ti > 0 Vi and Xn = | 
i=l i=l 


Check that C,, is compact and that koa Cn is dense in C. 
2. Prove that there is some fa € E* such that 


| fall = 1 and (fn,x)>O Vx © Cy. 
3. Deduce that there is some f € E* such that 
IfI =land(f,x) 20 Wrec. 


Conclude. 
4. Let A, B C E be nonempty disjoint convex sets. Prove that there exists some 
hyperplane H that separates A and B. 


1.10 | Let E be an n.v.s. and let J be any set of indices. Fix a subset (x;)j¢7 in E and 
a subset (œi)isz in R. Show that the following properties are equivalent: 


(A) There exists some f € E* such that (f, xi) =a; Viel. 


There exists a constant M > 0 such that for each finite subset 
(B) J C I and for every choice of real numbers (6;)jc7, we have 


| >> Biai| < M| bixi. 
ieJ ieJ 
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Note that in the proof of (B) = (A) one may find some f € E* with || f ||z+ < M. 
[Hint: Try first to define f on the linear space spanned by the (xj )ier-] 


1.11 | Let E be an n.v.s. and let M > 0. Fix n elements (f1)1<j<n in E* and n real 
numbers (a; )1<;<n. Prove that the following properties are equivalent: 


Vv 04 E such that 
(A) hea xe € E such tha 


xel < M + € and (fi, xe) =a; Vi=1,2,...,n. 


n 
B) |J bioi VBI, Bay +s Pn € R. 
i=1 
[Hint: For the proof of (B) = (A) consider first the case in which the f;’s are 


linearly independent and imitate the proof of Lemma 3.3.] 
Compare Exercises 1.10, 1.11 and Lemma 3.3. 


<M| Cais 
i=], 


1.12 | Let E be a vector space. Fix n linear functionals (fj)1<j<, on E and n real 
numbers (@;)1<j;<n. Prove that the following properties are equivalent: 


(A) There exists some x € E such that fi(x) =a; Wi=1,2,...,n. 


For any choice of real numbers 61, 2, ..., n such that 


B 
s > i fi = 0, one also has X}; Bia; = 0. 


1.13 | Let E = R” and let 


P ={xe R"; x> 0 VWi=1,2,...,n}. 


Let M be a linear subspace of E such that M N P = {0}. Prove that there is some 
hyperplane H in E such that 


M C H and AN P = {0}. 


[Hint: Show first that M+ N Int P Æ Ø.] 


1.14 | Let E = £! (see Section 11.3) and consider the two sets 


X = {x = (Xn)nz1 € E; Xan =0 Vn = 1} 


and 


1 
Y= È = (Yn)nz1 € E; yon = zn 2—1 Vn > 1 ; 


1. Check that X and Y are closed linear spaces and that X + Y = E. 
2. Let c € E be defined by 
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Can-1 = 0 Vn > l, 


Cn = aa Vn > 1. 


Check that c ¢ X + Y. 

3. Set Z = X — c and check that Y N Z = Ø. Does there exist a closed hyperplane 
in E that separates Y and Z? 
Compare with Theorem 1.7 and Exercise 1.9. 

4. Same questions in E = £?, 1 < p < œ, and in E = cp. 


1.15 | Let E be an n.v.s. and let C C E be a convex set such that 0 € C. Set 


(A) C*={f € E*; (fix) <1 Nee Ch, 
(B) C*={xeE: (fix) <1 Yfec*. 


1. Prove that C** = C. 
2. What is C* if C is a linear space? 


1.16 (Let E = £!, so that E* = €© (see Section 11.3). Consider N = cp as a closed 
subspace of E*. 
Determine 


Nt={xeE; (f,x)=0 VfeEN} 
and 
N ={f € E*; (f,x)=0 Vxe N+}. 


Check that N14 Æ N. 


1.17 | Let E be an n.v.s. and let f € E* with f # 0. Let M be the hyperplane 
Lf = 0]. 


1. Determine Mt. 

2. Prove that for every x € E, dist(x, M) = infyey ||x — yl] = KEH. 
[Find a direct method or use Example 3 in Section 1.4.] 

3. Assume now that E = {u € C([0, 1]; R); u(0) = 0} and that 


1 
(f, u) =i u(t)dt, uweeE. 
0 


Prove that dist(w, M) = | fy w(t)dt| Yu € E. 
Show that infyey ||u — v|| is never achieved for any u € E\M. 


1.18 | Check that the functions g : R —> (—oo, +00] defined below are convex 
l.s.c. and determine the conjugate functions y*. Draw their graphs and mark their 
epigraphs. 
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(a) g(x) =ax +b, where a,b € R. 
(b) g(x) =e. 
0 if |x| < 1, 
to PHS Ko flx] > 1. 
0 ifx =0, 
(d) g(x) = ; 
+00 if x £0. 
log x ifx > 0, 
© oes i ifx <0. 
—(1 — x°)! if |x| <1, 
(t) gr) = a 
+00 if |x| > 1. 
x|? if |x| < 1, 
(g) a i Pie 
|x| — 5 if |x| > 1. 
1 
(h) g(x) = —|x|?, where 1 < p < œ. 
P 
(i) g(x) = x? = max{x, O}. 
IyP if x > 0, where 1 + 
; x if x > 0, where 1 < p < +00, 
Q) g(x) = f? ' 
+00 ifx <0. 
ly p ` 
—=x if x > 0, where 0 < p < 1, 
(k) g(x) = | P 
+00 ifx <0. 
1 + 
(1) g(x) = —[(ix]-—D tT], where 1 < p < œ. 
P 


1.19 | Let E be an n.v.s. 


1. Let ọ, ve E — (—c, +00] be two functions such that g < y. Prove that 
ys. 

2. Let F : R > (—co, +00] be a convex I|.s.c. function such that F(O) = 0 and 
F(t) > OVt € R. Set g(x) = F(|[x|l). 
Prove that g is convex |.s.c. and that g*(f) = F*(|| fll) Vf € E*. 


1.20| Let E = £? with 1 < p < œœ (see Section 11.3). Check that the functions 
yg: E + (—œ, +00] defined below are convex |.s.c. and determine g*. For x = 
(X1,X2,..-,Xp,---) Set 


Riel? if EZX] klxel? < +00, 
+00 otherwise. 


(a) g(x) = 


+oo 
(b) g(x) = 5 lg. (Check that g(x) < œœ for every x € E.) 
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Oo ie 5 bl if È. [xx] < +00, 


k=1 k=1 
+00 otherwise. 


1.21 Let E = E* = R? and let 


C = {[x1, x2]; x1 = 0, x2 = 0}. 


On E define the function 


— JX 1x2 ifx eC, 


OOO rs ifx gC. 


1. Prove that g is convex 1.s.c. on E. 

2. Determine g*. 

3. Consider the set D = {[x1, x2]; x; = 0} and the function y = Ip. Compute the 
value of the expressions 


inf (p(x) + Wx)} and sup {—9"(—f) — W*(f)}. 
xEE feE* 


4. Compare with the conclusion of Theorem 1.12 and explain the difference. 


1.22 | Let E be an n.v.s. and let A C E be a closed nonempty set. Let 


g(x) = dist(x, A) = inf ||x — al. 
acA 


1. Check that |y (x) — g(y)| < lix — yl| Yx, y € E. 

2. Assuming that A is convex, prove that is convex. 

3. Conversely, assuming that g is convex, prove that A is convex. 

4. Prove that g* = (I4)* + Igp» for every A not necessarily convex. 


1.23 | Inf-convolution. 


Let E be an n.v.s. Given two functions Q, Y : E — (—oo, +00], one defines the 
inf-convolution of g and w as follows: for every x € E, let 


(Vy )(x) = inf {ga —y)+WVy)}. 
yeE 


Note the following: 


(i) (gVy)(x) may take the values +00, 
Gi) (gVw)(x) < +00 iffx € Dig) + DW). 


1. Assuming that D(g*) O D(w*) Æ Ø, prove that (YV y) does not take the value 
—oo and that 
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(PVY =e + y*. 
2. Assuming that D(g) N D(w) # Ø, prove that 
(p +V) < GV") on E*. 


3. Assume that g and y are convex and there exists xo € D(g) N D(y) such that @ 
is continuous at xo. Prove that 


(p + W)" = pV") on E*. 


4. Assume that y and w are convex and |s.c., and that D(g) O D(w) Æ Ø. Prove 
that 


(VY = (9+) on E. 


Given a function g : E —> (—oo, +00], set 


epist o = {[x,à] € E x R; g(x) <A}. 


Nn 


. Check that g is convex iff epist g is a convex subset of E x R. 
6. Leto, Y : E —> (—œ, +00] be functions such that D(g*) O D(W*) 4 Ø. Prove 
that 
epist(pV Y) = (epist gy) + (epist y). 
7. Deduce that if gy, y : E —> (—oo, +00] are convex functions such that D(g*) N 
D(w*) 4 Ø, then (pV y) is a convex function. 


1.24 | Regularization by inf-convolution. 


Let E be an n.v.s. and let g : E —> (—co, +00] be a convex I.s.c. function such 
that ¢ Æ +00. Our aim is to construct a sequence of functions (pn) such that we 
have the following: 


(i) For every n, gn : E —> (—oo, +00) is convex and continuous. 
(ii) For every x, the sequence (#n(x))n is nondecreasing and converges to g(x). 


For this purpose, let 
Yn(x) = inf {n||x — yl + eQ)}. 
yeE 


1. Prove that there is some N, large enough, such that for n > N, n(x) is finite for 
all x € E. From now on, one chooses n > N. 
2. Prove that o, is convex (see Exercise 1.23) and that 


On (x1) — Gn(x2)| < n||x1 — x2|| V1, x2 € E. 


W 


. Determine (g,)*. 
4. Check that gn (x) < g(x) Yx € E,Vn. Prove that for every x € E, the sequence 
(Gn(X))n is nondecreasing. 
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Given x € D(g), choose yn € E such that 


1 
Pn lx) < n|lx — yall + Pn) < One) + a 


Prove that limy—oo Yn = x and deduce that limy-+ 90 Pn (x) = (x). 


. For x ¢ D(@), prove that limy-+oo n(x) = +00. 


[Hint: Argue by contradiction.] 


1.25 |A semiscalar product. 


Let E be an n.v.s. 


. Letg: E > (—oo, +00) be convex. Given x, y € E, consider the function 


g(x + ty) — g(x) 
t =} 


h(t) = t>0. 

Check that h is nondecreasing on (0, +00) and deduce that 
limh(t) = infh(t) exists in [—oo, +00). 
t40 t>0 


Define the semiscalar product [x, y] by 


1 
[lx + tyl? — lx]. 


’ = inf — 
Ix, 3] (02 


. Prove that |[x, y]| < |lxllllyll Yx, y € E. 
. Prove that 


[x, Ax + wy] = Allx||? + u[x, y] Vx,yEE, VWAER, Vu>O 


and 
[Ax, wy] = àulx, y] Vx,yeE, VA>0, Vu =o. 


. Prove that for every x € E, the function y > [x, y] is convex. Prove that the 


function G(x, y) = —[x, y] is l.s.c. on E x E. 


. Prove that 


,y]= max (f, Vx, y E EÈ, 

[x, y] go Ay y) x,y 

where F denotes the duality map (see Remark 2 following Corollary 1.3 and 
Exercise 1.1). 


[Hint: Set a = [x, y] and apply Theorem 1.12 to the functions g and y defined 
as follows: 


wita Li I, zeE 
P) = FIX FA zelo z ; 


and 
ta when z = ty andt > 0, 


yoD= 


+00 otherwise.] 
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6. Determine explicitly [x, y], where E = R” with the norm ||x||p, 1 < p < œ 
(see Section 11.3). 


[Hint: Use the results of Exercise 1.2.] 


1.26 | Strictly convex norms and functions. 


Let E be an n.v.s. One says that the norm || || is strictly convex (or that the space 
E is strictly convex) if 


tx + (1 -tyll <1, Yx,y e Ewithx Ay, lx] = ly] =1, Yt e (0,1). 
One says that a function  : E > (—oo, +00] is strictly convex if 
g(tx+ (1 —t)y) < tø(x)+ (1 — tyy) Yx, y € E withx Æ y, Vte (0,1). 


1. Prove that the norm || || is strictly convex iff the function g(x) = ||x||? is strictly 
convex. 
2. Same question with g(x) = ||x||? and 1 < p < œ. 


1.27| Let E and F be two Banach spaces and let G C E be a closed subspace. 
Let T : G — F be a continuous linear map. The aim is to show that sometimes, T 
cannot be extended by a continuous linear map T : E — F. For this purpose, let E 
be a Banach space and let G C E be a closed subspace that admits no complement 
(see Remark 8 in Chapter 2). Let F = G and T = Z (the identity map). Prove that 
T cannot be extended. 


[Hint: Argue by contradiction.] 


Compare with the conclusion of Corollary 1.2. 


Chapter 2 


The Uniform Boundedness Principle and the 
Closed Graph Theorem 


2.1 The Baire Category Theorem 


The following classical result plays an essential role in the proofs of Chapter 2. 


e Theorem 2.1 (Baire). Let X be a complete metric space and let (Xn)n>1 be a 
sequence of closed subsets in X. Assume that 


IntX, =ø foreveryn > 1. 


Then 


Remark 1. The Baire category theorem is often used in the following form. Let X 
be a nonempty complete metric space. Let (Xn)n>1 be a sequence of closed subsets 
such that 


Then there exists some no such that Int Xn) 4 Ø. 


Proof. Set O, = X€, so that O, is open and dense in X for every n > 1. Our aim is 
to prove that G = NZ; On is dense in X. Let w be a nonempty open set in X; we 
shall prove that œ N G Æ Ø. 
As usual, set 
B(x,r) = {y € X; d(y,x) <r}. 


Pick any x9 € œ and rọ > O such that 
B(xo, ro) C o. 


Then, choose xı € B(xo, ro) O O; and rı > O such that 


H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, 31 
DOI 10.1007/978-0-387-70914-7_2, © Springer Science+Business Media, LLC 2011 


32 2 The Uniform Boundedness Principle and the Closed Graph Theorem 


ro 


B(x1, r1) C B(xo, ro) N O1, 
0<ri< 7, 


which is always possible since O; is open and dense. By induction one constructs 
two sequences (x,,) and (rn) such that 


B(Xn+1, n41) C Bn, Mn) O On+1; Yn > 0, 
O < Fn4+1 < a 


It follows that (x) is a Cauchy sequence; let x, —> £. 
Since Xn+p € B(Xn, rn) for every n > O and for every p > 0, we obtain at the 
limit (as p —> œœ), 
£ € B(xXn, rn), Yn>0. 


In particular, £ € w N G. 


2.2 The Uniform Boundedness Principle 


Notation. Let E and F be two n.v.s. We denote by L (E, F) the space of continuous 
(= bounded) linear operators from E into F equipped with the norm 


T = sup ||Tx||l. 
| l 2er SP 

lxl<1 
As usual, one writes -Z (E) instead of -Z (E, E). 


e Theorem 2.2 (Banach-Steinhaus, uniform boundedness principle). Let E and 
F be two Banach spaces and let (T;)je1 be a family (not necessarily countable) of 
continuous linear operators from E into F. Assume that 


(1) sup ||Tjx||< oo Wx €E. 
iel 
Then 
(2) R |z lean SOU: 
1E 


In other words, there exists a constant c such that 
|T;x|| <cllx|| YxeE, Viel. 


Remark 2. The conclusion of Theorem 2.2 is quite remarkable and surprising. From 
pointwise estimates one derives a global (uniform) estimate. 


Proof. For every n > 1, let 


Xn= {xE E; Wiel, |Tixl| <n}, 
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so that X, is closed, and by (1) we have 


[0,0] 
U X, =E. 
n=1 


It follows from the Baire category theorem that Int(X,,.) 4 Ø for some no > 1. Pick 
xo € E andr > 0 such that B(xo, r) C Xng. We have 


|Tiao+rz)||<no Viel, Vze BO, 1). 
This leads to 
rEg r < no + Il T; xoll, 
which implies (2). 


Remark 3. Recall that in general, a pointwise limit of continuous maps need not be 
continuous. The linearity assumption plays an essential role in Theorem 2.2. Note, 
however, that in the setting of Theorem 2.2 it does not follow that ||T, — T||L(E,F) 
—> 0. 


Here are a few direct consequences of the uniform boundedness principle. 


Corollary 2.3. Let E and F be two Banach spaces. Let (T„) be a sequence of con- 
tinuous linear operators from E into F such that for every x € E, Tax converges 
(asn — œ) to a limit denoted by Tx. Then we have 


(a) sup, || Tn ler <00; 
(b) T € L(E, F), 
(c) IT lear < lim infr l| Tall Zz, F)- 


Proof. (a) follows directly from Theorem 2.2, and thus there exists a constant c 
such that 
[Tnxl| < cllx|| Yn, Wr e E. 


At the limit we find 
|Tx|| <cllxl] Vx € E. 


Since T is clearly linear, we obtain (b). 
Finally, we have 


lx < (Thier llxll Vx E€ E, 


and (c) follows directly. 
e Corollary 2.4. Let G be a Banach space and let B be a subset of G. Assume that 


(3) for every f € G* the set f (B) = {( f, x); x € B} is bounded (in R). 
Then 


(4) B is bounded. 
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Proof. We shall use Theorem 2.2 with E = G*, F = R, and / = B. For every 
b € B, set 
TF) =(f,b), fEE=G*, 


so that by (3), 
sup |7p(f)|< oo YVfEE. 
beB 


It follows from Theorem 2.2 that there exists a constant c such that 
Kf b)l<clfll VfeG* Woe B. 
Therefore we find (using Corollary 1.4) that 
bl <c VbeB. 


Remark 4. Corollary 2.4 says that in order to prove that a set B is bounded it suffices 
to “look” at B through the bounded linear functionals. This is a familiar procedure 
in finite-dimensional spaces, where the linear functionals are the components with 
respect to some basis. In some sense, Corollary 2.4 replaces, in infinite-dimensional 
spaces, the use of components. Sometimes, one expresses the conclusion of Corollary 
2.4 by saying that “weakly bounded” <=> “strongly bounded” (see Chapter 3). 


Next we have a statement dual to Corollary 2.4: 


Corollary 2.5. Let G be a Banach space and let B* be a subset of G*. Assume that 
(5) for every x € G the set (B*, x) = {( f, x); f € B*} is bounded (in R). 
Then 
(6) B* is bounded. 
Proof. Use Theorem 2.2 with E = G, F = R, and J = B*. For every b € B* set 
Ty (x) = (b,x) (x € G = E). 
We find that there exists a constant c such that 
Ib, x)| <cllx|| Yb € B*, VxeG. 
We conclude (from the definition of a dual norm) that 


Dll <c YbeB*. 


2.3 The Open Mapping Theorem and the Closed Graph Theorem 


Here are two basic results due to Banach. 
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e Theorem 2.6 (open mapping theorem). Let E and F be two Banach spaces and 
let T be a continuous linear operator from E into F that is surjective (= onto). Then 
there exists a constant c > 0 such that 


(7) T(Be(, 1)) D Br(O,c). 


Remark 5. Property (7) implies that the image under T of any open set in E is an 
open set in F (which justifies the name given to this theorem!). Indeed, let us suppose 
U is open in E and let us prove that T(U) is open. Fix any point yọ € T(U), so 
that yọ = Txo for some x9 € U. Let r > O be such that B(xo,r) C U, i.e., 
xo + B(0, r) C U. It follows that 


yo + T(B(0,r)) C TU). 
Using (7) we obtain 
T(B(O,r)) D BO, rc) 


and therefore 
Biyo, re) CTU). 


Some important consequences of Theorem 2.6 are the following. 


e Corollary 2.7. Let E and F be two Banach spaces and let T be a continuous linear 
operator from E into F that is bijective, i.e., injective (= one-to-one) and surjective. 
Then T~! is also continuous (from F into E). 


Proof of Corollary 2.7. Property (7) and the assumption that T is injective imply that 
if x € E is chosen so that ||Tx|| < c, then ||x|| < 1. By homogeneity, we find that 


1 
Ixl < —|Tx]| Wee E 
C 


and therefore TT! is continuous. 


Corollary 2.8. Let E be a vector space provided with two norms, || || and || |l2- 
Assume that E is a Banach space for both norms and that there exists a constant 
C > 0 such that 

lxl2 < Clixlliı Yx € E. 


Then the two norms are equivalent, i.e., there is a constant c > Q such that 
Ixl < ellxl2 Vx € E. 
Proof of Corollary 2.8. Apply Corollary 2.7 with 
E = (E, || li), F = (E, || ll2), and T = 7. 


Proof of Theorem 2.6. We split the argument into two steps: 


Step 1. Assume that T is a linear surjective operator from E onto F. Then there 
exists a constant c > 0 such that 
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(8) T(B(O, 1)) D BO, 2c). 

Proof. Set X, =nT(B(0, 1)). Since T is surjective, we have Re at Xn = F, and by 
the Baire category theorem there exists some no such that Int(X,,) Æ Ø. It follows 


that 
Int[T(B(0, 1))] # Ø. 


Pick c > 0 and yo € F such that 

(9) B(yo, 4c) C T(BO, 1)). 
In particular, yọ € T(B(O, 1)), and by symmetry, 

(10) —yo € T(BOO, 1)). 


Adding (9) and (10) leads to 


B(O, 4c) C T(B(O, 1)) + T(B(0, 1)). 


On the other hand, since T (B(0, 1)) is convex, we have 


T (BO, 1)) + T(BO, 1)) = 27 (BOO, 1)), 


and (8) follows. 


Step 2. Assume T is a continuous linear operator from E into F that satisfies (8). 
Then we have 


(1) T(B(0, 1)) D B(0, c). 
Proof. Choose any y € F with ||y|| < c. The aim is to find some x € E such that 
lx <1 and Tx= y. 

By (8) we know that 
(12) Ve >0O z€ E with |/z|| < S and ly — Tz|| < e. 
Choosing £ = c/2, we find some zı € E such that 

lal <$ and Jy- Tal < Ê. 

2 2 


By the same construction applied to y — Tz; (instead of y) with e = c/4 we find 
some z2 € E such that 


1 c 
liz2|| < 3 and || (y — Tz1) — Tzall < T 


Proceeding similarly, by induction we obtain a sequence (z,,) such that 
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1 c 
lzall < 5p and y- Teit z2 +: Hll y Va. 


It follows that the sequence x, = z1 + z2 + +- + Zn is a Cauchy sequence. Let 
Xn — x with, clearly, ||x|| < 1 and y = Tx (since T is continuous). 


e Theorem 2.9 (closed graph theorem). Let E and F be two Banach spaces. Let T 
be a linear operator from E into F. Assume that the graph of T, G(T), is closed in 
E x F. Then T is continuous. 


Remark 6. The converse is obviously true, since the graph of any continuous map 
(linear or not) is closed. 


Proof of Theorem 2.9. Consider, on E, the two norms 
Ixl = llxlle + ITxlrz and |[x|]2 = [lx lle 


(the norm || ||; is called the graph norm). 


It is easy to check, using the assumption that G(T) is closed, that E is a Banach 
space for the norm || ||;. On the other hand, E is also a Banach space for the norm 
| lz and || |l2 < || |]1. It follows from Corollary 2.8 that the two norms are equivalent 
and thus there exists a constant c > 0 such that ||x||1 < cllx||2. We conclude that 
ITxllr < cllxlle. 


x 2.4 Complementary Subspaces. Right and Left Invertibility of 
Linear Operators 


We start with some geometric properties of closed subspaces in a Banach space that 
follow from the open mapping theorem. 


x Theorem 2.10. Let E be a Banach space. Assume that G and L are two closed 
linear subspaces such that G + L is closed. Then there exists a constant C > 0 such 
that 


every z € G+ L admits a decomposition of the form 


(13) : 
z =x + y with x € G, y € L, |x|] < Cliz|| and |lyll < Cllzi. 


Proof. Consider the product space G x L with its norm 


I Ix, y] li = Wall + Iyi 


and the space G + L provided with the norm of E. 

The mapping T : G x L —> G + L defined by T[x, y] = x + y is continuous, 
linear, and surjective. By the open mapping theorem there exists a constant c > 0 
such that every z € G + L with ||z|| < c can be written as z = x + y with x € G, 
y € L, and ||x|| + |ly|| < 1. By homogeneity every z € G + L can be written as 
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z=x+y withx €G, y € L, and ||x|| + lly] < C/o) |lzi. 


x Corollary 2.11. Under the same assumptions as in Theorem 2.10, there exists a 
constant C such that 


(14) dist(x, G N L) < C{dist(x, G) + dist(x, L)} Vx € E. 
Proof. Given x € E and e > 0, there exista € G and b € L such that 
|x —alļ| < dist(x, G) + £, ||x — b|| < dist(x, L) + €. 
Property (13) applied to z = a — b says that there exist a’ € G and b’ € L such that 
a—b=a' +B, |la'|| < Clla — bl, b'l < Clla — bll. 
It follows that a — a’ € G N L and 


dist, G N L) < |lx — (a — a’) || < [lx — all + lla'll 
< lix = all + Clla — b|| < |x — all + C(x — all + lx — bID 
< (1 + C) dist(x, G) + dist(x, L) + (1 + 2C)e. 


Finally, we obtain (14) by letting € — 0. 


Remark 7. The converse of Corollary 2.11 is also true: If G and L are two closed 
linear subspaces such that (14) holds, then G + L is closed (see Exercise 2.16). 


Definition. Let G C E be a closed subspace of a Banach space E. A subspace 
L C E is said to be a topological complement or simply a complement of G if 


(i) L is closed, 
Gi) GAN L = {0} and G + L = E. 


We shall also say that G and L are complementary subspaces of E. If this holds, 
then every z € E may be uniquely written as z = x + y with x € G and y E€ L. 
It follows from Theorem 2.10 that the projection operators z œ> x and z |> y 
are continuous linear operators. (That property could also serve as a definition of 
complementary subspaces.) 


Examples 


1. Every finite-dimensional subspace G admits a complement. Indeed, let e1, 
e2, ..., €n be a basis of G. Every x € G may be written as x = Jaj Xr: 
Set g(x) = xi. Using Hahn—Banach (analytic form)—or more precisely Corol- 
lary 1.2—each g; can be extended by a continuous linear functional ø; defined 
on E. It is easy to check that L = M_, (g)! (0) is a complement of G. 


2. Every closed subspace G of finite codimension admits a complement. It suffices 
to choose any finite-dimensional space L such that G N L = {0} and G + L = E 
(L is closed since it is finite-dimensional). 
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Here is a typical example of this kind of situation. Let N C E* be a subspace of 
dimension p. Then 


G={xeE; (f,x)=0 VfEeN}=Nt 


is closed and of codimension p. Indeed, let f1, fo,..., fp be a basis of N. Then 
there exist e1, €2,...,@ ) E€ E such that 


(fi,ej) = ôi; Vi, j=1,2,..., p. 
[Consider the map ® : E —> R?” defined by 


(15) D(x) = (fi, x), (fo, xX), -> (fp x) 


and note that ® is surjective; otherwise, there would exist—by Hahn—Banach 
(second geometric form)—some & = (a1, @2,...,@p) # 0 such that 


P 
#909 = (Sasha) =0 Vx € E, 
i=1 


which is absurd]. 

It is easy to check that the vectors (¢;)1<j<p are linearly independent and that the 
space generated by the e;’s is a complement of G. Another proof of the fact that 
the codimension of N+ equals the dimension of N is presented in Chapter 11 
(Proposition 11.11). 


3. In a Hilbert space every closed subspace admits a complement (see Section 5.2). 


Remark 8. It is important to know that some closed subspaces (even in reflexive 
Banach spaces) have no complement. In fact, a remarkable result of J. Lindenstrauss 
and L. Tzafriri [1] asserts that in every Banach space that is not isomorphic to a 
Hilbert space, there exist closed subspaces without any complement. 


Definition. Let T € L(E, F). A right inverse of T is an operator S € L(F, E) such 
that ToS = Ir.A left inverse of T is an operator S € L(F, E) such that So T = Ig. 


Our next results provide necessary and sufficient conditions for the existence of 
such inverses. 


x Theorem 2.12. Assume that T € L(E, F) is surjective. The following properties 
are equivalent: 


(i) T admits a right inverse. 
(ii) N(T) = T~!(0) admits a complement in E. 


Proof. 
(i) > (ii). Let S be a right inverse of T. It is easy to see (please check) that 
R(S) = S(F) is a complement of N (T) in E. 
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(ii) > (i). Let L be a complement of N (T). Let P be the (continuous) projection 
operator from E onto L. Given f € F, we denote by x any solution of the equation 
Tx = f.Set Sf = Px and note that S is independent of the choice of x. It is easy 
to check that S € L(F, E) and that T o S = Ip. 


Remark 9. In view of Remark 8 and Theorem 2.12, it is easy to construct surjective 
operators T without a right inverse. Indeed, let G C E be a closed subspace without 
complement, let F = E/G, and let T be the canonical projection from E onto F 
(for the definition and properties of the quotient space, see Section 11.2). 


x Theorem 2.13. Assume that T € L(E, F) is injective. The following properties 
are equivalent: 


(i) T admits a left inverse. 
Gi) R(T) = T(E) is closed and admits a complement in F. 


Proof. 

(i) => (ii). It is easy to check that R(T) is closed and that N(S) is a complement 
of R(T) [write f = TSf + (f —TSf)]. 

(ii) > (i). Let P be a continuous projection operator from F onto R(T). Let 
f e F; since Pf € R(T), there exists a unique x € E such that Tx = Pf. Set 
Sf = x. It is clear that S$ o T = Ig; moreover, S is continuous by Corollary 2.7. 


x 2.5 Orthogonality Revisited 


There are some simple formulas giving the orthogonal expression of a sum or of an 
intersection. 


Proposition 2.14. Let G and L be two closed subspaces in E. Then 


(16) GNL = (G + LHH, 


(17) GŁNLŁ = (G + L)Ł. 


Proof of (16). It is clear that GM L C (G+ + L+)+; indeed, if x € G N L and 
f e GŁ + L+ then (f, x} = 0. Conversely, we have Gt c Gt + L+ and thus 
(G++ L+)+ c G+ = G (note that if Ni C M then NA C NP); similarly 
(GŁ + LH} C L. Therefore (G++ L+)+ C GAL. 


Proof of (17). Use the same argument as for the proof of (16). 
Corollary 2.15. Let G and L be two closed subspaces in E. Then 


(18) (GAL) > GŁ + LF, 
(19) (Ginity=GH+L. 
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Proof. Use Propositions 1.9 and 2.14. 
Here is a deeper result. 


x Theorem 2.16. Let G and L be two closed subspaces in a Banach space E. The 
following properties are equivalent: 


(a) G + L is closed in E, 
(b) G> + L~ is closed in E*, 
(c) G+ L= (GNA LHE, 
(d) G- + L- = (GNA L)-~. 


Proof. (a) <= > (c) follows from (19). (d) ==> (b) is obvious. 
We are left with the implications (a) = (d) and (b) > (a). 


(a) = (d). In view of (18) it suffices to prove that (GN L)+ c G++ L+. Given 
f € (GN L)Ł, consider the functional o : G+ L — R defined as follows. For every 
x € G + L write x = a + b witha € G and b € L. Set 


g(x) = (f,a). 


Clearly, is independent of the decomposition of x, and g is linear. On the other 
hand, by Theorem 2.10 we may choose a decomposition of x in such a way that 
llall < C||x||, and thus 


leI < Clx] Vx EGH+L. 


Extend ¢ by a continuous linear functional ø defined on all of E (see Corollary 1.2). 
So, we have 


f=(F-@O+¢ with f—-@eG and GeLt. 
(b) => (a). We know by Corollary 2.11 that there exists a constant C such that 
(20) dist( f, GŁ N LH) < C{dist(f, G+) + dist(f, L+)} Vf € E*. 
On the other hand, we have 
(21) dist(f, G+) = sup (f,x) Wf € E*. 
HE 
[Use Theorem 1.12 with g(x) = Ip, (x) — (f, x) and Y (x) = Ig (x), where 
Bg = {x € E; |x|] < 1}-] 


Similarly, we have 
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(22) dist(f, Lt) = sup (f,x) Vf e€ E* 
16 


xE 
IIxIs1 
and also (by (17)) 


(23) dist(f, GŁ N LH) = dist(f,(G+L)+) = sup (f,x) Wf € E*. 


xe€G+L 

lx||S1 
Combining (20), (21), (22), and (23) we obtain 
(24) sup (f,x) <C} sup (f,x)+ sup (f,x)p Vf E€ E*. 


G+L xEG xeL 
‘hii HE iisi 
It follows from (24) that 


————— ee 
(25) Bo + Gi > Borr 


Indeed, suppose by contradiction that there existed some x9 € G + L with ||xo|| < 
1/C and x9 ¢ Bg + BL. Then there would be a closed hyperplane in E strictly 
separating {xo} and Bg + By. Thus, there would exist some fo € E* and some 
a € R such that 

(fo, x) <a < (fo, xo) Yx € BG + BL. 


Therefore, we would have 


sup (fo, x) + sup (fo, x) <&œ < (fo, xo), 


xeG xeL 
|x| lxl<1 


which contradicts (24), and (25) is proved. 


Finally, consider the space X = G x L with the norm 


I Lx, y] |] = max{|[x]], Iyl} 


and the space Y = G+ L with the norm of E. The map T : X — Y defined by 
T ([x, y]) = x + y is linear and continuous. From (25) we know that 


| 
T(Bx) D =By. 
(Bx) Ger 
Using Step 2 from the proof of Theorem 2.6 (open mapping theorem) we con- 


clude that 


1 
T(B — By. 
(Bx) D 5G Y 


It follows that T is surjective from X onto Y, i.e., G+ L = G + L. 
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2.6 An Introduction to Unbounded Linear Operators. Definition 
of the Adjoint 


Definition. Let E and F be two Banach spaces. An unbounded linear operator 
from E into F is a linear map A : D(A) C E — F defined on a linear subspace 
D(A) C E with values in F. The set D(A) is called the domain of A. 
One says that A is bounded (or continuous) if D(A) = E and if there is a constant 
c > O such that 
Aul] <cllul| Vue E. 


The norm of a bounded operator is defined by 


la| = Sup Aull 
LEP) o lull 


Remark 10. It may of course happen that an unbounded linear operator turns out to 
be bounded. This terminology is slightly inconsistent, but it is commonly used and 
does not lead to any confusion. 


Here are some important definitions and further notation: 


Graph of A = G(A) = {[u, Au]; u € D(A)} C E x F, 


Range of A = R(A) = {Au; u € D(A)} C F, 


Kernel of A = N (A) = {u € D(A); Au = 0} C E. 


A map A is said to be closed if G (A) is closed in E x F. 


e Remark 11. In order to prove that an operator A is closed, one proceeds in general 
as follows. Take a sequence (un) in D(A) such that un —> u in E and Au, —> f in 
F. Then check two facts: 
(a) u € D(A), 
(b) f = Au. 

Note that it does not suffice to consider sequences (un) such that un —> Oin E 
and Au, — f in F (and to prove that f = 0). 
Remark 12. If A is closed, then N (A) is closed; however, R(A) need not be closed. 


Remark 13. In practice, most unbounded operators are closed and are densely defined, 
i.e., D(A) is dense in £. 


Definition of the adjoint A*. Let A : D(A) C E — F be an unbounded linear 
operator that is densely defined. We shall introduce an unbounded operator A* : 
D(A*) C F* > E* as follows. First, one defines its domain: 


D(A*) = {v € F*; 3c > 0 such that |(v, Au)| <cllul| Yu € D(A)}. 
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It is clear that D(A*) is a linear subspace of F*. We shall now define A*v. Given 
v € D(A*), consider the map g : D(A) —> R defined by 


g(u) = (v, Au) Vu € D(A). 
We have 
|g(u)| <cllu|| Yu € D(A). 


By Hahn—Banach (analytic form; see Theorem 1.1) there exists a linear map f : 
E — R that extends g and such that 


|f(w| < cllul Yu € E. 


It follows that f € E*. Note that the extension of g is unique, since D(A) is dense 
in E. 
Set 
A*v=f. 


The unbounded linear operator A*: D(A*) C F* — E* is called the adjoint of 
A. In brief, the fundamental relation between A and A* is given by 


(v, Au) px p = (A*v, ujer g Yue D(A), Wve D(A*). 


Remark 14. It is not necessary to invoke Hahn-Banach to extend g. It suffices to 
use the classical extension by continuity, which applies since D(A) is dense, g is 
uniformly continuous on D(A), and R is complete (see, e.g., H. L. Royden [1] 
(Proposition 11 in Chapter 7) or J. Dugundji [1] (Theorem 5.2 in Chapter XIV). 


x Remark 15. It may happen that D(A*) is not dense in F* (even if A is closed); 
but this is a rather pathological situation (see Exercise 2.22). It is always true that if 
A is closed then D(A*) is dense in F* for the weak* topology o (F*, F) defined in 
Chapter 3 (see Problem 9). In particular, if F is reflexive, then D(A*) is dense in F* 
for the usual (norm) topology (see Theorem 3.24). 


Remark 16. If A is a bounded operator then A* is also a bounded operator (from F* 
into E*) and, moreover, 


| A* lza eo = |All gar: 


Indeed, it is clear that D(A*) = F*. From the basic relation, we have 
[(A*v, u)| < IAI lull lull Yee E, Yue F*, 


which implies that || A*v|| < || A|| ||v|| and thus ||A*|| < ||All. 
We also have 


(v, Au)| < A*I [lull lull Yu eE, Yue F*, 
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which implies (by Corollary 1.4) that || Au|| < ||A*|| ||u|| and thus || Al] < ||A®*||. 


Proposition 2.17. Let A : D(A) C E > F be a densely defined unbounded linear 
operator. Then A* is closed, i.e., G(A*) is closed in F* x E*. 


Proof. Let vn E€ D(A*) be such that vn —> v in F* and A*v, —> f in E*. One has 
to check that (a) v € D(A*) and (b) A*v = f. 
We have 
(vn, Au) = (A*v,,u) Wu € D(A). 


At the limit we obtain 
(v, Au) = (f,u) Wu € D(A). 


Therefore v € D(A*) (since |(v, Au)| < || fI] llul| Yu € D(A)) and A*v = f. 


The graphs of A and A* are related by a very simple orthogonality relation: 
Consider the isomorphism J : F* x E* —> E* x F* defined by 


(lv, f) =([-f, v]. 


Let A: D(A) C E —> F bea densely defined unbounded linear operator. Then 


I[G(A*)] = G(A)t. 


Indeed, let [v, f] € F* x E*, then 
[v, f] € G(A*) = > (f, u) = (v, Au) Vu € D(A) 
<=> —(f, u) + (v, Au) =0 Vu € D(A) 
<=> [-f, v] € G(A)Ł. 


Here are some standard orthogonality relations between ranges and kernels: 


Corollary 2.18. Let A : D(A) C E = F be an unbounded linear operator that is 
densely defined and closed. Then 


(i) N(A) = R(A*)", 
(ii) N(A*) = R(A)", 
(iii) N(A)* D R(A*), 
(iv) N(A*)* = R(A). 


Proof. Note that (iii) and (iv) follow directly from (i) and (ii) combined with Propo- 
sition 1.9. There is a simple and direct proof of (i) and (ii) (see Exercise 2.18). 
However, it is instructive to relate these facts to Proposition 2.14 by the following 
device. Consider the space X = E x F , so that X* = E* x F*, and the subspaces 
of X 
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G=G(A) and L= E x {0}. 


It is very easy to check that 


(26) N(A) x {0} =GNL, 
(27) Ex R(A)=G +L, 

(28) {0} x N(A*) = GŁ A LF, 
(29) R(A*) x F* = GŁ + LŁ. 


Proof of (i). By (29) we have 


R(A*)} x {0} = (G44 14+ =GNL (by (16) 
= N(A) x {0} (by (26)). 


Proof of (ii). By (27) we have 


{0} x R(A)t = (G+ L)+=GtnLt (by 07) 
= {0} x N(A*) (by (28)). 


Remark 17. It may happen, even if A is a bounded linear operator, that N(A)+ 4 
R(A*) (see Exercise 2.23). However, it is always true that N (A)+ is the closure 
of R(A*) for the weak* topology o(E*, E) (see Problem 9). In particular, if E is 
reflexive then N(A)+ = R(A*). 


x 2.7 A Characterization of Operators with Closed Range. 
A Characterization of Surjective Operators 


The main result concerning operators with closed range is the following. 


x Theorem 2.19. Let A : D(A) C E = F be an unbounded linear operator that is 
densely defined and closed. The following properties are equivalent: 


(i) R(A) is closed, 
(ii) R(A*) is closed, 
(iii) R(A) = N(A*)~, 
(iv) R(A*) = N(A)~. 


Proof. With the same notation as in the proof of Corollary 2.18, we have 


(i) < G+ Lis closed in X (see (27)), 

(ii) & G+ + L+ is closed in X* (see (29)), 
Gii) @ G+ L = (G+ N L+)+ (see (27) and (28)), 
(iv) & (GN L)+ = Gt + L+ (see (26) and (29)). 


The conclusion then follows from Theorem 2.16. 
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Remark 18. Let A : D(A) C E —> F be a closed unbounded linear operator. Then 
R(A) is closed if and only if there exists a constant C such that 


dist(u, N(A)) < C||Aul| Vu € D(A); 


see Exercise 2.14. 


The next result provides a useful characterization of surjective operators. 


x Theorem 2.20. Let A : D(A) C E — F be an unbounded linear operator that is 
densely defined and closed. The following properties are equivalent: 


(a) A is surjective, i.e., R(A) = F, 
(b) there is a constant C such that 


loll < CI|A*v|] Yv € D(A"), 
(c) N(A*) = {0} and R(A*) is closed. 


Remark 19. The implication (b) = (a) is sometimes useful in practice to establish 
that an operator A is surjective. One proceeds as follows. Assuming that v satisfies 
A*v = f, one tries to prove that ||v|| < C|| f|] (with C independent of f). This 
is called the method of a priori estimates. One is not concerned with the question 
whether the equation A*v = f admits a solution; one assumes that v is a priori given 
and one tries to estimate its norm. 


Proof. 
(a) > (b). Set 
B* = {v € D(A*); ||A*v|| < 1}. 


By homogeneity it suffices to prove that B* is bounded. For this purpose—in view 
of Corollary 2.5 (uniform boundedness principle)—we have only to show that given 
any fo € F the set (B*, fo) is bounded (in R). Since A is surjective, there is some 
ug € D(A) such that Auo = fo. For every v € B* we have 


(v, fo) = (v, Auo) = (A*v, uo) 


and thus |(v, fo)| < |luoll. 

(b) = (c). Suppose fan = A*v, —> f. Using (b) with vn — vm we see that (vn) is 
Cauchy, so that vn — v. Since A* is closed (by Proposition 2.17), we conclude that 
A*v =f. 

(c) = (a). Since R(A*) is closed, we infer from Theorem 2.19 that R(A) = 
N(A*)t =F. 


There is a “dual” statement. 


x Theorem 2.21. Let A : D(A) C F be an unbounded linear operator that is densely 
defined and closed. The following properties are equivalent: 
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(a) A* is surjective, i.e., R(A*) = E*, 
(b) there is a constant C such that 


lull < Cl|Aul]| Yu € D(A), 
(c) N(A) = {0} and R(A) is closed. 
Proof. Itis similar to the proof of Theorem 2.20 and we shall leave it as an exercise. 


Remark 20. If one assumes that either dim E < œ or that dim F < ov, then the 
following are equivalent: 


A surjective = A” injective, 


A* surjective © A injective, 


which is indeed a classical result for linear operators in finite-dimensional spaces. The 
reason that these equivalences hold is that R(A) and R(A*) are finite-dimensional 
(and thus closed). 

In the general case one has only the implications 


A surjective > A” injective, 


A* surjective > A injective. 


The converses fail, as may be seen from the following simple example. Let E = 
F = £; for every x € L write x = (Xn)n>1 and set Ax = (i) se It is easy to 
see that A is a bounded operator and that A* = A; A* (resp. A) is injective but A 
(resp. A*) is not surjective; R(A) (resp. R(A*)) is dense and not closed. 


Comments on Chapter 2 


1. One may write down explicitly some simple closed subspaces without complement. 
For example co is a closed subspace of £°° without complement; see, e.g., C. DeVito 
[1] (the notation cp and £% is explained in Section 11.3). There are other examples 
in W. Rudin [1] (a subspace of L!), G. Kothe [1], and B. Beauzamy [1] (a subspace 
of £’, p £ 2). 


2. Most of the results in Chapter 2 extend to Fréchet spaces (locally convex spaces 
that are metrizable and complete). There are many possible extensions; see, e.g., 
H. Schaefer [1], J. Horváth [1], R. Edwards [1], F. Treves [1], [3], G. Köthe [1]. 
These extensions are motivated by the theory of distributions (see L. Schwartz [1]), 
in which many important spaces are not Banach spaces. For the applications to the 
theory of partial differential equations the reader may consult L. Hörmander [1] or 
F. Treves [1], [2], [3]. 


3. There are various extensions of the results of Section 2.5 in T. Kato [1]. 
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Exercises for Chapter 2 


2.1 | Continuity of convex functions. 
Let E be a Banach space and let g : E —> (—o0o, +00] be a convex 1.s.c. function. 
Assume xg € IntD(g). 


1. Prove that there exist two constants R > 0 and M such that 
g(x) <M Vx € E with ||x — xo|| < R. 
[Hint: Given an appropriate p > 0, consider the sets 
Fy = {x € E; ||x — xoll < p and g(x) < n}.] 
2. Prove that Vr < R, 3L > 0 such that 
lp(x1) — Y(x2)| < Lllxı — x2] Yx1, x2 E€ E with ||x; — xoll < r, i= 1,2. 


; — 21M—¢(x0)] 
More precisely, one may choose L = =—3=>— . 


2.2 | Let E be a vector space and let p : E —> R be a function with the following 
three properties: 


(i) pæ +y) S p(x) + py) Vx, y € E, 
(ii) for each fixed x € E the function à + p(A x) is continuous from R into R, 
(iii) whenever a sequence (y,) in E satisfies p(y,) —> 0, then p(Ay,) — 0 for every 
AER. 


Assume that (x,) is a sequence in E such that p(x,) — 0 and (œn) is a bounded 
sequence in R. Prove that p(0) = 0 and that p(ænxn) > 0. 
[Hint: Given € > 0 consider the sets 


Fr ={A ER; [PAxx] Se, Vk > n}.] 


Deduce that if (x,) is a sequence in E such that p(x, — x) — 0 for some x € E, 
and (œn) is a sequence in R such that a, — a, then p(&nXn) > p(ax). 


2.3 | Let E and F be two Banach spaces and let (T„) be a sequence in L(E, F). 
Assume that for every x € E, Tax converges as n — œ to a limit denoted by Tx. 
Show that if x, —> x in E, then T,,x, —> Tx in F. 


2.4|Let E and F be two Banach spaces and leta : E x F — R be a bilinear form 
satisfying: 


(i) for each fixed x € E, the map yt» a(x, y) is continuous; 
(ii) for each fixed y € F, the map x b> a(x, y) is continuous. 


Prove that there exists a constant C > 0 such that 


lax, y)| SCllx|l lll Vee E, Vy e F. 
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[Hint: Introduce a linear operator T : E — F* and prove that T is bounded with 
the help of Corollary 2.5.] 


2.5 | Let E be a Banach space and let £„ be a sequence of positive numbers such 
that lim £n = 0. Further, let (fọ) be a sequence in E* satisfying the property 


dar >0, Vx EE with ||x|| <r, 3C(x) €R © such that 
(fas X) < Enl fall +C@) Yn. 


Prove that (fn) is bounded. 
[Hint: Introduce g, = f,/(U + énllfrll)-] 


2.6 | Locally bounded nonlinear monotone operators. 
Let E be Banach space and let D(A) be any subset in E. A (nonlinear) map 
A: D(A) C E => E* is said to be monotone if it satisfies 


(Ax — Ay,x—y) 2 0 Vx,y € D(A). 
1. Let xo € IntD(A). Prove that there exist two constants R > 0 and C such that 
Ax] <C Vx € D(A) with ||x — xoll < R. 


[Hint: Argue by contradiction and construct a sequence (x„) in D(A) such that 
Xn — Xo and || Ax || — oo. Choose r > 0 such that B(xo, r) C D(A). Use the 
monotonicity of A at x, and at (xp + x) with ||x|| < r. Apply Exercise 2.5.] 

2. Prove the same conclusion for a point xo € Int{conv D(A)]. 

3. Extend the conclusion of question 1 to the case of A multivalued, i.e., for every 
x € D(A), Ax is a nonempty subset of E*; the monotonicity is defined as follows: 


(f-—g,x-—y)>0 Vx,ye D(A), Vf EeAx, Wee Ay. 


2.7 |Let a = (œn) be a given sequence of real numbers and let 1 < p < oo. Assume 
that X` |on||%n| < oo for every element x = (xn) in £? (the space £? is defined in 
Section 11.3). 

Prove that œ € £”. 


2.8 | Let E be a Banach space and let T : E —> E* be a linear operator satisfying 


(Tx,x)>0 YWxEE. 


Prove that T is a bounded operator. 
[Two methods are possible: (i) Use Exercise 2.6 or (ii) Apply the closed graph 
theorem.] 


2.9 | Let E be a Banach space and let T : E —> E* be a linear operator satisfying 


(Tx, y) = (Ty, x) YVx,y EE. 
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Prove that T is a bounded operator. 


2.10) Let E and F be two Banach spaces and let T € C(E, F) be surjective. 


1. Let M be any subset of E. Prove that T (M) is closed in F iff M +N (T) is closed 
in E. 

2. Deduce that if M is a closed vector space in E and dim N (T) < ov, then T(M) 
is closed. 


2.11 | Let E be a Banach space, F = é! and let T € L(E, F) be surjective. Prove 
that there exists S$ € L(F, E) such that T o S = Ip, i.e., S has a right inverse of T. 


[Hint: Do not apply Theorem 2.12; try to define S explicitly using the canonical 
basis of €!.] 


2.12) Let E and F be two Banach spaces with norms || ||g and || |z. Let T € 
L(E, F) be such that R(T) is closed and dim N(T) < co. Let | | denote another 
norm on E that is weaker than || ||z, i.e., |x| < M||x||z Vx € E. 

Prove that there exists a constant C such that 


Ilxlle < C(lTxlle + |x|) Vx e E. 


[Hint: Argue by contradiction. ] 


2.13 | Let E and F be two Banach spaces. Prove that the set 


Q = {T € L(E, F); T admits a left inverse} 


is open in L(E, F). 
[Hint: Prove first that the set 


O = {T €L(E, F); T is bijective} 


is open in L(E, F).] 


2.14 | Let E and F be two Banach spaces 


1. Let T € L(E, F). Prove that R(T) is closed iff there exists a constant C such 
that 
dist(x, N(T)) < C||ITx|| Vx € E. 


[Hint: Use the quotient space E/N (T); see Section 11.2.] 
2. Let A: D(A) C E — F be a closed unbounded operator. 
Prove that R(A) is closed iff there exists a constant C such that 


dist(u, N(A)) < Cl|Aul| Vu € D(A). 


[Hint: Consider the operator T : Ey —> F, where Eg = D(A) with the graph 
norm and T = A.] 
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2.15 | Let E1, E2, and F be three Banach spaces. Let Ti € £(E1, F) and let 
Ty € L(E2, F) be such that 


R(T;) N R(T>) = {0} and R(T) + R(D) = F. 


Prove that R(7;) and R(7>) are closed. 
[Hint: Apply Exercise 2.10 to the map T : E; x E2 —> F defined by 


T (x1, x2) = Tix, + Thx2.] 


2.16 |Let E be a Banach space. Let G and L be two closed subspaces of E. Assume 
that there exists a constant C such that 


dist(x, G N L) < C dist(x, L), Wx eG. 


Prove that G + L is closed. 


2.17 | Let E = C([0, 1]) with its usual norm. Consider the operator A : D(A) C 
E — E defined by 


1 1 du 
D(A)=C ([0,1]) and Au=u = a 
1. Check that D(A) = E. 
2. Is A closed? 
3. Consider the operator B : D(B) C E — E defined by 
3 , du 
D(B) = C4([0,1]) and Bu =u = ae 


Is B closed? 


2.18 | Let E and F be two Banach spaces and let A : D(A) C E — F bea densely 
defined unbounded operator. 


1. Prove that N(A*) = R(A)+ and N(A) C R(A*)+. 

2. Assuming that A is also closed prove that N(A) = R(A*)+. 
[Try to find direct arguments and do not rely on the proof of Corollary 2.18. For 
question 2 argue by contradiction: suppose there is some u € R(A*)+ such that 
[u, 0] ¢ G(A) and apply Hahn—Banach. ] 


2.19 | Let E be a Banach space and let A : D(A) C E —> E* be a densely defined 
unbounded operator. 


1. Assume that there exists a constant C such that 
(1) (Au, u) > —C|| Aull? Vu € D(A). 


Prove that N(A) C N(A*). 
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2. Conversely, assume that N(A) C N(A*). Also, assume that A is closed and R(A) 
is closed. Prove that there exists a constant C such that (1) holds. 


2.20 | Let E and F be two Banach spaces. Let T € L(E, F) and let A: D(A) C 
E — F bean unbounded operator that is densely defined and closed. Consider the 
operator B : D(B) C E — F defined by 


D(B) = D(A), B=A+T. 


1. Prove that B is closed. 
2. Prove that D(B*) = D(A*) and B* = A* + T*. 


2.21 |Let E be an infinite-dimensional Banach space. Fix an elementa € E,a £ 0, 
and a discontinuous linear functional f : Æ — R (such functionals exist; see 
Exercise 1.5). Consider the operator A : E — E defined by 


D(A)=E, Ax=x-— f(x)a. 


. Determine N(A) and R(A). 

. Is A closed? 

. Determine A* (define D(A”) carefully). 

. Determine N(A*) and R(A*). 

. Compare N(A) with R(A*)+ as well as N(A*) with R(A)+. 
. Compare with the results of Exercise 2.18. 


NnBWN 


2.22 |The purpose of this exercise is to construct an unbounded operator A : D(A) C 
E — E that is densely defined, closed, and such that D(A*) 4 E*. 

Let E = £!, so that E* = €~. Consider the operator A: D(A) C E > E 
defined by 


D(A) = fu = (un) € £1; (nun) € e) and Au = (nun). 


1. Check that A is densely defined and closed. 
2. Determine D(A*), A*, and D(A*). 


2.23 |Let E = £!, so that E* = £%. Consider the operator T € L(E, E) defined by 


1 
Tu = (žu) for every u = (un)n>1 in el. 
n n>1 = 


Determine N (T), N(T)+, T*, R(T*), and R(T*). 
Compare with Corollary 2.18. 
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2.24 | Let E, F, and G be three Banach spaces. Let A : D(A) C E > F bea 
densely defined unbounded operator. Let T € CL(F,G) and consider the operator 
B : D(B) C E — G defined by D(B) = D(A) and B =T oA. 


1. Determine B*. 
2. Prove (by an example) that B need not be closed even if A is closed. 


2.25 | Let E, F, and G be three Banach spaces. 


1. Let T € L(E, F) and S € LCF, G). Prove that 
(SoT)* = T* oS. 


2. Assume that T € L(E, F) is bijective. Prove that T* is bijective and that (T*)~! = 
Cia a 


2.26 | Let E and F be two Banach spaces and let T € L(E, F). Let y : F > 
(—oo, +00] be a convex function. Assume that there exists some element in R(T) 
where y is finite and continuous. 

Set 


g(x)=W(Tx), xEE. 


Prove that for every f € F* 


GT" fy= inf w(f-—g)= min w*(f 28). 


geN(T*) geEN(T*) 


2.27 |Le E, F be two Banach spaces and let T € L(E, F). Assume that R(T) has 
finite codimension, i.e., there exists a finite-dimensional subspace X of F such that 
X + R(T) = F and X N R(T) = {0}. 


Prove that R(T) is closed. 


Chapter 3 


Weak Topologies. Reflexive Spaces. Separable 
Spaces. Uniform Convexity 


3.1 The Coarsest Topology for Which a Collection of Maps 
Becomes Continuous 


We begin this chapter by recalling a well-known concept in topology. Suppose X is 
a set (without any structure) and (Y;)je7 is a collection of topological spaces. We are 
given a collection of maps (¢;)j<; such that for every i € I, g; maps X into Y; and 
we consider the following: 


Problem 1. Construct a topology on X that makes all the maps (g;);<7 continuous. 
If possible, find a topology 7 that is the most economical in the sense that it has the 
fewest open sets. 

Note that if we equip X with the discrete topology (i.e., every subset of X is 
open), then every map g; is continuous; of course, this topology is far from being 
the “cheapest”; in fact, it is the most expensive one! As we shall see, there is always 
a (unique) “cheapest” topology Y on X for which every map g; is continuous. It is 
called the coarsest or weakest topology (or sometimes the initial topology) associated 
to the collection (@) jer. 

If wi C Y; is any open set, then or ' (œi) is necessarily an open set in 7. As wi 
runs through the family of open sets of Y; andi runs through J we obtain a family 
of subsets of X, each of which must be open in the topology 7. Let us denote this 
family by (U,)aca. Of course, this family need not be a topology. Therefore, we are 
led to the following: 


Problem 2. Given a set X and a family (U,),eq of subsets in X, construct the 
cheapest topology -7 on X in which U, is open for all A € A. 

In other words, we must find the cheapest family -F of subsets of X that is stable! 
by M finite aNd Varbitrary and with the property that U, € F for every à € A. The 
construction goes as follows. First,consider finite intersections of sets in (U,)aca, 
i.e., Nier U, where I C A is finite. In this way we obtain a new family, called ®, of 


' Meaning that a finite intersection of sets in F and an arbitrary union of sets in F both belong 
to F. 


H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, 55 
DOI 10.1007/978-0-387-70914-7_3, © Springer Science+Business Media, LLC 2011 


56 3 Weak Topologies. Reflexive Spaces. Separable Spaces. Uniform Convexity 


subsets of X which includes (U)),¢,a and which is stable under Nfnite. However, it 
need not be stable under Uarbitrary. Therefore, we consider next the family F obtained 
by forming arbitrary unions of elements from ®. It is clear that F is stable under 
Uarbitrary. It is not clear whether F is stable under Mfnite; but indeed we have the 
following result: 


Lemma 3.1. The family F is stable under Nfnite- 


The proof of Lemma 3.1—a delightful exercise in set theory—is left to the reader; 
see e.g., G. Folland [2]. It is now obvious that the above construction gives the 
cheapest topology with the required property. 


Remark 1. One cannot reverse the order of operations in the construction of F. It 
would have been equally natural to start with Uarbitrary and then to take Mfnite. The 
outcome is a family that is stable under Nfinite; but it is not stable under Uarbitrary- 
One would have to consider once more Uarbitrary and the process then stabilizes. 


To summarize this discussion we find that the open sets of the topology 7 are 
obtained by considering first Nfnite of sets of the form 9, | (wi) and then Uarbitrary. It 
follows that for every x € X, we obtain a basis of neighborhoods of x for the topology 
TZ by considering sets of the form Nfinite Pi 1V;), where V; is a neighborhood of 
ọi(x) in Y;. Recall that in a topological space, a basis of neighborhoods of a point 
x is a family of neighborhoods of x, such that every neighborhood of x contains a 
neighborhood from the basis. 

In what follows we equip X with the topology 7 that is the weakest topology 
associated to the collection (¢;);<7. Here are two simple properties of the topology 7. 


e Proposition 3.1. Let (x,) be a sequence in X. Then x, — x (in J) if and only if 
Qi (Xn) > gi(x) for everyi € I. 


Proof. If xn — x, then gi (xn) —> (x) for each i, since each g; is continuous for 
ZF. Conversely, let U be a neighborhood of x. From the preceding discussion, we 
may always assume that U has the form U = Nie 19, (Vi) with J C I finite. For 
each į € J there is some integer N; such that g; (xn) € V; for n > Nj. It follows that 
Xn € U forn > N = maxjc Ni. 


e Proposition 3.2. Let Z be a topological space and let Y be a map from Z into X. 
Then w is continuous if and only if pi o Y is continuous from Z into Y; for every 
iel. 


Proof. If yw is continuous then g; o y is also continuous for every i € Z. Conversely, 
we have to prove that wlU ) is open (in Z) for every open set U (in X). But we 
know that U has the form U = UVarpitrary Mfinite P; Lwi), where œ; is open in Y;. 
Therefore 


wlW@= U A pig e= U N piopio), 


arbitrary finite arbitrary finite 


which is open in Z since every map g; o w is continuous. 
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3.2 Definition and Elementary Properties of the Weak Topology 
o (E, E*) 


Let E be a Banach space and let f € E*. We denote by gr : E — R the linear 
functional øf (x) = (f, x). As f runs through E* we obtain a collection (gf) feE* 
of maps from E into R. We now ignore the usual topology on E (associated to || ||) 
and define a new topology on the set E as follows: 


Definition. The weak topology o (E, E*) on E is the coarsest topology associated 
to the collection (gf) feg» (in the sense of Section 3.1 with X = E, Y; = R, for 
each i, and J = E*). 


Note that every map gf is continuous for the usual topology and therefore the 
weak topology is weaker than the usual topology. 


Proposition 3.3. The weak topology o (E, E*) is Hausdorff. 


Proof. Given x1, x2 € E with xı Æ x2 we have to find two open sets O; and O2 
for the weak topology o (E, E*) such that xı € Oj, x2 € O2, and O1 N O2 = Ø. 
By Hahn—Banach (second geometric form) there exists a closed hyperplane strictly 
separating {xı} and {x2}. Thus, there exist some f € E* and some a € R such that 


(f x1) <a < (f, x2). 
Set 
O1 = {x € E; (f, x) <a} = 9F' ((~00, @)), 
02 = {x € E; (f, x) > a} = 9F' ((a@, +00)). 
Clearly, O; and O2 are open for o (E, E*) and they satisfy the required properties. 


e Proposition 3.4. Let x9 € E; given £ > 0 and a finite set { fi, f2,..., fk} in E* 
consider 


V=V(fi, fo.---, fk; €) = {x € E; (fi, x —x0)| <e Vi=1,2,...,k}. 


Then V is a neighborhood of xo for the topology o (E, E*). Moreover, we obtain a 
basis of neighborhoods of xo for o (E, E*) by varying e, k, and the fj’s in E*. 


Proof. Clearly V = aan p; (Cai — £, ai + £)), with a; = (fj, xo), is open for the 
topology o (E, E*) and contains xo. Conversely, let U be a neighborhood of xo for 
o(E, E*). From the discussion in Section 3.1 we know that there exists an open set W 
containing x9, W C U, of the form W = Niniep z (wi), where wj; is a neighborhood 
(in R) of a; = (fi, xo). Hence there exists € > 0 such that (aj — £, ai + €) C a; for 
every i. It follows that xE VCW CU. 


Notation. If a sequence (x„) in E converges to x in the weak topology o (E, E*) 
we shall write 
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To avoid any confusion we shall sometimes say, “x, — x weakly in o(E, E*).” 
In order to be totally clear we shall sometimes emphasize strong convergence by 
saying, “x, — x strongly,’ meaning that ||x, — x|| —> 0. 


e Proposition 3.5. Let (xn) be a sequence in E. Then 


(i) [xn — x weakly in o (E, E*)| & [(f, xn) > (f, x) Yf € E*]. 
(ii) If x, — x strongly, then xn — x weakly in o (E, E*). 
Gii) If xn — x weakly ino (E, E*), then (||xn||) is bounded and ||x|| < lim inf ||xp ||. 
(iv) [fxn — x weakly ino (E, E*) andif fy — f strongly in E* (i.e., || fa— f || E* > 
0), then (fn, Xn) > (f, x). 


Proof. 


(i) follows from Proposition 3.1 and the definition of the weak topology o (E, E*). 

(ii) follows from (i), since |( f, xn) — (f, x)| < Il fl llan — xl; itis also clear from 
the fact that the weak topology is weaker than the strong topology. 

(iii) follows from the uniform boundedness principle (see Corollary 2.4), since for 

every f € E* the set ({ f, Xn})n is bounded. Passing to the limit in the inequality 


If, Xn)1 < FIL l 


we obtain 
KAXI < || fl] im inf |x, II, 


which implies (by Corollary 1.4) that 


Ixl = sup |(f, x)| < lim inf |lxn |l- 
fll 


(iv) follows from the inequality 


Ifans Xn)—( FX) S fa P end I FUP a=) S fam Fl en FUP, Xn) |, 


combined with (i) and (iii). 


e Proposition 3.6. When E is finite-dimensional, the weak topology o (E, E*) and 
the usual topology are the same. In particular, a sequence (x,) converges weakly if 
and only if it converges strongly. 


Proof. Since the weak topology has always fewer open sets than the strong topology, 
it suffices to check that every strongly open set is weakly open. Let xo € E and let 
U be a neighborhood of xo in the strong topology. We have to find a neighborhood 
V of xo in the weak topology o (E, E*) such that V C U. In other words, we have 
to find fi, fo,..., fk in E* and € > 0 such that 


V={x eB: fi,x—x0)l <£ Yi=1,2,...,k} CU. 
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Fix r > O such that B(xo,r) C U. Pick a basis e1, e2,...,e% in E such that 
lleil = 1, Vi. Every x € E admits a decomposition x = ys) x;e;, and the maps 
x +> x; are continuous linear functionals on E denoted by f;. We have 


k 
lx — xoll < DOM fi, x — xo)| < ke 


i=l 
for every x € V. Choosing £ = r/k, we obtain V C U. 


Remark 2. Open (resp. closed) sets in the weak topology o (E, E*) are always open 
(resp. closed) in the strong topology. In any infinite-dimensional space the weak 
topology is strictly coarser than the strong topology; i.e., there exist open (resp. 
closed) sets in the strong topology that are not open (resp. closed) in the weak 
topology. Here are two examples: 


Example 1. The unit sphere S = {x € E; ||x|| = 1}, with E infinite-dimensional, is 
never closed in the weak topology o (E, E*). More precisely, we have 


(1) Ae 


= Br, 
where soe denotes the closure of S in the topology o (E, E*) and Bg (already 
defined in Chapter 2) denotes the closed unit ball in £, 


Bg = {x € E; |x|] < 1}. 


First let us check that every x9 € E with ||xo|| < 1 belongs to oe. Indeed, 
let V be a neighborhood of xo in o (E, E*). We have to prove that V N S Æ Ø. In 
view of Proposition 3.4 we may always assume that V has the form 


V ={x € E; |(fi,x—x0)|<e VWi=1,2,...,k} 
with £ > Oand fi, fo,..., fk € E*. Fix yo € E, yo Æ 0, such that 
(fiy =0  Vi=1,2,...,k. 


[Such a yg exists; otherwise, the map g : E — R* defined by g(x) = 
((fi, X))1<i<x would be injective and p would be an isomorphism from E onto 
g(E), and thus dim E < k, which contradicts the assumption that Æ is infinite- 
dimensional.]* The function g(t) = ||xo+tyol| is continuous on [0, oo) with g(0) < 1 
and lim;_++00 g(t) = +00. Hence there exists some fy > 0 such that || xo+toyol| = 1. 
It follows that x9 + toyo € V N S, and thus we have established that 


Se Bee See: 


2 The geometric interpretation of this construction is the following. When E is infinite-dimensional, 
every neighborhood V of xo in the topology o (E, E*) contains a line passing through xo, even a 
“huge” affine space passing through xo. 
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In order to complete the proof of (1) it suffices to know that Br is closed in the 
topology o (E, E*). But we have 


Be= () i €E; (fx) <0, 
feE* 
Ifllst 


which is an intersection of weakly closed sets. 


Example 2. The unit ball U = {x € E; ||x|| < 1}, with E infinite-dimensional, is 
never open in the weak topology o (E, E*). Suppose, by contradiction, that U is 
weakly open. Then its complement US = {x € E; ||x|| > 1} is weakly closed. It 
follows that S = Bg N U is also weakly closed; this contradicts Example 1. 


x Remark 3. In infinite-dimensional spaces the weak topology is never metrizable, 
i.e., there is no metric (and a fortiori no norm) on E that induces on E the weak 
topology o (E, E*); see Exercise 3.8. However, as we shall see later (Theorem 3.29), 
if E* is separable one can define a norm on E that induces on bounded sets of E the 
weak topology o (E, E*). 


x Remark 4. Usually, in infinite-dimensional spaces, there exist sequences that con- 
verge weakly and do not converge strongly. For example, if E* is separable or if E 
is reflexive one can construct a sequence (xn) in E such that ||x,|| = 1 and x, — 0 
weakly (see Exercise 3.22). However, there are infinite-dimensional spaces with the 
property that every weakly convergent sequence is strongly convergent. For exam- 
ple, £! has that unusual property (see Problem 8). Such spaces are quite “rare” and 
somewhat “pathological.” This strange fact does not contradict Remark 2, which as- 
serts that in infinite-dimensional spaces, the weak topology and the strong topology 
are always distinct: the weak topology is strictly coarser than the strong topology. 
Keep in mind that two metric (or metrizable) spaces with the same convergent se- 
quences have identical topologies; however, if two topological spaces have the same 
convergent sequences they need not have identical topologies. 


3.3 Weak Topology, Convex Sets, and Linear Operators 


Every weakly closed set is strongly closed and the converse is false in infinite- 
dimensional spaces (see Remark 2). However, it is very useful to know that for 
convex sets, weakly closed = strongly closed: 


e Theorem 3.7. Let C be a convex subset of E. Then C is closed in the weak topology 
o(E, E*) if and only if it is closed in the strong topology. 


Proof. Assume that C is closed in the strong topology and let us prove that C is 
closed in the weak topology. We shall check that the complement C° of C is open in 
the weak topology. To this end, let x9 ¢ C. By Hahn—Banach there exists a closed 
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hyperplane strictly separating {xo} and C. Thus, there exist some f € E* and some 
a € R such that 
(f,x0) <a<(f,y) VyeEC. 


Set 

V={xeE; (f,x) <a}; 
so that x» € V, VOC = Ø (ie., V C C*) and V is open in the weak topology. 
Corollary 3.8 (Mazur). Assume (xn) converges weakly to x. Then there exists a 


sequence (yn) made up of convex combinations of the xn’s that converges strongly 
to x. 


Proof. Let C = conv(U°% ,{Xp}) denote the convex hull of the x,’s. Since x belongs 
to the weak closure of u {Xp} it belongs a fortiori to the weak closure of C. By 


Theorem 3.7, x € C, the strong closure of C, and the conclusion follows. 


Remark 5. There are some variants of Corollary 3.8 (see Exercises 3.4 and 5.24). 
Also, note that the proof of Theorem 3.7 shows that every closed convex set C 
coincides with the intersection of all the closed half-spaces containing C. 


e Corollary 3.9. Assume that p : E —> (—oco + œ] is convex and 1.s.c. in the strong 
topology. Then ¢ is |.s.c. in the weak topology o (E, E*). 


Proof. For every à € R the set 
A={x cE; g(x) <A} 


is convex and strongly closed. By Theorem 3.7 it is weakly closed and thus ¢ is 
weakly 1.s.c. 


e Remark 6. It may be rather difficult in practice to prove that a function is 1.s.c. in 
the weak topology. Corollary 3.9 is often used as follows: 


o convex and strongly continuous = g weakly L.s.c. 


For example, the function g(x) = ||x|| is convex and strongly continuous; thus it is 
weakly L.s.c. In particular, if x, — x weakly, it follows that ||x|| < lim inf ||x,|| (see 
also Proposition 3.5). 


Theorem 3.10. Let E and F be two Banach spaces and let T be a linear operator 
from E into F. Assume that T is continuous in the strong topologies. Then T is 
continuous from E weak o (E, E*) into F weak o (F, F*) and conversely. 


Proof. In view of Proposition 3.2 it suffices to check that for every f € F* the map 
x > (f, Tx) is continuous from E weak o (E, E*) into R. But the map x > (f, Tx) 
is a continuous linear functional on E£. Therefore, it is also continuous in the weak 
topology o (E, E*). 


62 3 Weak Topologies. Reflexive Spaces. Separable Spaces. Uniform Convexity 


Conversely, suppose that T is continuous from E weak into F weak. Then G(T) 
is closed in E x F equipped with the product topology o (E, E*) xo (F, F*), which 
is clearly the same as o (E x F, (E x F)*). It follows that G(T) is strongly closed 
(any weakly closed set is strongly closed). We conclude with the help of the closed 
graph theorem (Theorem 2.9) that T is continuous from E strong into F strong. 


Remark 7. The argument above shows more: that if a linear operator T is continuous 
from E strong into F weak then T is continuous from E strong into F strong. As 
a consequence, for linear operators, the following continuity properties are all the 
same: S — S, W — W, S — W (S = strong, W = weak). On the other hand, 
very few linear operators are continuous W — S; this happens if and only if T is 
continuous S — S and, moreover, dim R(T) < oo (see Exercise 6.7). 


Also, note that in general, nonlinear maps that are continuous from E strong into 
F strong are not continuous from E weak into F weak (see, e.g., Exercise 4.20). 
This is a major source of difficulties in nonlinear problems. 


3.4 The Weak* Topology o (E*, E) 


So far, we have two topologies on E*: 


(a) the usual (strong) topology associated to the norm of E*, 
(b) the weak topology o(E*, E**), obtained by performing on E* the construction 
of Section 3.3. 


We are now going to define a third topology on E* called the weak* topology and 
denoted by o (E*, E) (the x is here to remind us that this topology is defined only on 
dual spaces). For every x € E consider the linear functional g, : E* —> R defined 
by f & @x(f) = (f, x). As x runs through E we obtain a collection (¢y),er of 
maps from E* into R. 


Definition. The weak* topology, o (E*, E), is the coarsest topology on E* associated 
to the collection (x)xeg (in the sense of Section 3.1 with X = E*, Y; = R, for all 
i, and I = E). 


Since E C E**, itis clear that the topology o (E*, E) is coarser than the topology 
o (E*, E**); i.e., the topology o (E*, E) has fewer open sets (resp. closed sets) than 
the topology o (E*, E**), which in turn has fewer open sets (resp. closed sets) than 
the strong topology. 


Remark 8. The reader probably wonders why there is such hysteria over weak topolo- 
gies! The reason is the following: a coarser topology has more compact sets. For 
example, the closed unit ball Bg» in E*, which is never compact in the strong topol- 
ogy (unless dim E < œo; see Theorem 6.5), is always compact in the weak* topology 
(see Theorem 3.16). Knowing the basic role of compact sets—for example, in exis- 
tence mechanisms such as minimization—it is easy to understand the importance of 
the weak” topology. 
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Proposition 3.11. The weak* topology is Hausdorff. 


Proof. Given fi, f2 € E* with fı Æ f2 there exists some x € E such that ( f1, x) 4 
( f2, x) (this does not use Hahn—Banach, but just the fact that fı Æ f2). Assume for 
example that (f1, x) < (f2, x) and choose œ such that 


(fix) <a < (fo,x). 
Set 
O1={f € E*; (f,x) <a} =, ' (00, @)), 
Or ={f € E*; (f,x) > a} = g7 (a, +00)). 


Then O; and O2 are open sets in o(E*, E) such that fi € Oj, f2 € O2, and 
01 N O2 = Ø. 


Proposition 3.12. Let fo € E*; given a finite set {x1, x2,..., xx} in E and € > 0, 
consider 


V = V (x1, X2, ..., Xk; €) = {f € E*; (f — fo, xi) <E Vi =1,2,..., k}. 


Then V is a neighborhood of fo for the topology o (E*, E). Moreover, we obtain a 
basis of neighborhoods of fo for o (E*, E) by varying e, k, and the x;’s in E. 


Proof. Same as the proof of Proposition 3.4. 


Notation. If a sequence (fp) in E* converges to f in the weak* topology we shall 
write 


ee 3 


To avoid any confusion we shall sometimes emphasize “ fn 5 f in o(E*, E),” 
“fn — f in o (E*, E™),” and “fa > f strongly.” 


e Proposition 3.13. Let (fn) be a sequence in E*. Then 
O Ifa > f in o(E*, EN & Ufa x) > (f.x), Yx € E]. 
(ii) If fa > f strongly, then fa — f in o (E*, E**). 
If fa — f in o (E*, E™), then fy Š f in o (E*, E). 
(iii) If fa È f in o (E*, E) then (|| fall) is bounded and || f|} < lim inf || full. 
(iv) If fa Ea f ino(E*, E) and if xn — x strongly in E, then (fn, Xn) > (f, x). 
Proof. Copy the proof of Proposition 3.5. 


Remark 9. Assume fn x f in o(E*, E) (or even fi — f in o(E*, E**)) and 
Xn — x ino (E, E*). One cannot conclude, in general, that (fy, xn) > (f, x) (it is 
very easy to construct an example in Hilbert spaces). 
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Remark 10. When E is a finite-dimensional space the three topologies (strong, 
weak, weak”) on E* coincide. Indeed, the canonical injection J : E > E** (see 
Section 1.3) is surjective (since dim E = dim £**) and therefore o(E*, E) = 
o(E*, E**). 


x Proposition 3.14. Let yg : E* — R be a linear functional that is continuous for 
the weak* topology. Then there exists some xq € E such that 


of) = (f, xo) Vf € E*. 
The proof relies on the following useful algebraic lemma: 


Lemma 3.2. Let X be a vector space and let 9, 91, 92, ..., k be (k + 1) linear 
functionals on X such that 


2) [gi(v) =O Wi =1,2,...,k] = [p@) = 0]. 
Then there exist constants 4.1, 2,..., Ax E€ R such that 9 = bean Aigi. 


Proof of Lemma 3.2. Consider the map F : X — R*+! defined by 


F(u) = [g@), pı u), G24), .. . , p (u)]. 


It follows from assumption (2) that a = [1,0,0,...,0] does not belong to R(F). 
Thus, one can strictly separate {a} and R(F) by some hyperplane in R‘*!; i.e., there 
exist constants A, 41, A2,..., Ax and @ such that 


k 
à <a <Ag(u) + ei) Vu € X. 
i=l 
It follows that 
k 
Apu) + Aigi) =0 Vue X 


i=1 


and also à < 0 (so that A Æ 0). 


Proof of Proposition 3.14. Since ¢ is continuous for the weak* topology, there exists 
a neighborhood V of 0 for o (E*, E) such that 


WAI <1 Vfev. 
We may always assume that 

V={feEs\(fxi)|<e Wi=1,2,...,4 
with x; € E and e > 0. In particular, 


(fx) =0 Yi=1,2,..., k] = [e(f) = 0]. 
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It follows from Lemma 3.2 that 


vf) = ya (f, xi) 1= (>) Wf eE. 


x Corollary 3.15. Assume that H is a hyperplane in E* that is closed in o (E*, E). 
Then H has the form 
= {f € E*; (f, xo) =a} 


for some xo € E, x9 #0, and some a € R. 
Proof. H may be written as 
={f € E*; g(f) =a}, 


where ¢ is a linear functional on E*, œ Æ 0. Let fo ¢ H and let V be a neighborhood 
of fo for the topology o (E*, E) such that V C H°. We may assume that 


={fek*s|\(f—fo.xm)|<e VYi=1,2,..., k}. 


Since V is convex we find that either 


(3) of) <a VWPev 
or 
(69) o(f)>a Whe. 


Assuming, for example, that (3) holds, we obtain 


p(s) <a- yfo) YzeW=V- fo, 


and since —W = W we are led to 


(4) ly(g)| < la =ø) Vee W. 


It follows from (4) that g is continuous at 0 for the topology o (E*, E) (since W is 
a neighborhood of 0). Applying Proposition 3.14, we conclude that there is some 
xo € E such that 


Pf) =(f.x0) Vf € E*. 


Remark 11. Assume that the canonical injection J : E — E** is not surjective. 
Then the topology o (E*, E) is strictly coarser than the topology o (E*, E**). For 
example, let £ € E** with £ ¢ J (E). Then the set 


={f € E*; (£, f) =0} 


is closed in o (E*, E**) but—in view of Corollary 3.15—it is not closed in o (E*, E). 
We also learn from this example that convex sets that are closed in the strong topology 
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need not be closed in the weak* topology. There are two types of closed convex sets 
in E*: 
(a) the convex sets that are strongly closed (= closed in the topology o (E*, E**) by 


Theorem 3.7), 
(b) the convex sets that are closed in o (E*, E). 


e Theorem 3.16 (Banach—Alaoglu-Bourbaki). The closed unit ball 
Be = {f € E*; IfI < 1i} 
is compact in the weak* topology o (E*, E). 


Remark 12. The compactness of Bg» is the most essential property of the weak* 
topology; see also Remark 8. 


Proof. Consider the Cartesian product Y = R*, which consists of all maps from 
E into R; we denote elements of Y by w = (œwx)xeg with w, € R. The space 
Y is equipped with the standard product topology (see, e.g., H. L. Royden [1], 
J. R. Munkres [1], A. Knapp [1], or J. Dixmier [1]), i.e., the coarsest topology on Y as- 
sociated to the collection of maps w > œx (as x runs through E), which is, of course, 
the same as the topology of pointwise convergence (see, e.g., J. R. Munkres [1]). 
In what follows E* is systematically equipped with the weak* topology o (E*, E). 
Since E* consists of special maps from E into R (i.e., continuous linear maps), 
we may consider E* as a subset of Y. More precisely, let Ọ : E* — Y be the 
canonical injection from E* into Y, so that ®(f) = (@x)xeg with œx = (f, x). 
Clearly, ® is continuous from E* into Y (use Proposition 3.2 and note that for 
every fixed x € E the map f € E* > (®(f))x = (f,x) is continuous). The 
inverse map ®~! is also continuous from ®(E*) equipped with the Y topology) 
into E*: indeed, using Proposition 3.2 once more, it suffices to check that for ev- 
ery fixed x € E the map w |> (Tl (w), x) is continuous on ®(E*), which is 
obvious since (d—!(@), x) = œx (note that w = ®(f) for some f € E* and 
(®—!(w), x) = (f, x) = wx). In other words, ® is a homeomorphism from E* onto 
®(£*). On the other hand, it is clear that ® (Bg) = K, where K is defined by 


k=focy 


In order to complete the proof of Theorem 3.16 it suffices to check that K is acompact 
subset of Y. Write K as K = Kı AN K2, where 


læx| < |x, Ox+y = Wy + Wy 
and wx =A@, YA ER, VWx,yeEk f 


Kı = {w€ Y; || < |x| Vx € E} 
and 
Ky = [w € Y; wx+y = wx + wy and ay = hoy và e R, Yx, y € E}. 


The set Kı may also be written as a product of compact intervals 
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Kı = | [fled +x]. 


xEE 


Let us recall that (arbitrary) products of compact spaces are compact—a deep theo- 
rem due to Tychonoff; see, e.g., H. L. Royden [1], G. B. Folland [2], J. R. Munkres 
[1], A. Knapp [1], or J. Dixmier [1]. Therefore Kı is compact. On the other hand, 
Ka is closed in Y; indeed, for each fixed à € R, x, y € E the sets 


Ax,y = {æ € Y; Wx+y — Wx — Wy = O}, 
Bx = {w E Y; wax — Aw, = 0}, 


are closed in Y (since the maps w +> @x+y — Wy — wy and w > @ıx — wx are 
continuous on Y) and we may write K2 as 


Finally, K is compact since it is the intersection of a compact set (K1) and a closed 
set (K2). 


3.5 Reflexive Spaces 


Definition. Let E be a Banach space and let J : E —> E** be the canonical injection 
from E into E*™ (see Section 1.3). The space E is said to be reflexive if J is surjective, 
Le. J(E) = E™. 


When E is reflexive, E*™* is usually identified with E. 


Remark 13. Many important spaces in analysis are reflexive. Clearly, finite-dimen- 
sional spaces are reflexive (since dim E = dim E* = dim E**). As we shall see in 
Chapter 4 (see also Chapter 11), L? (and £P) spaces are reflexive for 1 < p < oo. In 
Chapter 5 we shall see that Hilbert spaces are reflexive. However, equally important 
spaces in analysis are not reflexive; for example: 


e L! and L®™ (and £!, €~) are not reflexive (see Chapters 4 and 11); 
e C(K), the space of continuous functions on an infinite compact metric space K, 
is not reflexive (see Exercise 3.25). 


x Remark 14. It is essential to use J in the above definition. R. C. James [1] has 
constructed a striking example of a nonreflexive space with the property that there 
exists a surjective isometry from E onto E**. 


Our next result describes a basic property of reflexive spaces: 


e Theorem 3.17 (Kakutani). Let E be a Banach space. Then E is reflexive if and 
only if 
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Bg = {x € E; |[xll < 1} 

is compact in the weak topology o (E, E*). 

Proof. Assume first that E is reflexive, so that J (Bg) = Bg». We already know 
(by Theorem 3.16) that Bg» is compact in the topology o (E**, E*). Therefore, it 
suffices to check that JT! is continuous from E** equipped with o (E**, E*) with 
values in E equipped with o (E, E*). In view of Proposition 3.2, we have only to 
prove that for every fixed f € E* the map £ +> (f, JTE) is continuous on E* 
equipped with o(E**, E*). But (f, J~'&) = (£, f), and the map £ > (£, f) is 
indeed continuous on E** for the topology o(E**, E*). Hence we have proved that 
Bg is compact in o (E, E*). 


The converse is more delicate and relies on the following two lemmas: 


Lemma 3.3 (Helly). Let E be a Banach space. Let fi, f2,..., fk be given in E* 
and let y1, y2,..., yk be given in R. The following properties are equivalent: 


(i) Ve > 0 Ax, € E such that ||xs|| < 1 and 
Kista —vil<e Vi = 1,2, k, 
(ii) | Dja Bivil <I Eia Bifil Yi Pas- Be €R. 
Proof. (i) = (ii). Fix £1, B2,..., Bk in R and let $ = a | 6;|. It follows from (i) 


that ‘ : 
> Bil xe) — D bivi 
i=l i=l 


<eS 


and therefore 


+eS. 


k 
dBi fi 


i=l 


k 
be ae 


i=1 


< 


[xe] + eS < 


k 
2 Bih 
i=l 


Since this holds for every € > 0, we obtain (ii). 


(ii) > (i). Set y = (1, 2,---, yk) € RÝ and consider the map ọ : E > R* 
defined by 
p(x) = (fi, x), +--+. (Jk x). 


Property (i) says precisely that y € (Bg). Suppose, by contradiction, that (i) 
fails, so that y ¢ (Bg). Hence {y} and g(Bz) may be strictly separated in RÝ by 
some hyperplane; i.e., there exists some 6B = (61, b2, ..-., Be) € R* and some œ € R 
such that 


B-g(x)<a<B-y YxeBer. 
It follows that 


k k 
(Sates) <a<) Biyi Vx € Be, 


i=l i=1 
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and therefore 


k 
SBS 
j=l 


k 
<a<) bivi 
i=l 
which contradicts (ii). 


Lemma 3.4 (Goldstine). Let E be any Banach space. Then J( Br) is dense in Bg» 
with respect to the topology o (E**, E*), and consequently J (E) is dense in E** in 
the topology o (E**, E*). 


Proof. Let € Bg» and let V be a neighborhood of £ for the topology o (E**, E*). 
We must prove that V N J (Bg) 4 Ø. As usual, we may assume that V is of the form 


V={neE™; |n- 4, fpl <e Vi=1,2,...,k} 


for some given elements fi, fo,..., fkin E* and some £ > 0. We have to find some 
x € Bg such that J (x) € V, i.e., 


(fi, x) — (E, fl <e Yi=1,2,...,k. 


Set y; = (&, fi). In view of Lemma 3.3 it suffices to check that 


k k 
Dobil < | Aif 
i=l i=1 


= 


’ 


which is clear since Y`% fy; = g rhb fi) and |lé|| < 1. 


Remark 15. Note that J (Bg) is closed in Bg» in the strong topology. Indeed, if 
En = J(xn) — & we see that (xn) is a Cauchy sequence in Bg (since J is an 
isometry) and therefore x, — x, so that £ = Jx. It follows that J (Bg) is not dense 
in Bg» in the strong topology, unless J (Bg) = Bg», i.e., E is reflexive. 


Remark 16. See Problem 9 for an alternative proof of Lemma 3.4 (based on a variant 
of Hahn—Banach in E**). 


Proof of Theorem 3.17, concluded. The canonical injection J : E > E* is always 
continuous from o (E, E*) into o (E**, E*), since for every fixed f € E* the map 
xh (Jx, f) = (f, x) is continuous with respect to o (E, E*). Assuming that Bg 
is compact in the topology o (E, E*), we deduce that J (Bg) is compact—and thus 
closed—in E** with respect to the topology o(£**, E*). On the other hand, by 
Lemma 3.4, J (Bg) is dense in Bg» for the same topology. It follows that J (Bg) = 
Br» and thus J (E) = E*. 


In connection with the compactness properties of reflexive spaces we also have 


the following two results: 


e Theorem 3.18. Assume that E is a reflexive Banach space and let (xn) be a bounded 
sequence in E. Then there exists a subsequence (Xn,) that converges in the weak 
topology o (E, E*). 
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The converse is also true, namely the following. 


x Theorem 3.19 (Eberlein-Šmulian). Assume that E is a Banach space such 
that every bounded sequence in E admits a weakly convergent subsequence (in 
o (E, E*)). Then E is reflexive. 


The proof of Theorem 3.18 requires a little excursion through separable spaces 
and will be given in Section 3.6. The proof of Theorem 3.19 is rather delicate and 
is omitted; see, e.g., R. Holmes [1], K. Yosida [1], N. Dunford-J. T. Schwartz [1], 
J. Diestel [2], or Problem 10. 


Remark 17. In order to clarify the connection between Theorems 3.17, 3.18, and 3.19 
it is useful to recall the following facts: 


(i) If X is a metric space, then 
[X is compact] <> [every sequence in X admits a convergent subsequence]. 


(ii) There exist compact topological spaces X and some sequences in X without any 
convergent subsequence. A typical example is X = Bex, which is compact in 
the topology o (E*, E); when E = £% it is easy to construct a sequence in X 
without any convergent subsequence (see Exercise 3.18). 


(iii) If X is a topological space with the property that every sequence admits a 
convergent subsequence, then X need not be compact. 


Here are some further properties of reflexive spaces. 


e Proposition 3.20. Assume that E is a reflexive Banach space and let M C E bea 
closed linear subspace of E. Then M is reflexive. 


Proof. The space M—equipped with the norm of E—has a priori two distinct weak 
topologies: 


(a) the topology induced by o (E, E*), 
(b) its own weak topology o (M, M*). 


In fact, these two topologies are the same (since, by Hahn—Banach, every continu- 
ous linear functional on M is the restriction to M of a continuous linear functional on 
E). In view of Theorem 3.17, we have to check that By is compact in the topology 
o(M, M*) or equivalently in the topology o (E, E*). However, Bg is compact in 
the topology o (E, E*) and M is closed in the topology o (E, E*) (by Theorem 3.7). 
Therefore By is compact in the topology o (E, E*). 


Corollary 3.21. A Banach space E is reflexive if and only if its dual space E* is 
reflexive. 


Proof. E reflexive = E* reflexive. The idea of the proof is simple, since, roughly 
speaking, we have that E** = E => E*** = E*. More precisely, let J be the 
canonical isomorphism from E into E**. Let g € E*** be given. The map x +> 
(p, Jx) is a continuous linear functional on EF. Call it f € E*, so that 
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(p, Jx) = (f, x) Vx €E. 


But we also have 
(pg, Jx) = (Jx, f) YxEE. 


Since J is surjective, we infer that 


(p, E) = (E, f) VE € E”, 


which means precisely that the canonical injection from E* into E*** is surjective. 

E* reflexive = E reflexive. From the step above we already know that E*™ is 
reflexive. Since J (E) is a closed subspace of E** in the strong topology, we conclude 
(by Proposition 3.20) that J (E) is reflexive. Therefore, E is reflexive.? 


e Corollary 3.22. Let E be a reflexive Banach space. Let K C E be a bounded, 
closed, and convex subset of E. Then K is compact in the topology o (E, E*). 


Proof. K is closed for the topology o (E, E*) (by Theorem 3.7). On the other hand, 
there exists a constant m such that K C mBg,andmBg is compact ino (E, E*) (by 
Theorem 3.17). 


e Corollary 3.23. Let E be a reflexive Banach space and let A C E be a nonempty, 
closed, convex subset of E. Let p : A > (—œ, +00] be a convex 1.s.c. function such 
that p £ +œ and 


(5) un g(x) = +œ (no assumption if A is bounded). 
€ 


x 
\|x||> 00 


Then @ achieves its minimum on A, i.e., there exists some xo € A such that 
(xo) = min p. 
Proof. Fix any a € A such that g(a) < +00 and consider the set 
A= {x € A; p(x) < p(a)}. 


Then A is closed, convex, and bounded (by (5)) and thus it is compact in the topology 
o (E, E*) (by Corollary 3.22). On the other hand, ¢ is also 1.s.c. in the topology 
o (E, E*) (by Corollary 3.9). It follows that g achieves its minimum on A (see 
property 5 following the definition of 1.s.c. in Chapter 1), i.e., there exists xọ € A 
such that 

g(x) Spa) Vee A. 


Ifxe A\A, we have (xo) < g(a) < g(x); therefore 


pxo) Sga) Vee A. 


3 It is clear that if E and F are Banach spaces, and T is a linear surjective isometry from E onto F, 
then E is reflexive iff F is reflexive. Of course, there is no contradiction with Remark 14! 
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Remark 18. Corollary 3.23 is the main reason why reflexive spaces and convex func- 
tions are so important in many problems occurring in the calculus of variations and 
in optimization. 


Theorem 3.24. Let E and F be two reflexive Banach spaces. Let A: D(A) C E > 
F be an unbounded linear operator that is densely defined and closed. Then D(A*) 
is dense in F*. Thus A** is well defined (A** : D(A**) C E** —> F**) and it may 
also be viewed as an unbounded operator from E into F. Then we have 


A* =A. 


Proof. 

1. D(A*) is dense in F*. Let g be a continuous linear functional on F* that 
vanishes on D(A*). In view of Corollary 1.8 it suffices to prove that ¢ = 0 on F*. 
Since F is reflexive, € F and we have 


(6) (w,g) =0 Yw € D(A’). 


If g Æ 0 then [0, ø] ¢ G(A) in E x F. Thus, one may strictly separate [0, g] and 
G(A) by a closed hyperplane in E x F; i.e., there exist some [ f, v] € E* x F* and 
some a € R such that 


(f,u) + (v, Au) <a < (v,g) Wu e D(A). 


It follows that 
(f,u) + (v, Au) =0 Vu € D(A) 


and 


(v, p) #0. 


Thus v € D(A*), and we are led to a contradiction by choosing w = v in (6). 
2. A** = A. We recall (see Section 2.6) that 
I[G(A*)] = G(A)* 


and 
I[G(A*)] = G(A*)t. 


It follows that 
G(A**) = G(A)*++ = G(A), 


since A is closed. 


3.6 Separable Spaces 


Definition. We say that a metric space E is separable if there exists a subset D C E 
that is countable and dense. 
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Many important spaces in analysis are separable. Clearly, finite-dimensional 
spaces are separable. As we shall see in Chapter 4 (see also Chapter 11), L? (and £P) 
spaces are separable for 1 < p < oo. Also C(K), the space of continuous functions 
on a compact metric space K, is separable (see Problem 24). However, L™ and £°° 
are not separable (see Chapters 4 and 11). 


Proposition 3.25. Let E be a separable metric space and let F C E be any subset. 
Then F is also separable. 


Proof. Let (un) be acountable dense subset of E. Let (rm) be any sequence of positive 
numbers such that rm — 0. Choose any point dm, E€ B(Un, rm) N F whenever this 
set is nonempty. The set (am,n) is countable and dense in F. 


Theorem 3.26. Let E be a Banach space such that E* is separable. Then E is 
separable. 


Remark 19. The converse is not true. As we shall see in Chapter 4, E = L! is 
separable but its dual space E* = L” is not separable. 


Proof. Let (fa)n>1 be countable and dense in E*. Since 


Il fall = sup (fn, x), 


xE 
lx <1 


we can find some x, € E such that 


lxal| = 1 and (fn, Xn) 2 sli Il. 
Let us denote by Lo the vector space over Q generated by the (xn)n>1;1.e., Lo consists 
of all finite linear combinations with coefficients in Q of the elements (xn)n>1. 
We claim that Lo is countable. Indeed, for every integer n, let A, be the vector 
space over Q generated by the (x;)1 <<». Clearly, A, is countable and, moreover, 
Lo= asi ^n. 

Let L denote the vector space over R generated by the (xn)n>1. Of course, Lo is a 
dense subset of L. We claim that L is a dense subspace of E—and this will conclude 
the proof (Lo will be a dense countable subset of E). Let f € E* be a continuous 
linear functional that vanishes on L; in view of Corollary 1.8 we have to prove that 
f = 0. Given any € > 0, there is some integer N such that || f — fy || < £. We have 


1 

allfnll S (Jn xn) = (fn = fi xN) < Ee 
(since (f, xy) = 0). It follows that || fI < If — fnll + Il fnll < 32. Thus f = 0. 
Corollary 3.27. Let E be a Banach space. Then 


[E reflexive and separable] = [E* reflexive and separable]. 
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Proof. We already know (Corollary 3.21 and Theorem 3.26) that 
[E* reflexive and separable] > [E reflexive and separable]. 


Conversely, if E is reflexive and separable, so is E** = J(E); thus E* is reflexive 
and separable. 


Separability properties are closely related to the metrizability of the weak topolo- 
gies. Let us recall that a topological space X is said to be metrizable if there is a 
metric on X that induces the topology of X. 


Theorem 3.28. Let E be a separable Banach space. Then Bg» is metrizable in the 
weak* topology o (E*, E). 
Conversely, if Bg» is metrizable in o (E*, E), then E is separable. 


There is a “dual” statement. 


Theorem 3.29. Let E be a Banach space such that E* is separable. Then Br is 
metrizable in the weak topology o (E, E*). 
Conversely, if Bg is metrizable in o (E, E*), then E* is separable. 


Proof of Theorem 3.28. Let (xn)n>1 be a dense countable subset of Bg. For every 
f € E* set 


Clearly, [ ] is a norm on E£* and [f] < || f||. Let d(f, g) = [f — g] be the 
corresponding metric. We shall prove that the topology induced by d on Bg» is the 
same as the topology o (E*, E) restricted to Bg». 

(a) Let fo € Bg» and let V be a neighborhood of fp for o (E*, E). We have to find 
some r > 0 such that 


U ={f € Bes; d(f, fo) <r} C V. 
As usual, we may assume that V has the form 
V=(f e Bes l\(f—fo.yi)|<e Wi=1,2,...,k} 


with € > 0 and y1, y2,..., yx E E. Without loss of generality we may assume that 
lly; ll < 1 for every i = 1,2,...,k. For every i there is some integer n; such that 


lyi — Xn; ll < €/4 


(since the set (xn)n>1 is dense in Bg). 
Choose r > 0 small enough that 


ir <e/2 Wi=1,2,...,k. 


We claim that for such r, U C V. Indeed, if d(f, fo) < r, we have 


3.6 Separable Spaces 75 
1 : 
zn S T Fos Xn) <r Wi=1,2,...,k 
and therefore, Vi = 1,2,...,k, 
E E 
KS- foyd =S — fo Yi = am) + UF = fo rnd <5 +5. 


It follows that f € V. 


(b) Let fo € Bex. Given r > 0, we have to find some neighborhood V of fo for 
o (E*, E) such that 


VCU=(f € Br; d(f, fo) <r}. 
We shall choose V to be 
V ={f e Bes (f —fo.xi)|<¢ Wi=1,2,...,k} 
with £ and k to be determined in such a way that V C U. For f € V we have 


k oo 


1 1 
df, fo) = Dy l — foal + DY ai l(f — fo xn) 
n=l n=k+1 
cam 1 
<ée+2 5 oer oer 
n=k+1 


Thus, it suffices to take £ = 5 and k large enough that set <5. 


xConversely, suppose Be» is metrizable in o (E*, E) and let us prove that E is 
separable. Set 
Un = {f € Bex; d(f,0) < 1/n} 


and let V,, be a neighborhood of 0 in o (E*, E) such that V, C Un. We may assume 
that V, has the form 


Vi = {f € Be; |(f,x)| < & Vx € ®n} 


with £n > 0 and ©, is a finite subset of E. Set 


so that D is countable. 

We claim that the vector space generated by D is dense in E (which implies that 
E is separable). Indeed, suppose f € E* is such that ( f, x) = 0 Vx € D. It follows 
that f € V, Wn and therefore f € Un Wn, so that f = 0. 


Proof of Theorem 3.29. The proof of the implication 
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[E* separable] > [Bg is metrizable in o (E£, E*)] 


is exactly the same as above—just change the roles of E and E*. The proof of the 
converse is more delicate (find where the proof above breaks down); we refer to 
N. Dunford—J. T. Schwartz [1] or Exercise 3.24. 


Remark 20. One should emphasize again (see Remark 3) that in infinite-dimensional 
spaces the weak topology o (E, E*) (resp. weak* topology o (E*, E)) on all of E 
(resp. E*) is not metrizable; see Exercise 3.8. In particular, the topology induced by 
the norm [ ] on all of E* does not coincide with the weak” topology. 


Corollary 3.30. Let E be a separable Banach space and let (fn) be a bounded 
sequence in E*. Then there exists a subsequence (fn,) that converges in the weak* 
topology o (E*, E). 


Proof. Without loss of generality we may assume that || f, || < 1 for all n. The set B g» 
is compact and metrizable for the topology o (E*, E) (by Theorems 3.16 and 3.28). 
The conclusion follows. 


We may now return to the proof of Theorem 3.18: 


Proof of Theorem 3.18. Let Mo be the vector space generated by the x,’s and let 
M = Mp. Clearly, M is separable (see the proof of Theorem 3.26). Moreover, M 
is reflexive (by Proposition 3.20). It follows that By is compact and metrizable in 
the weak topology o (M, M*), since M* is separable (we use here Corollary 3.27 
and Theorem 3.29). We may thus find a subsequence (xy, ) that converges weakly 
o(M, M*), and hence (xn,) converges also weakly o (E, E*) (as in the proof of 
Proposition 3.20). 


3.7 Uniformly Convex Spaces 


Definition. A Banach space is said to be uniformly convex if 
Ve > 0 3d > 0 such that 


x+y 
[x,y € E, |x|] < 1, yl] < 1 and |x — yl] > £] > en 


< 1-3]. 


The uniform convexity is a geometric property of the unit ball: if we slide a rule 
of length € > 0 in the unit ball, then its midpoint must stay within a ball of radius 
(1 — ô) for some ô > 0. In particular, the unit sphere must be “round” and cannot 
include any line segment. 


Example 1. Let E = R?. The norm ||x||2 = [lx]? + lx212]'? is uniformly convex, 
while the norm |x|]; = |xı| + |x2| and the norm ||x|/oo = max(|x1|, |x2|) are not 
uniformly convex. This can be easily seen by staring at the unit balls, as shown in 
Figure 3. 
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Unit ball of E for || |b Unit ball of E for || I, 


Fig. 3 


Example 2. As we shall see in Chapters 4 and 5, the L? spaces are uniformly convex 
for 1 < p < œ and Hilbert spaces are also uniformly convex. 


e Theorem 3.31 (Milman-Pettis). Every uniformly convex Banach space is reflex- 
ive. 


Remark 21. Uniform convexity is a geometric property of the norm; an equivalent 
norm need not be uniformly convex. On the other hand, reflexivity is a topological 
property: a reflexive space remains reflexive for an equivalent norm. It is a striking 
feature of Theorem 3.31 that a geometric property implies a topological property. 
Uniform convexity is often used as a tool to prove reflexivity; but it is not the ul- 
timate tool—there are some weird reflexive spaces that admit no uniformly convex 
equivalent norm! 


Proof. Let é € E** with ||&|| = 1. We have to show that £ € J(Bz). Since J(Bz) 
is closed in E** in the strong topology, it suffices to prove that 


(7) Ve >0 Ax € Be such that |E — J(x)|| < €. 


Fix ¢ > 0 and let ô > 0 be the modulus of uniform convexity. Choose some f € E* 
such that || f || = 1 and 


(8) (E, fì > 1— (6/2) 


(which is possible, since ||&|| = 1). Set 


V={neE™; |\(n—&, f)| < 6/2}, 


so that V is a neighborhood of £ in the topology o (E**, E*). Since J(Bz) is dense 
in Bg» with respect to o (E**, E*) (Lemma 3.4), we know that VN J (Bg) 4 Ø and 
thus there is some x € Bg such that J(x) € V. We claim that this x satisfies (7). 
Suppose, by contradiction, that |£ — Jx|| > ¢,1.e.,€ € (Jx+eBex)* = W. The 
set W is also a neighborhood of £ in the topology o (E**, E*) (since B g» is closed in 
o(E**, E*)). Using Lemma 3.4 once more, we know that VAW N J (Bg) # @, Le., 
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there exists some y € Bg such that J(y) € VN W. Writing that J(x), J(y) € V, 
we obtain 


(fx) — (6, f)| < 6/2 
and 
KE y) — (E, f) < 8/2. 
Adding these inequalities leads to 
2E, f) < (fix +y) +6 < lix + yll + ô. 


Combining with (8), we obtain 


ola deer ame 
2 


It follows (by uniform convexity) that ||x — y|| < €; this is absurd, since J (y) € W 
(i.e., |x — yl] > £). 


We conclude with a useful property of uniformly convex spaces. 


Proposition 3.32. Assume that E is a uniformly convex Banach space. Let (Xn) be a 
sequence in E such that x, — x weakly o (E, E*) and 


lim sup ||xp {| < {|xl. 


Then xn — x strongly. 


Proof. We may always assume that x 4 0 (otherwise the conclusion is obvious). Set 
An = max((lXn[l, Ixl), Yn = Aq Xn, and y = |x| 1x, 
so that A, — ||x|| and yn — y weakly o (E, E*). It follows that 
Il_yl| < lim inf |n + y)/2 Ih 


(see Proposition 3.5(iii)). On the other hand, || y|| = 1 and ||, || < 1, so that in fact, 
IlOn + y)/2|| — 1. We deduce from the uniform convexity that || y,, — y|| —> 0 and 
thus x, — x strongly. 


Comments on Chapter 3 


1. The topologies o (E, E*), o (E*, E), etc., are locally convex topologies. As such, 
they enjoy all the properties of locally convex spaces; for example, Hahn—Banach 
(geometric form), Krein—Milman, etc., still hold; see, e.g., N. Bourbaki [1], A. Knapp 
[2], and also Problem 9. 
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2. Here is another remarkable property of the weak* topology that is worth mention- 
ing. 


x Theorem 3.33 (Banach-Dieudonné—Krein-Smulian). Let E be a Banach space 
and let C C E* be convex. Assume that for every integer n the set C N (nBes) is 
closed for the topology o (E*, E). Then C is closed for the topology o (E*, E). 


The proof may be found in, e.g., N. Bourbaki [1], R. Larsen [1], R. Holmes [1], 
N. Dunford—J. T. Schwartz [1], H. Schaefer [1], and Problem 11.The above references 
also include much material related to the Eberlein—Smulian theorem (Theorem 3.19). 


3. The theory of vector spaces in duality—which extends the duality (E, E*)—was 
very popular in the late forties and early fifties, especially in connection with the 
theory of distributions. One says that two vector spaces X and Y are in duality if 
there is a bilinear form (, ) on X x Y that separates points (i.e., Vx 4 0 Sy such that 
(x, y) # 0 and Vy Æ 0 Ax such that (x, y) # 0). Many topologies may be defined 
on X (or Y) such as the weak topology o (X, Y), Mackey’s topology t(X, Y), and 
the strong topology (X, Y). These topologies are of interest in spaces that are 
not Banach spaces, such as the spaces used in the theory of distributions. On this 
subject the reader may consult, e.g., N. Bourbaki [1], H. Schaefer [1], G. Kothe [1], 
F. Treves [1], J. Kelley—I. Namioka [1], R. Edwards [1], J. Horvath [1], etc. 


4. The properties of separability, reflexivity, and uniform convexity are also related 
to the differentiability properties of the function x +> ||x|| (see, e.g., J. Diestel [1], 
B. Beauzamy [1], and Problem 13). The existence of equivalent norms with nice 
geometric properties has been extensively studied. For example, how does one know 
whether a Banach space admits an equivalent uniformly convex norm? how use- 
ful is this information? (such spaces are called superreflexive; see, e.g., J. Diestel 
[1] or B. Beauzamy [1]). The geometry of Banach spaces has flourished since the 
early sixties and has become an active field associated with the names A. Dvoret- 
zky, A. Grothendieck, R. C. James, J. Lindenstrauss, V. Milman, L. Tzafriri (and 
their group in Israel), A. Pelczynski, P. Enflo, L. Schwartz (and his group including 
G. Pisier, B. Maurey, B. Beauzamy), W. B. Johnson, H. P. Rosenthal, J. Bourgain, 
D. Preiss, M. Talagrand, T. Gowers, and many others. On this subject the reader 
may consult the books of B. Beauzamy [1], J. Diestel [1], [2], J. Lindenstrauss— 
L. Tzafriri [2], L. Schwartz [2], R. Deville-G. Godefroy—V. Zizler [1], Y. Benyamini 
and J. Lindenstrauss [1], F. Albiac and N. Kalton [1], A. Pietsch [1], etc. 


Exercises for Chapter 3 


3.1 |Let E be a Banach space and let A C E bea subset that is compact in the weak 
topology o (E, E*). Prove that A is bounded. 


3.2 | Let E be a Banach space and let (x„) be a sequence such that x, — x in the 
weak topology o (E, E*). Set 
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1 
On = z a x2 +--+ + Xn). 


Prove that op — x in the weak topology o (E, E*). 


3.3 


Let E be a Banach space. Let A C E be a convex subset. Prove that the closure 


of A in the strong topology and that in the weak topology o (E, E*) are the same. 


3.4 


Let E be a Banach space and let (x) be a sequence in E such that x, — x in 


the weak topology o (E, E*). 


1. 


Prove that there exists a sequence (y,) in E such that 


(a) Yn E conv (Ù) Vn 


i=n 


and 
(b) Yn > x Strongly. 
2. Prove that there exists a sequence (zn) in E such that 
n 
(a’) Zn € CONV (Úa) Yn 
i=1 
and 
(b’) Zn > x strongly. 
3.5 | Let E be a Banach space and let K C E bea subset of E that is compact in the 


strong topology. Let (x„) be a sequence in K such that x, — x weakly o (E, E*). 
Prove that x, — x strongly. 
[Hint: Argue by contradiction. ] 


3.6 


Let X be a topological space and let E be a Banach space. Let u, v : X > E 


be two continuous maps from X with values in E equipped with the weak topology 
o(E, E*). 


1. 


2. 


Prove that the map x +> u(x) + v(x) is continuous from X into E equipped 
with o (E, E*). 

Let a: X — R be a continuous function. Prove that the map x > a(x)u(x) is 
continuous from X into E equipped with o (E, E*). 


3.7 


Let E be a Banach space and let A C E be a subset that is closed in the weak 


topology o (E, E*). Let B C E be a subset that is compact in the weak topology 
o (E, E*). 
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1. Prove that A + B is closed in o (E, E*). 
2. Assume, in addition, that A and B are convex, nonempty, and disjoint. Prove that 
there exists a closed hyperplane strictly separating A and B. 


3.8 | Let E be an infinite-dimensional Banach space. Our purpose is to show that E 
equipped with the weak topology is not metrizable. Suppose, by contradiction, that 
there is a metric d(x, y) on E that induces on E the same topology as o (E, E*). 


1. For every integer k > 1 let Vg denote a neighborhood of O in the topology 
o(E, E*), such that 


1 
Vk C [rez d(x,0) < a? 


Prove that there exists a sequence (fn) in E* such that every g € E* is a (finite) 
linear combination of the fp’s. 
[Hint: Use Lemma 3.2.] 
2. Deduce that E* is finite-dimensional. 
[Hint: Use the Baire category theorem as in Exercise 1.5.] 
. Conclude. 
4. Prove by a similar method that E* equipped with the weak* topology o (E*, E) 
is not metrizable. 


WwW 


3.9| Let E be a Banach space; let M C E be a linear subspace, and let fo € E*. 
Prove that there exists some gg € M+ such that 


inf || fo — gll = Il fo — goll. 
geMt 


Two methods are suggested: 


1. Use Theorem 1.12. 
2. Use the weak” topology o (E*, E). 


3.10) Let E and F be two Banach spaces. Let T € Z(E, F), so that T* € 
L(F*, E*). Prove that T* is continuous from F* equipped with o(F*, F) into 
E* equipped with o (E*, E). 


Let E be a Banach space and let A : E —> E* be a monotone map defined on 
D(A) = E; see Exercise 2.6. Assume that for every x, y € E the map 


t e Rr (A(x +ty), y) 


is continuous at t = 0. Prove that A is continuous from E strong into E* equipped 
with o (E*, E). 


3.12 | Let E be a Banach space and let x» € E. Let ọ : E > (—o0, +00] be a 
convex l.s.c. function with g Æ +00. 
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1. Show that the following properties are equivalent: 


(A) 3R,3M < +œ such that g(x) < M, Vx € E with ||x — xoll < R, 


(B) lim, {g"(f) — (f, x0)} = +00. 
fEE 


fll 


2. Assuming (A) or (B) prove that 
inf {p*(f) —(f,xo)} is achieved. 
feE* 


[Hint: Use the weak* topology o (E*, E) or Theorem 1.12.] 
What is the value of this inf? 


3.13 | Let E be a Banach space. Let (xn) be a sequence in E and let x € E. Set 


Kn = conv (Üw). 


1. Prove that if x, — x weakly o (E, E*), then 


N Kn = {x}. 
n=1 


2. Assume that F is reflexive. Prove that if (x,,) is bounded and if Oei Kn = {x}, 
then x, — x weakly o (E, E*). 

3. Assume that E is finite-dimensional and ea Kn = {x}. Prove that xn > x. 
[Note that we do not assume here that (xn) is bounded. | 

4. In £?,1 < p < œ (see Chapter 11), construct a sequence (xn) such that 
(Wo Kn = {x}, and (xn) is not bounded. 
[I owe the results of questions 3 and 4 to Guy Amram and Daniel Baffet.] 


3.14 | Let E be a reflexive Banach space and let J be a set of indices. Consider a 
collection (fj)jez in E* and a collection (@;)je7 in R. Let M > 0. 
Show that the following properties are equivalent: 


(A) There exists some x € E with ||x|| < M such that ( fi, x) = aj 
for every i € I. 


B) One has | 0-7 Biail < MII X iey Bi fill for every collection (B;)jey 
in R with J C J, J finite. 


Compare with Exercises 1.10, 1.11 and Lemma 3.3. 
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3.15 | Center of mass of a measure on a convex Set. 

Let E be a reflexive Banach space and let K C E be bounded, closed, and convex. 
In the following K is equipped with o (E, E*), so that K is compact. Let F = C(K) 
with its usual norm. Fix some u € F* with ||u|| = 1 and assume that u > O in the 
sense that 


(usu) >O0 VWueC(K), u>Oonk. 
Prove that there exists a unique element xo € K such that 
a) (u, fix) = (f, xo) Wf € E*. 


[Hint: Find first some xp € E satisfying (1), and then prove that x9 € K with the 
help of Hahn-Banach.] 


3.16 | Let E be a Banach space. 


1. Let (fn) be a sequence in (E*) such that for every x € E, (fn, x) converges to 


a limit. Prove that there exists some f € E* such that fn hs f in o(E*, E). 

2. Assume here that E is reflexive. Let (x,) be a sequence in E such that for every 
f € E*, (f, Xn) converges to a limit. Prove that there exists some x € E such 
that x, — x in o (E, E*). 

3. Construct an example in a nonreflexive space E where the conclusion of 2 fails. 
[Hint: Take E = co (see Section 11.3) and x, = (1, 1,..., ay 0,0,...).] 

n 


3.17 
1. Let (x”) be a sequence in £? with 1 < p < oo. Assuming x” — x in o (£P, er’) 
prove that: 
(a) (x”) is bounded in £”, 
(b) x? ——> x; for every i, where x” = (x},x5,...,47,...) and x = 
noo 
(X1,X2,...,Xj,...). 


2. Conversely, suppose (x”) is a sequence in £? with 1 < p < oo. Assume that (a) 
and (b) hold (for some limit denoted by x;). Prove that x € £? and that x” — x 
ino (£P, 82 ). 


3.18 | For every integer n > 1 let 


e” = (0,0,..., 1,0,...). 
(n) 


1. Prove that e” — Oin £?” weakly o (£P, £P’) with 1 < p <œ. 
n—> o0 
2. Prove that there is no subsequence (e”*) that converges in £! with respect to 
old): 
3. Construct an example of a Banach space E and a sequence (fn) in E* such 
that || f,|| = 1 Yn and such that (f,,) has no subsequence that converges in 
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o (E*, E). Is there a contradiction with the compactness of B g» in the topology 
o(E*, E)? 
[Hint: Take E = €°.] 


3.19|Let E = £’ and F = £1 with 1 < p < œ and 1 < q <o.Leta:R-R 
be a continuous function such that 


la(t)| < CtP VreR. 


Given 
X = (Xi Xhon ien e LP, 


set 
Ax = (a(x1), a(x2),...,a(%j), eee): 


1. Prove that Ax € £1 and that the map x +» Ax is continuous from £? (strong) 
into £1 (strong). 

2. Prove that if (x”) is a sequence in £? such that x” — x in o(€?, er’) then 
Ax” — Ax ino (£4, 07). 

3. Deduce that A is continuous from Bg equipped with o (E, E*) into F equipped 
with o (F, F*). 


3.20 | Let E be a Banach space. 


1. Prove that there exist a compact topological space K and an isometry from E 
into C(K ) equipped with its usual norm. 
[Hint: Take K = Bp» equipped with o (E*, E).] 

2. Assuming that E is separable, prove that there exists an isometry from E into 
Le, 


3.21 | Let E be a separable Banach space and let (fp) be a bounded sequence 
in E*. Prove directly—without using the metrizability of E*—that there exists a 
subsequence ( fa) that converges in o (E*, E). 

[Hint: Use a diagonal process.] 


3.22 | Let E be an infinite-dimensional Banach space satisfying one of the following 
assumptions: 


(a) E* is separable, 
(b) E is reflexive. 


Prove that there exists a sequence (xn) in E such that 


|x,|| = 1 Wn and x, — 0 weakly o (E, E*). 


3.23 | The proof of Theorem 2.16 becomes much easier if E is reflexive. Find, in 
particular, a simple proof of (b) > (a). 
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3.24 | The purpose of this exercise is to sketch part of the proof of Theorem 3.29, 
i.e., if E is a Banach space such that Bg is metrizable with respect to o (E, E*), then 
E* is separable. Let d(x, y) be a metric on Bg that induces on Bg the same topology 
as o (E, E*). Set 


1 
U, = [x e Be; d(x,0) < aE 
n 


Let V, be a neighborhood of 0 for o (E, E*) such that Vp C Un. We may assume 
that V,, has the form 


Vn = {x € E; lf, x)| < En vfe Dn} 


with £n > 0 and ®, C E* is some finite subset. Let D = UX Pn and let F denote 
the vector space generated by D. We claim that F is dense in E* with respect to the 
strong topology. Suppose, by contradiction, that F # E*. 


1. Prove that there exist some € € E** and some fo € E* such that 


E, fo) > 1, (& f) =O VfeF, and |ļ=1. 


2 


Prove that there is some integer no > | such that Vz, C W. 
3. Prove that there exists xı € Bg such that 


1 
W= f € Be; |(fo, x)| < AE 


Kf, x1) — (E, A) < En YF E Ong, 
1 
Ifo, x1) — (E, fo)l < 5 


4. Deduce that x; € Vno and that ( fo, x1) > 
5. Conclude. 


1 
5 


3.25 | Let K be a compact metric space that is not finite. Prove that C(K) is not 
reflexive. 

[Hint: Let (an) be a sequence in K such that a, —> a anda, #4 a Yn. Consider 
the linear functional f (u) = yy wl (an), u € C(K), and proceed as in Exercises 
1.3 and 1.4.] 


3.26 | Let F be a separable Banach space and let (an) be a dense subset of Br. 
Consider the linear operator T : £! —> F defined by 


Co 
Li xiaj with x = (x1, .%2,...,Xn,..-) cell. 
i=l 


1. Prove that T is bounded and surjective. 
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In what follows we assume, in addition, that F is infinite-dimensional and that 
F* is separable. 


2. Prove that T has no right inverse. 

[Hint: Use the results of Exercise 3.22 and Problem 8.] 
3. Deduce that N(T) has no complement in gl, 
4. Determine E*. 


3.27 | Let E be a separable Banach space with norm || ||. The dual norm on E* is 
also denoted by || ||. The purpose of this exercise is to construct an equivalent norm 
on E that is strictly convex and whose dual norm is also strictly convex. 

Let (an) C Br be a dense subset of Bg with respect to the strong topology. Let 
(bn) C Bex be a countable subset of B g» that is dense in B g» for the weak” topology 
o (E*, E). Why does such a set exist? 

Given f € E*, set 


1/2 
i= far Dzi f, an) | . 


1. Prove that || ||; is a norm equivalent to || ||. 
2. Prove that || ||1 is strictly convex. 
[Hint: Use Exercise 1.26.] 


Given x € E, set 


1/2 
lxll2 = T + 2 2 (bn, x °| l 


where ||x||1 = supy fj <1 (f x). 
. Prove that || ||2 is a strictly convex norm that is equivalent to || ||. 
4. Prove that the dual norm of || ||2 is also strictly convex. 
[Hint: Use the result of Exercise 1.23, question 3.] 
5. Find another approach based on the results of Problem 4. 


W 


3.28 | Let E be a uniformly convex Banach space. Let F denote the (multivalued) 
duality map from E into E*, see Remark 2 following Corollary 1.3 and also Exer- 
cise 1.1. 

Prove that for every f € E* there exists a unique x € E such that f € Fx. 


3.29 | Let E be a uniformly convex Banach space. 


1. Prove that VM > 0, Ve > 0, 36 > O such that 


1 
lel? + SIP 


Wx,y€E with |x| <M, |lyl| <M and |x- yl] >e. 
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[Hint: Argue by contradiction. ] 
2. Same question when || ||? is replaced by || ||? with 1 < p < œœ. 


3.30 | Let E be a Banach space with norm || ||. Assume that there exists on E£ an 
equivalent norm, denoted by | |, that is uniformly convex. 
Prove that given any k > 1, there exists a uniformly convex norm ||| ||| on E such 
that 
Ill < Illelll < klix] Vx € E. 
[Hint: Set |x|? = |lx||? + æ|x|? with a > 0 small enough and use Exercise 
3.29.] 


Example: E = R”. 


3.31 | Let E be a uniformly convex Banach space. 


1. Prove that i 
Ve >0, Vae Q 5) , dd >0 such that 


lx+ a0- Ayl- s 
Yr e [æ, 1-a], Yx,y€E with ||x\| < 1, llyl] < land |x —yl| >. 
[Hint: If a <t < 5 write tx + (1 — t)y = 40 +2).] 


2. Deduce that E is strictly convex. 


3.32 | Projection on a closed convex set in a uniformly convex Banach space. 
Let E be a uniformly convex Banach space and C C E a nonempty closed convex 
set. 


1. Prove that for every x €&€ E, 
inf ||x — 
yeC I yll 


is achieved by some unique point in C, denoted by Pex. 
2. Prove that every minimizing sequence (y,) in C converges strongly to Pex. 
Prove that the map x +> Pcx is continuous from E strong into E strong. 
4. More precisely, prove that Pc is uniformly continuous on bounded subsets of E. 
[Hint: Use Exercise 3.29.] 


ed 


Let o : E — (—o0, +00] be a convex |.s.c. function, ¢ Æ +00. 
5. Prove that for every x € E and every integer n > 1, 


inf {nix — yI? + 0) 
yeE 


is achieved at some unique point, denoted by y,. 
6. Prove that y, ——> Pcx, where C = D(@g). 


noo 


Chapter 4 
LP Spaces 


Let (Q, M, u) denote a measure space, i.e., Q is a set and 


i) M is a o-algebra in Q, i.e., M is a collection of subsets of & such that: 


(a) Øe M, 
b AEM=> AEM, 
(c) UZ] An € M whenever A, € M Yn, 


(ii) u is a measure, i.e., y : M — [0, co] satisfies 


(a) UY) =0, 
[0.6] [00] 
©) u ( U An} = U u(An) whenever (A,,) is a disjoint 
n=1 
countable family of members of M. 
The members of M are called the measurable sets. Sometimes we shall 
write |A| instead of (A). We shall also assume—even though this is not 
essential—that 


n=1 


Gii) Q is o-finite, i.e., there exists a countable family (Q,) in M such that Q = 
UX] Qn and u(n) < œ Yn. 


The sets E € M with the property that u(E) = 0 are called the null sets. We 
say that a property holds a.e. (or for almost all x € Q) if it holds everywhere on Q 
except on a null set. 

We assume that the reader is familiar with the notions of measurable functions 
and integrable functions f : Q — R; see, e.g., H. L. Royden [1], G. B. Folland [2], 
A. Knapp [1], D. L. Cohn [1], A. Friedman [3], W. Rudin [2], P. Halmos [1], E. Hewitt— 
K. Stromberg [1], R. Wheeden—A. Zygmund [1], J. Neveu [1], P. Malliavin [1], 
A. J. Weir [1], A. Kolmogorov—S. Fomin [1], I. Fonseca—G. Leoni [1]. We denote by 
L! (Q, u), or simply L! (Q) (or just L!), the space of integrable functions from Q 
into R. 

We shall often write f f instead of fi Q f du, and we shall also use the notation 
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flo = if =f ifide= fit 


As usual, we identify two functions that coincide a.e. We recall the following basic 
facts. 


4.1 Some Results about Integration That Everyone Must Know 


e Theorem 4.1 (monotone convergence theorem, Beppo Levi). Let (fn) be a se- 
quence of functions in L! that satisfy 


(— fish fa < fayi <+ ae. ong, 
(b) sup, f fn < œ. 


Then fn(x) converges a.e. on Q to a finite limit, which we denote by f(x); the 
function f belongs to L! and || fa — fl > 0. 


e Theorem 4.2 (dominated convergence theorem, Lebesgue). Let (fn) be a se- 
quence of functions in L! that satisfy 


(a) fn(x) > f(x) ae. on Q, 
(b) there is a function g € L! such that for all n, | fa (x)| < g(x) ae. on Q. 


Then f € L! and || fy — fl > 0. 
Lemma 4.1 (Fatou’s lemma). Let ( fn) be a sequence of functions in L! that satisfy 


(a) foralln, fr > 0 a.e. 
(b) sup, f fn < œ. 


For almost all x € Q we set f (x) = lim infy_oo fa (x) < +00. Then f € L! and 


[oF stimine f f 
n—oo 


A basic example is the case in which Q = RY, M consists of the Lebesgue 
measurable sets, and u is the Lebesgue measure on R”. 


Notation. We denote by Ce(R™) the space of all continuous functions on RY with 
compact support, i.e., 


CRY) = {fe CRY); f@~=0 xe R\K, where K is compact}. 
Theorem 4.3 (density). The space Ce (RY) is dense in L! (RY); i.e., 
Yf e Li(RY) Ye > 0 Aft € Cc(RY) such that |f — fillı < €. 


Let (Q1, My, u1) and (Q2, Mz , u2) be two measure spaces that are o-finite. 
One can define in a standard way the structure of measure space (Q, M , jz) on the 
Cartesian product Q = Qı x Qo. 
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Theorem 4.4 (Tonelli). Let F(x, y) : Qı x Q2 — R be a measurable function 
satisfying 


(a) / |F(x, y)|du2 < œ for ae. x € Qı 
Q2 

and 

o f am f |F, y)ldu2 < 00. 
Qı Qo 


Then F € L! (Qi x Q2). 


Theorem 4.5 (Fubini). Assume that F € L!'(Qı x Q2). Then for a.e. x € Qı, 
F(x, y) € L} (Q2) and fo, F(x, y)du2 € Ly (Q1). Similarly, for ae. y € Qo, 
F(x, y) € Li (Q1) and fo, F(x, y)dui € Ly (Q2). 

Moreover, one has 


f anf Fo. dm= | dm f Fœ yam = ff F(x, ydudun. 
Qı Q2 Qo Qı Q yx Qe 


4.2 Definition and Elementary Properties of LP Spaces 


Definition. Let p € R with 1 < p < 00; we set 
L? (Q) = [y : Q > R; f is measurable and | f|” € L'(a)} 
with 
1/p 
filer = If lp = |i Irora] ; 
We shall check later on that || ||p is a norm. 


Definition. We set 


f is measurable and there is a constant C 
mo=fsiesn | 


such that | f (x)| < C a.e. on Q 


with 
lf llzco = |l fllio = inf{C; | f(x)| < C ae. on Q}. 


The following remark implies that || ||,o is a norm: 


Remark 1. If f € L” then we have 


IFQ) < Il flloo a.e. on &. 


Indeed, there exists a sequence C,, such that Ch — || f loo and for each n, | f(x)| < 
Cn a.e. on Q. Therefore | f(x)| < Cn for all x € Q\E,, with |E,| = 0. We set 
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E= UL 


n=1 


En, so that |E| = 0 and 
If@)|< Cy Vn, Vx € Q\E; 


it follows that | f(x)| < || flloo Yx € Q\E. 


Notation. Let 1 < p < œ; we denote by p’ the conjugate exponent, 


1 1 
P P 


e Theorem 4.6 (Hölder’s inequality). Assume that f € LP and g € L” with 
1 < p < œ. Then fg € L! and 


(1) fiss < Wf llp iglip- 


Proof. The conclusion is obvious if p = 1 or p = o; therefore we assume that 
1 < p < œ. We recall Young’s inequality:! 


1 l y 
(2) ab < —a?” + — bP Va>0, Vb>0. 
P P 


Inequality (2) is a straightforward consequence of the concavity of the function 
log on (0, 00): 


1 Ly 1 1 ' 
toe ( a? + or) > —log a? + — log b? = log ab. 
P P P P 


We have 
1 1 , 
If(x)g(x)| < ge + y EO aex E€ Q. 


It follows that fg € L! and 
6) PERUR 
ae ee A 


Replacing f by Af(A > 0) in (3), yields 


APT! a 1 p 
(4) fitas I? + Sel’. 
Choosing à = If lp! eile? (so as to minimize the right-hand side in (4)), we 
obtain (1). 


1 It is sometimes convenient to use the form ab < ea? + Cab? with C, = 7 1/P-D, 
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Remark 2. Itis useful to keep in mind the following extension of Hélder’s inequality: 


Assume that fi, fo,..., fk are functions such that 
. | 1 1 1 
fie L”, 1<i<kwith-=—+—+4+---4+—<l1. 
P Pı P2 Pk 


Then the product f = fı f2--- fk belongs to L? and 


fll < WF lo ll fallps * fkl p 


In particular, if f € LALI with1 < p < q < œ, then f € L” forallr,p <r <q, 
and the following “interpolation inequality” holds: 


1— 1 a 
fll SF p IF Ng “+ where = = oa 


see Exercise 4.4. 
Theorem 4.7. LP is a vector space and || || p is a norm for any p, 1 < p < œ. 


Proof. The cases p = 1 and p = œ are clear. Therefore we assume 1 < p < co 
and let f, g € LP. We have 


If@) + s@l? = (FGI IOD < PUEI + gow). 


Consequently, f + g € LP. On the other hand, 
I+ sig = firtar is +e < fife isis fire eres 


But |f + g|?! € L?', and by Hölder’s inequality we obtain 


-1 
If + elp < If + glp (flp + lgllp), 


ie. |f + 8llp < Ifllp + Iisllp- 
e Theorem 4.8 (Fischer-Riesz). L? is a Banach space for any p, 1 < p < œ. 


Proof. We distinguish the cases p = œo and 1 < p < ov. 


Case 1: p = œ. Let (fn) be a Cauchy sequence is L°. Given an integer k > 1 
there is an integer Ng such that || fin — falloo < i for m,n > Nx. Hence there is a 
null set Eg such that 


1 
(5) | fm(x) — fn(x)| < k Vx € Q\EK, Ym,n > Nx. 
Then we let E = J ; £x—S0 that E is a null set—and we see that for all x € Q\E, 
the sequence f,(x) is Cauchy (in R). Thus f,(x) > f(x) forall x € Q\E. Passing 


to the limit in (5) as m — œœ we obtain 
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1 
IF- iO] SZ forallx € Q\E, Yn > Mp. 


We conclude that f € L” and || f — fallo < i Vn > Nx; therefore fa > f 
in L”. 


Case 2: 1 < p < œ. Let (fn) be a Cauchy sequence in L”. In order to conclude, 
it suffices to show that a subsequence converges in LP. 
We extract a subsequence (fn, ) such that 


1 
II Fret = Sing ll p < JK vk > 1. 


[One proceeds as follows: choose nı such that || fm — fnllp < 5 Vm,n > nj; 


then choose n2 > nı such that || fm — fallp < 5 Ym, n > n etc.] We claim that 
Jn, converges in L”. In order to simplify the notation we write fg instead of fn,, SO 
that we have 


1 
(6) Il fet — fellp < aE Wk > 1. 
Let 
n 
8n(X) = 5 |fe) — fk), 
k=1 
so that 
l8nllp < 1. 


As a consequence of the monotone convergence theorem, gn (x) tends to a finite limit, 
say g(x), a.e. on Q, with g € LP. On the other hand, for m > n > 2 we have 


| f(x) — fn! S fm @) = fn-1 F + fn 0) — fn] S BQ) — 8n-1 4). 


It follows that a.e. on Q, fa(x) is Cauchy and converges to a finite limit, say f(x). 
We have a.e. on Q, 


(7) If@) = fax) < g@) forn > 2, 


and in particular f € LP. Finally, we conclude by dominated convergence that 
lfa — flip — 0, since | fa (x) — f(x)|? > 0 a.e. and also | fa — fl? < g? € L!. 


Theorem 4.9. Let (fn) be a sequence in L? and let f € LP be such that || fn — f |\p 
—> 0. 
Then, there exist a subsequence ( fn,) and a function h € L? such that 


(a) fr,(x) > f(x) ae. on Q, 
(b) | fag (x)| < h(x) Vk, a.e. on Q. 


Proof. The conclusion is obvious when p = oo. Thus we assume 1 < p < oo. Since 
(fn) is a Cauchy sequence we may go back to the proof of Theorem 4.8 and consider 
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a subsequence ( fn, )—denoted by ( f;)—satisfying (6), such that f(x) tends a.e. to 
a limit” f*(x) with f* € LP. Moreover, by (7), we have | f*(x) — fx(x)| < g(x) 
Vk, a.e. on Q with g € LP. By dominated convergence we know that fk —> f* in 
LP and thus f = f* a.e. In addition, we also have | fx(x)| < |f*(x)| + g(x), and 
the conclusion follows. 


4.3 Reflexivity. Separability. Dual of LP 


We shall consider separately the following three cases: 


(A) l<p<œ, 
(B) p=1, 
C) p=o. 


A. Study of L? (Q) for 1 < p < œ. 
This case is the most “favorable”: L? is reflexive, separable, and the dual of L? 
is LP’. 


e Theorem 4.10. L? is reflexive for any p, 1 < p < œ. 


The proof consists of three steps: 
Step 1 (Clarkson’s first inequality). Let 2 < p < oo. We claim that 


+|54 g 


1 
<5 (Flip + lial ) Vig eL?. 


(8) eal 


Proof of (8). Clearly, it suffices to show that 


a+b|? 
2 


1 
< z (lal? + |b|?) Va,beR. 


a—b|?P 
2 


First we note that 
aP + BP < (a? +B)? Wa, B>0 


(by homogeneity, assume 6 = 1 and observe that the function 
Gre? -xP =I 


increases on [0, 00)). Choosing a = e] and 6 = p |, we obtain 


p 2\ P/2 a2 b2 p/2 1 , 
= E l < 5 (la|? +b?) 
2 2 2 


2 A priori one should distinguish f and f*: by assumption fn —> f in L?, and on the other hand, 
Ja (x) > f*(x) ae. 


a—b 
2 


a+b}? 
2 


a+b 


Y \ae2 
2, 


2 
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(the last inequality follows from the convexity of the function x +> |x|?/* since 
p= 2). 
Step 2: LP is uniformly convex, and thus reflexive for 2 < p < oo. Indeed, let 

e > Oand let f, g € L? with || flip < 1, llgllp < 1, and || f — gllp > £. We deduce 
from (8) that 

E\P 

<1 ( ) 
2 


and thus IŻ] < 1— ô with ô = 1 — [1 — (§)?]'/? > 0. Therefore, L? is 
uniformly convex and thus reflexive by Theorem 3.31. 


P 


f+8 
2 


P 


Step 3: LP is reflexive for 1 < p <2. 


Proof. Let 1 < p < ow. Consider the operator T : LP > (LEY defined as follows: 
Letu € L” be fixed; the mapping f € LP +> f uf is a continuous linear functional 
on L”’ and thus it defines an element, say Tu, in (LP) such that 


(Tu, f) = fur VF EL? 
We claim that 
(9) Tull oy = llull p Vu € DP. 
Indeed, by Hölder’s inequality, we have 


(Tu, f)| < lulp fll) Yf EL” 


and therefore Tull ee’) < |lullp- 
On the other hand, set 


fo(x) = |u(x)|P UE) (fo(x) = 0 if u(x) = 0). 


Clearly we have 


f —1 
foe L?, Ifolp = |u], and (Tu, fo) = llullp: 
thus 


(Tu, fo) 
(10) Tull pone = = julp. 


u 
Il folly 


Hence, we have shown that T is an isometry from L? into (LPY, which implies that 
T (LP) is a closed subspace of (L? )" (because L? is a Banach space). 
Assume now | < p < 2. Since LP is reflexive (by Step 2), it follows that (L? i 
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is also reflexive (Corollary 3.21). We conclude, by Proposition 3.20, that T (LP) is 
reflexive, and as a consequence, L? is also reflexive. 


Remark 3. In fact, LP is also uniformly convex for 1 < p < 2. This is a consequence 
of Clarkson’s second inequality, which holds for 1 < p < 2: 


f+g p' f-g p' 1 1 1/(p-1) 
AA A E E 


This inequality is trickier to prove than Clarkson’s first inequality (see, e.g., Prob- 
lem 20 or E. Hewitt-K. Stromberg [1]). Clearly, it implies that L? is uniformly convex 
when | < p < 2; for another approach, see also C. Morawetz [1] (Exercise 4.12) or 
J. Diestel [1]. 


e Theorem 4.11 (Riesz representation theorem). Let 1 < p < œ and let ọ € 
(LP)*. Then there exists a unique function u € LP such that 


@n= | uf VfeL?. 


Moreover, 
luly = lela 


Remark 4. Theorem 4.11 is very important. It says that every continuous linear func- 
tional on L? with 1 < p < œ can be represented “concretely” as an integral. The 
mapping ¢ +» u, which is a linear surjective isometry, allows us to identify the 
“abstract” space (LP)* with LP. 


In what follows, we shall systematically make the identification 


(LP) = L”. 


Proof. We consider the operator T : L?” => (L?)* defined by (Tu, f) = fuf 


Vu € LP, Vf € LP. The argument used in the proof of Theorem 4.10 (Step 3) 
shows that 
I| Tull pry = llull p Vue LP. 


We claim that T is surjective. Indeed, let E = T(L?’). Since E is a closed subspace, 
it suffices to prove that E is dense in (L?)*. Leth € (L?)™ satisfy (h, Tu) = 0 
Wu € LP. Since L? is reflexive, h € LP, and satisfies f uh = 0 Yu € L”. Choosing 
u = |h|P7?h, we see that h = 0. 


Theorem 4.12. The space Ce (R) is dense in LP (RY) for any p, 1 < p < œœ. 
Before proving Theorem 4.12, we introduce some notation. 


Notation. The truncation operation T, : R > R is defined by 
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r if |r| <n, 
T,r =< nr : 
n=) if |r] >n. 
Ir| 


Given a set E C Q, we define the characteristic function? xg to be 


1 ifx €E, 


x)= 
XEO= 1) igs CONE. 
Proof. First, we claim that given f € LP (RY) and ¢ > O there exist a function 
g € L™(RY) and a compact set K in R” such that g = 0 outside K and 


(11) If — glp < £ 


Indeed, let x, be the characteristic function of B(0, n) and let fa = XnTn f. By 
dominated convergence we see that || fan — flip —> 0 and thus we may choose 
g = fn with n large enough. Next, given ô > O there exists (by Theorem 4.3) a 
function gı € Ce (R^) such that 


lg — gills < ô. 


We may always assume that || 21 lloo < ||glloo; otherwise, we replace gı by Tagı with 
n = ||glloo. Finally, we have 


1 1-( = 
llg—gillp < lg — gully’? lg — gilis P < 8"? 2 Iglo) Oo. 
We conclude by choosing 5 > O small enough that 
8P (2go) TEP < e. 


Definition. The measure space Q is called separable if there is a countable family 
(En) of members of M such that the o-algebra generated by (En) coincides with 
M (i.e., M is the smallest ø -algebra containing all the E,,’s). 


Example. The measure space 2 = R” is separable. Indeed, we may choose for (En) 
any countable family of open sets such that every open set in R can be written as a 
union of E,,’s. More generally, if Q is a separable metric space and M consists of 
the Borel sets (i.e., M is the ø -algebra generated by the open sets in Q), then Q is a 
separable measure space. 


Theorem 4.13. Assume that Q is a separable measure space. Then LP (Q) is sepa- 
rable for any p, 1 < p < œ. 


We shall consider only the case Q = RY, since the general case is somewhat 
tricky. Note that as a consequence, LP (Q) is also separable for any measurable 
set Q C R”. Indeed, there is a canonical isometry from L?(Q) into L? (RY ) (the 


3 Not to be confused with the indicator function Ig introduced in Chapter 1. 
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extension by 0 outside (2); therefore L? (Q) may be identified with a subspace of 
LP (RY) and hence L”? (Q) is separable (by Proposition 3.25). 


Proof of Theorem 4.13 when & = RN. Let R denote the countable family of sets 
in RY of the form R = TI (ax, bg) with ag, by € Q. Let E denote the vector 
space over Q generated by the functions (XR)ReR, that is, E consists of finite linear 
combinations with rational coefficients of functions xz, so that € is countable. 


We claim that £ is dense in LP (R™). Indeed, given f € LP (RY) and € > 0, 
there exists some fı € Ce(RY) such that || f — fi lp < £. Let R € R be any cube 
containing supp fı (the support of fı). Given ô > 0 it is easy to construct a function 
fo € E such that || fi — f2llo < 6 and f2 vanishes outside R: it suffices to split 
R into small cubes of R where the oscillation (i.e., sup — inf) of f is less than ô. 
Therefore we have || fi — frllp < If — follool|R|'/? < 5|R|!/?. We conclude that 
lf — fallp < 22, provided 5 > 0 is chosen so that 8|R|!/P < e. 


B. Study of L! (Q). 
We start with a description of the dual space of L! (Q). 


e Theorem 4.14 (Riesz representation theorem). Let ¢ € (L!)*. Then there exists 
a unique function u € L® such that 


(of) = fut Wf e Ll, 


Moreover, 
lullo = lll» 


e Remark 5. Theorem 4.14 asserts that every continuous linear functional on L! can 
be represented “concretely” as an integral. The mapping ¢ > u, which is a linear 
surjective isometry, allows us to identify the “abstract” space (L!)* with L®. In what 
follows, we shall systematically make the identification 


(L)* = L”. 


Proof. Let (Qn) be a sequence of measurable sets in Q such that Q = UC Qn and 
[Rn] <0o Vn. Set xn = X2,- 
The uniqueness of u is obvious. Indeed, suppose u € L° satisfies 


fus=0 yfeL!. 


Choosing f = Xn sign u (throughout this book, we use the convention that sign 0 = 
0), we see that u = 0 a.e. on Q, and thus u = 0 a.e. on Q. 
We now prove the existence of u. First, we construct a function 0 € L? (Q) 
such that 
O(x)> €&n>0 Vx €Qy. 
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It is clear that such a function 0 exists. Indeed, we define 6 to be a, on Q1, a2 
on Q2\Q),..., @, ON Qy\Qn_1, etc., and we adjust the constants a, > O in sucha 
way that 8 € L?. 

The mapping f € L?(Q) + ($, 0f) is a continuous linear functional on L? (Q). 
By Theorem 4.11 (applied with p = 2) there exists a function v € L?(Q) such that 


(12) (¢, Of) = f uf YferQ). 


Set u(x) = v(x)/0 (x). Clearly, u is well defined since 0 > 0 on Q; moreover, u is 
measurable and ux, € L? (Q). We claim that u has all the required properties. We 
have 


(13) ($, Xn8) = f ums Yg e L™(Q) Yn. 


Indeed, it suffices to choose f = xng/0 in (12) (note that f € L?(Q) since f is 
bounded on 9, and f = 0 outside Q,,). 
Next, we claim that u € L (Q) and that 


a4) lul < llay 
Fix any constant C > ||@||(z1)« and set 
A= {x € Q; |u(x)| > C}. 


Let us verify that A is a null set. Indeed, by choosing g = x, sign u in (13) we obtain 


f lul < Ills lAN Qal 
ANQn 
and therefore 

CIAN Qal < Nøl AN Qal. 


It follows that |A N Q,| = 0 Vn, and thus A is a null set. This concludes the proof 
of (14). 
Finally, we claim that 


(15) Wh = fuh whero. 


Indeed, it suffices to choose g = T„h (truncation of h) in (13) and to observe that 
XnTah > hin L! (Q). 

In order to complete the proof of Theorem 4.14 it remains only to check that 
lullo = llġllz1. We have, by (15), 


K($, h)| < luloollhlli Va € L'(®), 
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and therefore ||@]|(z.1)* < ||“ loo. We conclude with the help of (14). 


e Remark 6. The space L!(Q) is never reflexive except in the trivial case where Q 
consists of a finite number of atoms—and then L!(Q) is finite-dimensional. Indeed 
suppose, by contradiction, that L! (Q) is reflexive and consider two cases: 


(i) Ve > 0 dm C Q measurable with 0 < ulw) < e€. 
(ii) de > 0 such that u (w) > e for every measurable set w C Q with u(wœw) > 0. 


In Case (i) there is a decreasing sequence (w,) of measurable sets such that 
L(@n,) > 0 Vn and u(@wn) — O [choose first any sequence (a) such that 0 < 
u(w,) < 1/2* and then set wn = UZ, œ]. 

Let Xn = Xo, and define un = Xn/||Xn\li. Since ||unl|ı = 1 there is a 
subsequence—still denoted by un—and some u € L! such that un — u in the 
weak topology o(L!, L) (by Theorem 3.18), i.e., 


(16) fon [uo Vo e L”. 


On the other hand, for fixed j, andn > j we have f UnXj = 1. At the limit, as 
n — œ, we obtain f ux j = 1 Yj. Finally, we note (by dominated convergence) that 
fux j — Qas j > co—a contradiction. 

In Case (ii) the space Q is purely atomic and consists of a countable union of 
distinct atoms (an) (unless there is only a finite number of atoms!). In that case 
L! (Q) is isomorphic to £! and it suffices to prove that £! is not reflexive. Consider 
the canonical basis: 

én = (0, 0,..., 1,0,0...). 


Assuming £! is reflexive, there exist a subsequence (€n,) and some x € £! such that 
€n, — x in the weak topology a (¢!, £~), i.e., 


(P, en) —> (py, x) Yo e£”. 
k>oo 


Choosing 
g=9; =(0,0,..., 1,1,1,...) 
(i) 


we find that (g;,x) = 1 Vj. On the other hand (g;,x) —> Oas j —> o (since 
x € £!)—a contradiction. 


C. Study of L”. 
We already know (Theorem 4.14) that L = (L!)*. Being a dual space, L°° 
enjoys some nice properties. In particular, we have the following: 


(i) The closed unit ball Bz is compact in the weak* topology o(L®, L!) (by 
Theorem 3.16). 

(ii) If Q is a measurable subset in RY and ( Jn) is a bounded sequence in L® (Q), 
there exists a subsequence (f,,) and some f € L (NQ) such that f,, — f in 
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the weak* topology o(L®™, L!) (this is a consequence of Corollary 3.30 and 
Theorem 4.13). 


However L% (Q) is not reflexive, except in the trivial case where Q consists of 
a finite number of atoms; otherwise L! (Q) would be reflexive (by Corollary 3.21) 
and we know that L! is not reflexive (Remark 6). As a consequence, it follows that 
the dual space (L®)* of L® contains L! (since L° = (L!)*) and (L®)* is strictly 
bigger than L!. In other words, there are continuous linear functionals ¢ on L% 
which cannot be represented as 


(of) = fut Vf eL® and some u € L!. 


In fact, let us describe a “concrete” example of such a functional. Let dp : Ce (RY )—> 
R be defined by 
pol f) = f0) for f € CR“). 


Clearly go is a continuous linear functional on C; (R™) for the || Iloo norm. By Hahn- 
Banach, we may extend ġo into a continuous linear functional @ on L® (R) and 
we have 


(17) l$, f) =f) Vf ECR”). 


Let us verify that there exists no function u € L! (R) such that 


(18) ($, f) = fur Vf e LOR”). 


Assume, by contradiction, that such a function u exists. We deduce from (17) and 
(18) that 


for =0 Vf €C,(R%) and f(0) = 0. 


Applying Corollary 4.24 (with Q = RY \{0}) we see that u = 0 a.e. on R \{0} and 
thus u = 0 a.e. on RY. We conclude (by (18)) that 


(@,f)=0 Vf e LR), 


which contradicts (17). 


x Remark 7. The dual space of L does not coincide with L! but we may still ask 
the question: what does (L®)* look like? For this purpose it is convenient to view 
L®(Q; C) as a commutative C*-algebra (see, e.g., W. Rudin [1]). By Gelfand’s 
theorem L% (Q; C) is isomorphic and isometric to the space C (K; C) of continuous 
complex-valued functions on some compact topological space K (K is the spectrum 
of the algebra L”; K is not metrizable except when Q consists of a finite number 
of atoms). Therefore (L°(Q; C))* may be identified with the space of complex- 
valued Radon measures on K and L°°(Q; R)* may be identified with the space of 
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real-valued Radon measures on K; for more details, see Comment 3 at the end of 
this chapter, W. Rudin [1] and K. Yosida [1] (p. 118). 


Remark 8. The space L (Q) is not separable except when Q consists of a finite 
number of atoms. In order to prove this fact it is convenient to use the following. 


Lemma 4.2. Let E be a Banach space. Assume that there exists a family (Oj)ier 
such that 


(i) for eachi € I, O; is a nonempty open subset of E, 
(i) ON 0) =Hifi Fj, 
(iii) I is uncountable. 
Then E is not separable. 


Proof of Lemma 4.2. Suppose, by contradiction, that E is separable. Let (un)nen 
denote a dense countable set in E. For each i € J, the set O; N (Un) nen 4 Ø and we 
may choose n(i) such that uni) € O;. The mapping i +> n(i) is injective; indeed, 
if n(i) = n(j), then ung) = Ung) € Oi N Oj and thus i = j. Therefore, J is 
countable—a contradiction. 


We now establish that L°°(Q) is not separable. We claim that there is an un- 
countable family (@;);<-; of measurable sets in Q which are all distinct, that is, the 
symmetric difference w; A w; has positive measure fori Æ j. We then conclude by 
applying Lemma 4.2 to the family (O;)jc, defined by 


Oi = {f € L®(Q); If — Xa; lloo < 1/2} 


(note that || Xw — Xw’ loo = 1 if w and a’ are distinct). The existence of an uncountable 
family («;) is clear when Q is an open set in RY since we may consider all the balls 
B(xq, r) with x9 € Q andr > 0 small enough. 

When Q is a general measure space we split Q into its atomic part Q, and its 
nonatomic (= diffuse) part Qu; then we distinguish two cases: 


(i) Qa is not a null set. 
(ii) Qq is a null set. 


In Case (i), then for each real number t, 0 < t < u(Qa), there is a measurable 
set w with u(œw) = t; see, e.g., P. Halmos [1], A. J. Weir [1], or J. Neveu [1]. In this 
way, we obtain an uncountable family of distinct measurable sets. 

In Case (ii) Q consists of a countable union of distinct atoms (an) (unless Q 
consists of a finite number of atoms). For any collection of integers, A C N, we define 
wA = ee a an. Clearly, (w4) is an uncountable family of distinct measurable sets. 


The following table summarizes the main properties of the space LP (Q) when Q 
is a measurable subset of RY: 


Reflexive|Separable Dual space | 
L? with | < p<oo| YES | YES LP | 
L’ NO YES LS 

E” NO NO [Strictly bigger than z 
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4.4 Convolution and regularization 


We first define the convolution product of a function f € L! (RY) with a function 
g € LP(RY). 


e Theorem 4.15 (Young). Let f € L! (RY) and let g € LP (RY) with 1 < p < œ. 
Then for a.e. x € RN the function y +> f(x — y)g(y) is integrable on RY and we 
define 


T Oe Í Fe = yyg(v)ay. 


In addition f x g € LP” (R`) and 


If * glp < If ll lglp- 


Proof. The conclusion is obvious when p = oo. We consider two cases: 


0) p=1, 
Gi) 1< p< œ. 


Case (i): p = 1. Set F(x, y) = f(x — y)g (y). 
For a.e. y € RY we have 


Í, |F (x, y)|dx = |g(y)| ie If (x — y)ldx = |80) Il fll < © 


and, moreover, 


f ay f IF, y)ldx = |g Ifl < 00. 
RN ~ JRN 


We deduce from Tonelli’s theorem (Theorem 4.4) that F € L! (RN x R”). Applying 
Fubini’s theorem (Theorem 4.5), we see that 


f |F (x, y)|dy < œ for a.e. x € RY 
RN 


and, moreover, 


[as [lee nlay = f ay f Fæ olds = fieh 


This is precisely the conclusion of Theorem 4.15 when p = 1. 
Case (ii): 1 < p < œ. By Case (i) we know that for a.e. fixed x € R the 
function y +> | f(x — y)| |g(y)|? is integrable on RY, that is, 


[f(x — y) Plo) € LER”). 


Since | f (x, y)|!/ eL A (RY), we deduce from Hölder’s inequality that 
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If = DIO = F@ — yl LF @ = yP) € LR) 


and 


, 1/p 
fae- oa sisi” (fire = sr leorray) 


that is, 
If «ool? < fl?!” afls. 
We conclude, by Case (i), that f x g € LP (R) and 


IF xsl? < IFIP] 


p 
p’ 
that is, 

If * glp < Iflillgllp. 
Notation. Given a function f on RY we set fi (x) = f(—x). 


Proposition 4.16. Let f € L'(R%), g € LP (RY) and h € L?” (RY). Then we have 


[eon f ef wh): 
RN RN 


Proof. The function F(x, y) = f(x — y)g(y)h(x) belongs to L! (RY x RY) since 


f noa f fœ — y)| lIg@)|dy < œ 


by Theorem 4.15 and Hölder’s inequality. Therefore we have 


/ EOE / dx J FG y)dy = I dy | Payak 


= / g(y)(f «h)(y)dy. 


Support and convolution. The notion of support of a function f is standard: supp f 
is the complement of the biggest open set on which f vanishes; in other words supp f 
is the closure of the set {x; f(x) 4 0}. This notion is not adequate when dealing with 
equivalence classes, such as the space LP. We need a definition which is intrinsic, 
that is, supp fı and supp f2 should be the same (or differ by a null set) if fi = fo ae. 
The reader will easily admit that the usual notion does not make sense for f = xQ 
on R. In the following proposition we introduce the appropriate notion. 


Proposition 4.17 (and definition of the support). Let f : RY — R be any function. 
Consider the family (@;)je1 of all open sets on RN such that for eachi € 1, f =0 
a.e. on wi. Set w = je, @- 

Then f = 0 a.e. on w. 
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Remark 9. 


(a) Assume fı = fz a.e. on RN; clearly we have supp fı = supp f2. Hence we may 
talk about supp f for a function f € L?—without saying what representative 
we pick in the equivalence class. 

(b) If f is a continuous function on RY it is easy to check that the new definition of 
supp f coincides with the usual definition. 


Proof of Proposition 4.17. Since the set J need not be countable it is not clear that 
f = 0 a.e. on w. However we may recover the countable case as follows. There is 
a countable family (O,) of open sets in R^ such that every open set on R” is the 
union of some O,,’s. Write wi = Jaci; On and w = |J eg On where B = (Ujer Ai. 
Since f = 0 a.e. on every set O, with n € B, we conclude that f = 0 a.e. on w. 


e Proposition 4.18. Let f € L! (RY) and g € LP (RY) with 1 < p < œ. Then 


supp( f * g) C supp f + supp g. 


Proof. Fix x € RY such that the function y œ> f(x — y)g(y) is integrable (see 
Theorem 4.15). We have 


(f *8) x)= / f(x — y)g(y)dy = / f(x — y)g(y)dy. 


(x—supp f)Nsupp g 


If x ¢ supp f + supp g, then (x — supp f) N supp g = Ø and so (f « g)(x) = 0. Thus 


(f x g)(x) =0 ae. on (supp f + supp g)°. 


In particular, 


(f x g)(x) =0 ae. on Int[(supp f + supp g)°] 


and therefore 
supp(f * g) C supp f + supp 8. 


e Remark 10. If both f and g have compact support, then f x g also has compact 
support. However, f x g need not have compact support if only one of them has 
compact support. 


Definition. Let 2 C RY be open and let 1 < p < oo. We say that a function 
f : Q — R belongs to LP (Q) if f xk € LP” (Q) for every compact set K contained 
in Q. 

Note that if f € L? (Q), then f € LL (Q). 


loc loc 


Proposition 4.19. Let f € C.(R™) and g € LI (RY). Then (f x g)(x) is well 


loc 


defined for every x € R”, and, moreover, (f x g) € C(RY). 
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Proof. Note that for every x € RN the function y > f(x — y)g(y) is integrable on 
R^ and therefore (f x g)(x) is defined for every x € RY. 

Let xn — x and let K be a fixed compact set in R” such that (x, — supp f) C K 
Vn. Therefore, we have f(x, — y) = 0 Vn, Vy ¢ K. We deduce from the uniform 
continuity of f that 


Ifan- y) fæ- y| enx) Yn, Vy € RY 


with £n — 0. We conclude that 
aE T E ef le@lay — 0. 


Notation. Let 2 C R” be an open set. 
C (Q) is the space of continuous functions on Q. 


C*(Q) is the space of functions k times continuously differentiable on Q (k > 1 is 
an integer). 


C(Q) = ACE). 


C,(&) is the space of continuous functions on Q with compact support in Q, i.e., 
which vanish outside some compact set K C Q. 


CEQ) = CCQ NC. (2). 


CH (Q) = CW (2) N Ce(Q), 
(some authors write D(Q2) or Cy (Q) instead of C2°(Q)). 


If f € C!(Q), its gradient is defined by 
0 0 0 
v(i), 


əxi 0x2?” Oxn 


If fe CQ) and œ = (1, @2,..., ay) is a multi-index of length |a| = a1 +a2+ 
--- + ay, less than k, we write 


av. agen 
QN f. 


Df = = 
f dxf! Ox5? Oxy 


e Proposition 4.20. Let f € CK(RY)(k > 1) and let g € Li (RY). Then f xg € 
CK(RY) and 


D*(f xg)=(D*f)xg Va with |a| < k. 


In particular, if f € CX (RN) and g € LÌ (RY), then f x g € CYR”). 


loc 


Proof. By induction it suffices to consider the case k = 1. Given x € R” we claim 
that f x g is differentiable at x and that 


Vf * 8)Q) = (V f) * 8x). 
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Let h € RY with |A| < 1. We have, for all y € RY, 


lf +h—y)—fa-—y)—-h- Vf- y)I 


1 
= f [h- Vf +sh—y)—h-Vf(x — y)]ds| < |hle(hl) 


with ¢(|h|) —> 0 as |4| > 0 (since V f is uniformly continuous on RY). 
Let K be a fixed compact set in R^ large enough that x + B(0, 1) — supp f C K. 
We have 


fath—y)-fa-y)-h-Vf(x-y)=0 Vy¢ K, Whe BOO, 1) 
and therefore 
| f(@+h—y)—f(x—y)-A-V f(x—y)| < Ihle(al) xx) Vy € RN, Yh € BO, 1). 
We conclude that for h € B(O, 1), 

(fx ga +h)—(fxgyx)-h- Vix gals niega) f Ig(y)|dy. 


It follows that f « g is differentiable at x and V (f x g)(x) = (Vf) x g(x). 


Mollifiers 


Definition. A sequence of mollifiers (~n)n>1 is any sequence of functions on RY 
such that 


Pn E CLR“), SUPP Pn C B(0, 1/n), fo = l, Pn = 0 on RY. 


In what follows we shall systematically use the notation (py) to denote a sequence 
of mollifiers. 

It is easy to generate a sequence of mollifiers starting with a single function 
p € CX (RY) such that supp o C B(0, 1), p > 0 on RY, and p does not vanish 
identically—for example the function 


T el/P-D if |x] <1, 
E a — 
n 0 if |x| > 1. 


We obtain a sequence of mollifiers by letting pn (x) = C nN p(nx) with C = 1/ f p. 


Proposition 4.21. Assume f € C(R). Then (pnx f) — f uniformly on compact 
sets of RN. rate 
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Proof.+ Let K C R” be a fixed compact set. Given ¢ > 0 there exists 6 > 0 
(depending on K and €) such that 


If~—y—-f@l<e YxeK, Vy e€ BO,8). 
We have, for x € RY, 
(r Pa) = £0) = [LF =») -Nd 
=i [FG=W= Fla Oay 
B(0,1/n) 
Forn > 1/6 and x € K we obtain 
Kon NG) — Fool se f pn =e. 


e Theorem 4.22. Assume f € LP (RY) with 1 < p < œ. Then (pn x f) —> f in 
noo 

LP (RY). 

Proof. Given ¢ > 0, we fix a function fı € Ce(R™) such that || f — fillp < £ (see 


Theorem 4.12). By Proposition 4.21 we know that (on * fı) —> fı uniformly on 
every compact set of R”. On the other hand, we have (by Proposition 4.18) that 


supp(On * fi) C BO, 1/n) + supp fi C BO, 1) + supp fi. 
which is a fixed compact set. It follows that 
Ion * fi) — filly => 0. 
Finally, we write 


(On * f) — f = Lon * (fF — fr) + en * ft) — A +L — S] 


and thus 
(en * A) — Flp < 2AF — fillp + Gen * fi) — filip 


(by Theorem 4.15). 
We conclude that 


lim sup||(en * f) — flp < 2e Ve >0 
noo 


and therefore limy—oo|| (Pn * f) — fllp = 9. 


e Corollary 4.23. Let Q C RY be an open set. Then C®(Q) is dense in LP (Q) for 
any l < p < œ. 


4 The technique of regularization by convolution was originally introduced by Leray and Friedrichs. 
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Proof. Given f € LP (Q) we set 


f(x) ifxeQ, 


FO= o if x € RY\Q, 


so that f € LP (RY). 
Let (Kn) be a sequence of compact sets in R^ such that 


[0,6] 
(k, =Q anddist(Kn, 2°) > 2/n Yn. 


n=1 


[We may choose, for example, Kn = {x € RY; |x| < n and dist(x, Q°) > 2/n}.] 
Set gn = XK, f and fn = Pn * 8n, SO that 


supp fa C BO, 1/n) + Ky, CQ. 
It follows that fan € C? (Q). On the other hand, we have 
|| fn 7 Flo = || fn 7 Flere 
= | (Pn * 8n) =< (On * Plesa F l (On * f) ~ Tan 
< len a Fliser + IlOn * f) T Flle): 


Finally, we note that | 8n — f | LP(RN) 0 by dominated convergence and | (On * 
Ð- Fleer) — 0 by Theorem 4.22. We conclude that || fa — f llLe(c@ > 0. 


Corollary 4.24. Let Q C R be an open set and let u € L! (Q) be such that 


loc 
fur =0 Vf €C%(Q). 


Then u = Q ae. on Q. 


Proof. Let g € L®(R™) be a function such that supp g is a compact set contained 
in Q. Set gn = Py * g, so that gn € CO°(Q) provided n is large enough. Therefore 
we have 


(19) [ous 226) Wns 


Since gn —> g in L! (RY) (by Theorem 4.22) there is a subsequence—still de- 
noted by g;,—such that gn —> g a.e. on RY (see Theorem 4.9). Moreover, we have 
l8&all zæ < lgl zog) Passing to the limit in (19) (by dominated convergence), 
we obtain 


(20) frs = 0. 
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Let K be a compact set contained in Q. We choose as function g the function 


sign u on K, 
0 on R\K. 


We deduce from (20) that f x |u| = 0 and thus u = 0 a.e. on K. Since this holds for 
any compact K C Q, we conclude that u = 0 a.e. on Q. 


4.5 Criterion for Strong Compactness in L? 


It is important to be able to decide whether a family of functions in L? (Q) has 
compact closure in L? (Q) (for the strong topology). We recall that the Ascoli—Arzelà 
theorem answers the same question in C (K), the space of continuous functions over 
a compact metric space K with values in R. 


e Theorem 4.25 (Ascoli-Arzela). Let K be a compact metric space and let H be a 
bounded subset of C(K). Assume that H is uniformly equicontinuous, that is, 


(21) Ve > 035 > 0 such that d(x), x2) < 8 > |f &1) — fal <£ Vf EH. 


Then the closure of H in C(K) is compact. 


For the proof of the Ascoli-Arzela theorem, see, e.g., W. Rudin [1], [2], A. Knapp 
[1], J. Dixmier [1], A. Friedman [3], G. Choquet [1], K. Yosida [1], H. L. Royden 
[1], J. R. Munkres [1], G. B. Folland [2], etc. 


Notation (shift of function). We set (th f)(x) = f(x +h), x eR, he RY. 


The following theorem and its corollary are “LP -versions” of the Ascoli—Arzela 
theorem. 


e Theorem 4.26 (Kolmogorov—M. Riesz—Fréchet). Let F be a bounded set in 
LP (RY) with 1 < p < œ. Assume that? 


(22) ay Re — flp =9 uniformly in f €F, 


i.e., We > 055 > 0 such that \|th f — flp <eVf € F, Yh € RY with |h| < ô. 
Then the closure of Fig in LP (82) is compact for any measurable set Q C RY 
with finite measure. 


[Here Fig denotes the restrictions to Q of the functions in F.] 


The proof consists of four steps: 
Step 1: We claim that 


(23) Con * f) — fllzra@y) <e VfeEF, VYn> 1/6. 


5 Assumption (22) should be compared with (21). It is an “integral” equicontinuity assumption. 
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Indeed, we have 
Men * fe) — FOI < i FG— E 


1/p 
< | / if@—9)- FOP onto)d| 


by Hölder’s inequality. 
Thus we obtain 


fiw « f(x) — f(x)|Pax < T] Je- y-ray 
2 I pody | Ife — y) E T <e?, 
B(O,1/n) 


provided 1/n < ô. 

Step 2: We claim that 
24) l Pn * F | pecans s Cn | Fleets vf € F 
and 


[COn * A) 1) — (On * f)%2)1 < Call f llplxi — x2! 


(25) 
Vf EF, Vx1,x2 € RY, 


where C,, depends only on n. 
Inequality (24) follows from Hölder’s inequality with Cy, = || Pn || p’. On the other 
hand, we have V (pon x f) = (Vpn) x f and therefore 


IV Con * Pllrærm < WV erlief lR. 
Thus we obtain (25) with Cn = ||V pn] pp’ can): 


Step 3: Given e > Oand Q C RN of finite measure, there is a bounded measurable 
subset w of Q such that 


(26) Ifl <E Whe Ff. 


Indeed, we write 


Ilao < |F- on P| Lec + lonx f| LP (Q\w)' 


In view of (24) it suffices to choose w such that |2\œ] is small enough. 


Step 4: Conclusion. Since L? (Q) is complete, it suffices (see, e.g., A. Knapp [1] 
or J. R. Munkres [1], Section 7.3) to show that Fio is totally bounded, i.e., given 
any € > 0 there is a finite covering of Fjo by balls of radius £. Given ¢ > 0 we fix 
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a bounded measurable set w such that (26) holds. Also we fix n > 1/6. The family 
H = (pn * F)jo satisfies all the assumptions of the Ascoli—Arzela theorem (by Step 
2). Therefore H has compact closure in C(@); consequently H also has compact 
closure in L?” (w). Hence we may cover H by a finite number of balls of radius £ in 
LP (w), say, 
H c |_JB(gi. £) with gi € L?(o). 
l 


Consider the functions g; : Q — R defined by 


eN gi on w, 
= 0 on Q\a, 


and the balls B(g;, 32) in LP (Q). 
We claim that they cover Fio. Indeed, given f € F there is some i such that 
| (Pn * f) — 8i ee <E. 
Since 
7-3 =f ir fifa? 
Q\a w 
we have, by (26), 


|f -3i lz Set |f- gi liz 
<e+ |f- Cn * A) rpceyy F [on * P- gilio < 3e. 


We conclude that Fjo has compact closure in L? (Q). 


Remark 11. When trying to establish that a family F in L? (Q) has compact closure 
in LP (Q), with Q bounded, it is usually convenient to extend the functions to all of 
RY, then apply Theorem 4.26 and consider the restrictions to Q. 


Remark 12. Under the assumptions of Theorem 4.26 we cannot conclude in general 
that F itself has compact closure in L? (RY) (construct an example, or see Exercise 
4.33). An additional assumption is required; we describe it next: 


Corollary 4.27. Let F be a bounded set in LP (RY) with 1 < p < œ. Assume (22) 
and also 


Ve >0 32 CRY, bounded, measurable such that 


(27) 
I fllzeanva <e Vf eF. 


Then F has compact closure in L? (RY). 


Proof. Given £ > 0 we fix Q C R” bounded measurable such that (27) holds. By 
Theorem 4.26 we know that Fig has compact closure in L? (Q). Hence we may cover 
Fio with a finite number of balls of radius ¢ in L? (Q), say 
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Fin C| JB(gi.e) with gj € L?(Q). 


L 


Set 
5, (x) gi (x) in Q, 
Gis 
2 0 on RY\Q. 
It is clear that F is covered by the balls B(g;, 22) in L? (RY). 


Remark 13. The converse of Corollary 4.27 is also true (see Exercise 4.34). Therefore 
we have a complete characterization of compact sets in L? (R”). 


We conclude with a useful application of Theorem 4.26: 


Corollary 4.28. Let G be a fixed function in L'(R™) and let 
F=GxB, 


where B is a bounded set in LP (RN) with 1 < p < œ. Then Fig has compact 
closure in LP (Q) for any measurable set Q with finite measure. 


Proof. Clearly F is bounded in L? (R). On the other hand, if we write f = G xu 
with u € B we have 


Ita f — flp = rG — G) x ullp < Cll mG — Gh, 


and we conclude with the help of the following lemma: 


Lemma 4.3. Let G € LI (RY) with 1 < q < œœ. 
Then 
lim |It}G — Gilg = 0. 
h->0O 


Proof. Given € > 0, there exists (by Theorem 4.12) a function G1 € Ce (RN ) such 
that ||G — Gillq < €. 
We write 


ItaG — Gllg < InG — trGillg + IlthGi — Gillg + G1 — Gig 
< 2e + ||t|G1 — Gillg. 


Since limp—o||t G1 — Gillg = 0 we see that 


lim sup||t,G — Gllg < 2e We > 0. 
h>0 


Comments on Chapter 4 


1. Egorov’s theorem. 
Some basic results of integration theory have been recalled in Section 4.1. One useful 
result that has not been mentioned is the following. 
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x Theorem 4.29 (Egorov). Assume that Q is a measure space with finite measure. 
Let (fn) be a sequence of measurable functions on Q such that 


fax) > f(x) ae. on Q (with | f (x)| < œ a.e.). 


Then Ve > 0 AA C Q measurable such that |Q\A| < £ and fn —> f uniformly 
on A, 


For a proof, see Exercise 4.14, P. Halmos [1], G. B. Folland [2], E. Hewitt- 
K. Stromberg [1], R. Wheeden—A. Zygmund [1], K. Yosida [1], A. Friedman [3], 
etc. 


2. Weakly compact sets in L!. 

Since L! is not reflexive, bounded sets of L! do not play an important role with 
respect to the weak topology ø (L!, L). The following result provides a useful 
characterization of weakly compact sets of L!. 


x Theorem 4.30 (Dunford—Pettis). Let F be a bounded set in L! (Q). Then F has 
compact closure in the weak topology o (L', L®) if and only if F is equi-integrable, 
that is, 


Ve >0 465 >0 © such that 


(a) fur <e VYA CQ, measurable with |A| <8, Yf €F 
A 
and 
Ve > 0 Jw C Q, measurable with |w| < œ such that 
(b) 


l fl<e YfEF. 
Q\o 


For a proof and discussion of Theorem 4.30 see Problem 23 or N. Dunford- 
J. T. Schwartz [1], B. Beauzamy [1], J. Diestel [2], I. Fonseca—G. Leoni [1], and 
also J. Neveu [1], C. Dellacherie—P. A. Meyer [1] for the probabilistic aspects; see 
also Exercise 4.36. 


3. Radon measures. 

As we have just pointed out, bounded sets of L! enjoy no compactness properties. 
To overcome this lack of compactness it is sometimes very useful to embed L! into 
a large space: the space of Radon measures. 

Assume, for example, that Q is a bounded open set of RY with the Lebesgue 
measure. Consider the space E = C(Q) with its norm ||u|| = sup <q |u(x)|. Its 
dual space, denoted by M(Q), is called the space of Radon measures on Q. The 
weak* topology on M(Q) is sometimes called the “vague” topology. 

We shall identify L! (2) with a subspace of M (Q). For this purpose we introduce 
the mapping L!(Q) > M(Q) defined as follows. Given f € L!(Q), the mapping 
u € C(Q) > JS o fu dx is a continuous linear functional on C (2), which we denote 
Tf, so that 


116 4 LP Spaces 


(Tf, u) E+E =f fudx WeeE. 
2 


Clearly T is linear, and, moreover, T is an isometry, since 


ITAIM = sup / fu=\|lfll (see Exercise 4.26). 
ucE JQ 


ells 


Using T we may identify L! (Q) with a subspace of M(Q). Since M(Q) is the 
dual space of the separable space C (Q), it has some compactness properties in the 
weak* topology. In particular, if (fn) is a bounded sequence in L'(Q), there exist a 


subsequence ( fn, ) and a Radon measure u such that fn, = u in the weak* topology 
o(E*, E), that is, 


I fanu > (u, u) Vue CQ). 
Q 


For example, a sequence in L! can converge to a Dirac measure with respect to 
the weak* topology. Some futher properties of Radon measures are discussed in 
Problem 24. 

The terminology “measure” is justified by the following result, which connects 
the above definition with the standard notion of measures in the set-theoretic sense: 


Theorem 4.31 (Riesz representation theorem). Let u be a Radon measure on Q. 
Then there is a unique signed Borel measure v on Q (that is, a measure defined on 
Borel sets of Q) such that 


(uu) = f uav Vu € C(Q). 
Q 


It is often convenient to replace the space E = C(Q) by the subspace 


Eo = {f € C(Q); f = 0 on the boundary of Q}. 


The dual of Eo is denoted by M(Q) (as opposed to M(Q)). The Riesz repre- 
sentation theorem remains valid with the additional condition that |v| (boundary of 
Q) = 0. 


On this vast and classical subject, see, e.g., H. L. Royden [1], W. Rudin [2], 
G. B. Folland [2], A. Knapp [1], P. Malliavin [1], P. Halmos [1], I. Fonseca- 
G. Leoni [1]. 


4. The Bochner integral of vector-valued functions. 

Let Q be a measure space and let E be a Banach space. The space LP (Q; E) consists 
of all functions f defined on Q with values into E that are measurable in some 
appropriate sense and such that fo | f(x) ||?du < co (with the usual modification 
when p = oo). Most of the properties described in Sections 4.2 and 4.3 still hold 
under some additional assumptions on E. For example, if E is reflexive and 1 < p < 
oo, then LP (Q; E) is reflexive and its dual space is LP (Q; E*). For more details, 
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see K. Yosida [1], D. L. Cohn [1], E. Hille [1], B. Beauzamy [1], L. Schwartz [3]. 
The space L? (Q; E) is very useful in the study of evolution equations when Q is an 
interval in R (see Chapter 10). 


5. Interpolation theory. 
The most striking result, which began interpolation theory, is the following. 


Theorem 4.32 (Schur, M. Riesz, Thorin). Assume that Q is a measure space with 
|Q| < œ, and that T : L!(Q) —> L! (Q) is a bounded linear operator with norm 


Mı = ITlea: 


Assume, in addition, that T : LO (Q) — L® (Q) is a bounded linear operator 
with norm 


Mx = IIT || e% L%)- 


Then T is a bounded operator from L? (Q) into LP? (Q) forall 1 < p < œ, and its 
norm Mp satisfies 


1/P ag 1/P" 
Mp < M, PMX? . 


Interpolation theory was originally discovered by I. Schur, M. Riesz, G. O. Thorin, 
J. Marcinkiewicz, and A. Zygmund. Decisive contributions have been made by a 
number of authors including J.-L. Lions, J. Peetre, A. P. Calderon, E. Stein, and 
E. Gagliardo. It has become a useful tool in harmonic analysis (see, e.g., E. Stein— 
G. Weiss [1], E. Stein [1], C. Sadosky [1]) and in partial differential equations 
(see, e.g., J.-L. Lions-E. Magenes [1]). On these questions see also G. B. Folland 
[2], N. Dunford-J. T. Schwartz [1] (Volume 1 p. 520), J. Bergh-J. Löfström [1], 
M. Reed-B. Simon [1], (Volume 2, p. 27) and Problem 22. 


6. Young’s inequality. 
The following is an extension of Theorem 4.15. 


Theorem 4.33 (Young). Assume f € LP (RY) and g € LI(RY) with 1 < p < œ, 
1<q<oœoandł=}+1-1>0. 
Then f xg € L’(RN) and |f x gll- < If llpliglla- 


For a proof see, e.g., Exercise 4.30. 


7. The notion of convolution—extended to distributions (see L. Schwartz [1] or 
A. Knapp [2])—plays a fundamental role in the theory of partial differential equa- 
tions. For example, the equation P(D)u = f in R, where P(D) is any differential 
operator with constant coefficients, has a solution of the form u = E x f, where E 
is the fundamental solution of P(D) (theorem of Malgrange—Ehrenpreis; see also 
Comment 2b in Chapter 1). In particular, the equation Au = f in R? has a solution 
of the form u = E x f, where E(x) = —(4z|x|)7!. 
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Exercises for Chapter 4 


Exc 


ept where otherwise stated, &2 denotes a o -finite measure space. 


4.1 


Let a > Oand £ > 0. Set 


f(x) = (14 xt} {1 + Mogli, x eR”. 


Under what conditions does f belong to LP (R)? 


4.2 


Assume |Q| < œ and let 1 < p < q < œ. Prove that L1 (Q) C LP (Q) with 


continuous injection. More precisely, show that 


If llp < IQ "7 fla Yf E LO). 


[Hint: Use Hélder’s inequality. ] 


4.3 


1. 


2. 


3. 


Let f, g € LP (Q) with 1 < p < œ. Prove that 
h(x) = max { f(x), g(x)} € LP (Q). 


Let (fn) and (gn) be two sequences in LP (Q) with 1 < p < œ such that 
fa > f in LP (Q) and g, > g in LP (Q). Set hn = max{ fn, gn} and prove that 
hn > hin LP (Q). 

Let (fn) be a sequence in LP (Q) with 1 < p < œ and let (gn) be a bounded 
sequence in L® (Q). Assume fa —> f in LP (Q) and g, —> g a.e. Prove that 
fn8n > fg in LP (Q). 


4.4 

1. Let fi, f2,-.., fk be k functions such that f; € LPi (Q) Vi with 1 < pi < œ 
and pa + <1. 
Set 


k 
fx) =] ]fi@. 
i=1 


Prove that f € L?(Q) with j =y > and that 


k 
IF < | [ifp 
i=1 


[Hint: Start with k = 2 and proceed by induction.] 


2. Deduce that if f € LP (Q) N L4(Q) with 1 < p < coand 1 < q < œ, then 


f € L” (Q) for every r between p and q. More precisely, write 
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l-a i 
+ — withe € [0,1] 
q 


and prove that 


ll. < ISNA 


4.5|Let1 < p< œand1 <q < œ. 


— 


. Prove that L! (2) N L®(Q) is a dense subset of L? (Q). 
2. Prove that the set 


{f €L?(Q)NL4(Q); Iflg < 1} 


is closed in L? (Q). 
3. Let (fn) be a sequence in L?(Q) N L4(Q2) and let f € LP (Q). Assume that 


fn > F in LP (Q) and || falla < C. 


Prove that f € L” (Q) and that fa —> f in L” (Q) for every r between p and 
VF: 


4. 


a 


Assume |Q| < œ. 


— 


. Let f € LY (Q). Prove that limpo || f ll p = II f lloo- 
2. Let f € Ni<p<oo L” (Q) and assume that there is a constant C such that 


IflpsC Visp<o. 


Prove that f € LY (9). 
3. Construct an example of a function f € Ni<p<oœo L? (Q) such that f ¢ L® (Q) 
with Q = (0, 1). 


4.7|Let1 < q < p < œ. Let a(x) be a measurable function on Q. Assume that 
au € L1 (Q) for every function u € LP (Q). 
Prove that a € L” (Q) with 


Pq 
r= )P—4 
q 


if p < œ, 
if p = œ. 


[Hint: Use the closed graph theorem.] 


4.8 |Let X C L! (Q) be a closed vector space in L! (Q). Assume that 


xc (J EQ); 


1<q<oo 
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1. Prove that there exists some p > 1 such that X C LP (Q). 


[Hint: For every integer n > 1 consider the set 


x, ={fexnLrim@); 


<n} 


2. Prove that there is a constant C such that 


Ifllp < CIfli Yf eX. 


4.9 | Jensen’s inequality. 
Assume |Q\| < oo. Let j : R —> (—oo, +00] be a convex l.s.c. function, j # +00. 
Let f € L! (Q) be such that f(x) € D(j) a.e. and j (f) € L! (2). Prove that 


(f). 
Go, Je EN ! 
4.10 | Convex integrands. 


Assume |Q\| < oo. Let 1 < p < coandlet j : R —> R be a convex and continuous 
function. Consider the function J : LP (Q) —> (—oo, +00] defined by 


f j(u(x))dx if j (u) € L'(Q), 
Q 
+00 if j(u) ¢ L'(Q). 


J(u) = 


— 


. Prove that J is convex. 
2. Prove that J is l.s.c. 


[Hint: Start with the case j > 0 and use Fatou’s lemma. ] 
3. Prove that the conjugate function J* : LP (Q) — (—oo, +00] is given by 


Sa dx if J*C) € LQ), 


I*(f) = 
f) +00 if A £ LQ). 


[Hint: When | < p < œ consider J, (u) = J (u) + i f |u|? and determine J;*.] 
4. Let dj (resp. Ə J) denote the subdifferential of j (resp. J) (see Problem 2). Let 
u € LP (Q) and let f € LP (Q); prove that 


f € 3J(u)4= f(x) € əðj(u(x)) a.e. on Q. 


4.11 |The spaces L” (Q) withO <a < 1. 
Let 0 < a < 1. Set 


L” (Q) = fu : Q — R; uis measurable and |u|” € L'(a)} 
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l/a 
Mise (fue) 


1. Check that L“ is a vector space but that [ Jw is not a norm. More precisely, 
prove that if u, v € L” (Q), u > 0 a.e. and v > 0 a.e., then 


and 


[u + vla > [ule + [v]. 


2. Prove that 
[u + v]% < [u]ġ + lf Yu, v € L* (Q). 


4.12 | LP is uniformly convex for 1 < p < 2 (by the method of C. Morawetz). 


1. Let 1 < p < œ. Prove that there is a constant C (depending only on p) such 
that 


b PNS 
la — b|? < C(lal? + |b|?)' (iar + 1B" -2 a | ) Va,beR, 


where s = p/2. 
2. Deduce that L? (Q) is uniformly convex for 1 < p < 2. 


[Hint: Use question | and Holder’s inequality. ] 


4.13 
1. Check that 


la + b| — lal — |b|| < 2|b] Ya,b €R. 
2. Let (fn) be a sequence in L! (2) such that 


G) fax) > f(x) a.e., 
Gi) (fn) is bounded in L! (Q) i.e., || falı <M Vn. 


Prove that f € L!(Q) and that 


jim, fif- iA- f= f if 


[Hint: Use question 1 witha = f, — f and b = f, and consider the sequence 


Pn =(lfal — lfa — fI- IFI 
3. Let (fn) be a sequence in L! (Q) and let f be a function in L! (Q) such that 


O fha) > f(x) ae., 
Gi) falhi > II. 


Prove that || fa — fll, = 0. 


4.14 | The theorems of Egorov and Vitali. 
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Assume |Q| < oo. Let (fn) be a sequence of measurable functions such that 
tn > f a.e. (with |f| < œœ a.e.). 


1. Leta > 0 be fixed. Prove that 
meas[| fn — f| > a|] — 0. 
n—>oo 


2. More precisely, let 
Sa) = Jf -— fl > a]. 


k>n 
Prove that |S,(a@)| —> 0. 
no 
3. (Egorov). Prove that 


Vd >0 4A CQ. measurable such that 
|A| < dand fn — f uniformly on Q\A. 


[Hint: Given an integer m > 1, prove with the help of question 2 that there 
exists Em C Q, measurable, such that |Em| < 6/2” and there exists an integer 
Nm such that 


o- FOOL < — Wk > Nm, Wx € AEn] 


4. (Vitali). Let (fn) be a sequence in L? (Q) with 1 < p < oo. Assume that 


(i) Ve > 0 3d > 0 such that Sa lfnl? <£ WnandVA C Q measurable with 
|A| < ô. 
GD fn > f ae. 


Prove that f € LP (Q) and that fa > f in LP (Q). 


4.15 | Let 2 = (0, 1). 


1. Consider the sequence (fn) of functions defined by fa (x) = ne~"*. Prove that 


O fn > Oae. 

(ii) fn is bounded in L! (Q). 
(iii) fa > 0 in L! (Q) strongly. 
(iv) fn A 0 weakly o(L!, L®). 


More precisely, there is no subsequence that converges weakly o(L!, L™). 


2. Let 1 < p < œ and consider the sequence (g,,) of functions defined by g,(x) = 
n'/Pe—"*, Prove that 


(i) gn > Oae. 

(ii) (gn) is bounded in L? (Q). 
(ili) gp > 0 in LP (Q) strongly. 
(iv) gn — 0 weakly o(L?, L”’). 
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4.16 | Let 1 < p < œ. Let (fn) be a sequence in LP (Q) such that 


(i) fn is bounded in L?(Q). 
Gi) fr > f a.e. on Q. 


1. Prove that fa — f weakly o(L?, LP’), 
[Hint: First show that if fa — f weakly o (LP, LP ) and fa > f a.e., then 
f = f a.e. (use Exercise 3.4).] 


2. Same conclusion if assumption (ii) is replaced by 


Gi’) Ifa — Fli > 0. 


3. Assume now (i), (ii), and |2| < oo. Prove that || fa — f Ilg > 0 for every q with 
l<q<p. 
[Hint: Introduce the truncated functions Tk fn or alternatively use Egorov’s the- 
orem. | 


4.17 | Brezis—Lieb’s lemma. 
Letl<p<o. 


1. Prove that there is a constant C (depending on p) such that 
lla +1 — lal? — |b1P| < C€ (la|? bl + lal IP!) Vab eR. 


2. Let (fn) be a bounded sequence in LP (Q) such that fa —> f a.e. on Q. Prove 
that f € LP (Q) and that 


jim, f UAP -iare f ise. 


[Hint: Use question 1 witha = fa — f and b = f. Note that by Exercise 4.16, 
| fa — f| — 0 weakly in L? and | f, — f |P! — 0 weakly in L” .] 
3. Deduce that if (fn) is a sequence in L? (Q) satisfying 


O Mma) > fa) ae., 
Gi) Ifall > IF lp 


then || fn — flp > 0. 
4. Find an alternative method for question 3. 


4.18 | Rademacher’s functions. 

Letl < p < œandlet f € L? (R). Assume that f is T-periodic,i.e., f(x+T) = 
f(x) ae.x ER. 

Set 


— 17 
7=7f f(t)dt. 


Consider the sequence (u,,) in L? (0, 1) defined by 
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Un(x) = f(nx), x € (0,1). 


1. Prove that u, — f in LP (0, 1) with respect to the topology o(L?, LP’). 
2. Determine limy—oo llun — f |lp- 
3. Examine the following examples: 

(i) un(x) = sinnx, 

Gi) u(x) = f(nx) where f is 1-periodic and 


a forx € (0, 1/2), 


fœ) = B forx € (1/2, 1). 


The functions of example (ii) are called Rademacher’s functions. 


4.19 


1. Let (fn) be a sequence in L? (Q) with 1 < p < œ and let f € LP (Q). Assume 
that 
(i) fa > f weakly o (LP, LP’) 
Gi) fallo > If llp- 
Prove that fa —> f strongly in L? (Q). 
2. Construct a sequence (fn) in L! (0, 1), fn = 0, such that: 
(i) fa — f weakly o (L!, L®), 
Gi) fali > IFI, 
Gii) Ifa — fili > 0. 


Compare with the results of Exercise 4.13 and with Proposition 3.32. 


4.20 | Assume |Q| < œ. Let 1 < p< œ and 1 < q < œ%. 
Leta : R — R be a continuous function such that 


lal < C(A +1) we. 
Consider the (nonlinear) map A : LP (Q) —> L7(Q) defined by 
(Au)(x) = a(u(x)), x E€ Q. 


1. Prove that A is continuous from L? (Q) strong into L7(Q) strong. 

2. Take Q = (0, 1) and assume that for every sequence (un) such that un — u 
weakly o (LP, LP’) then Aun — Au weakly o (L4, L1’). 
Prove that a is an affine function. 


[Hint: Use Rademacher’s functions; see Exercise 4.18.] 


4.21 | Given a function up : R > R, set u(x) = uo(x + n). 


1. Assume uo € LP (R) with 1 < p < œœ. Prove that un — 0 in LP (R) with 
respect to the weak topology o (LP, EP), 
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2. Assume ug € L° (IR) and that uo(x) —> 0 as |x| — oo in the following weak 
sense: 
for every 6 > 0 the set [|wo| > ô] has finite measure. 


Prove that un Š 0 in L® (R) weak* o (L®™, L!). 

3. Take uo = X(0,1)- 
Prove that there exists no subsequence (un, ) that converges in L! (R) with respect 
to o(L!, L®). 


4.22 


1. Let (fn) be a sequence in L? (Q) with 1 < p < œ and let f € LP (Q). 
Show that the following properties are equivalent: 
(A) fa —> f ino(L?, L”). 
lallip < C 
(B) and 
fe fa > fpe f VE C Q, E measurable and |E| < oo. 
2. If p = 1 and |Q| < œ prove that (A) } (B). 
3. Assume p = | and |Q2| = œ. Prove that (A) > (B). 
Construct an example showing that in general, (B) # (A). 
[Hint: Use Exercise 4.21, question 3.] 
4. Let (fn) be a sequence in L! (Q) and let fe L! (Q) with |Q| = oo. Assume that 


(a) fa 20 Vn and f > Oae. on Q, 


(b) lodn > hf 
©) fe fn > Je f VE CQ, E measurable and |E] < oo. 


Prove that fa — f in L'(Q) weakly o(L!, L®). 
(Hint: Show that fp fa > fp f YF C Q, F measurable and |F| < 00.] 


4.23 | Let f : Q —> R be a measurable function and let 1 < p < oo. The purpose 
of this exercise is to show that the set 


C = [u € L’ (Q); u> f a.e.} 


is closed in L? (Q) with respect to the topology o (LP, L?’). 


1. Assume first that 1 < p < oo. Prove that C is convex and closed in the strong 
L? topology. Deduce that C is closed ino (LP, LP ). 
2. Taking p = œ, prove that 


ug > Vo € L'(Q) 
C= vere)! f J” 4 
with foe L'(Q) and gp >0 ae. 


[Hint: Assume first that f € L°(Q); in the general case introduce the sets 


On =Ufl <n).] 
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3. Deduce that when p = œ, C is closed in o (L°, L}). 
4. Let fi, fo € LO (Q) with fı < fo a.e. Prove that the set 


C = [u € L” (Q) ; fixu<h a.e.} 


is compact in L® (Q) with respect to the topology o(L®, L!). 


4.24 [Letu € LY (RY). Let (Pn) be a sequence of mollifiers. Let (¢,) be a sequence 
in L (RY) such that 


léno <1 Yn and f > cç a.e. on R”. 


Set 
Un = Pn * (Gnu) and v= ç¢u. 


1. Prove that vn Š vin L® (R`) weak* o (L®, L!). 
2. Prove that Se |v, — v| — 0 for every ball B. 


4.25 | Regularization of functions in L (Q). 


Let Q C RN be open. 
1. Let u € L (Q). Prove that there exists a sequence (un) in C2°(Q) such that 


(a) llUnlloo < lulo Yn, 
(b) un > u a.e. on Q, 


(©) un — u in LO (Q) weak* o (L®, L!). 
2. If u > 0 ae. on Q, show that one can also take 
(d) ur > OonQ Yn. 
3. Deduce that C? (9) is dense in L (Q) with respect to the topology o (L™, L}). 


4.26 | Let 2 C R be open and let f € LL (Q). 


loc 


1. Prove that f € L! (Q) iff 


A= sup | fo; PEC (Q), llelo < i} < œ. 


If f € L! (Q) show that A = || f ll1. 
2. Prove that f+ € L! (Q) iff 


B=sup| f foi pe C(O, lello < 1 and g = 0} < oo. 


If ft € L! (Q) show that B = || f" |li. 
3. Same questions when C,(2) is replaced by CX (9). 
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4. Deduce that 


|f te =0 wero] =s =0 a.e.] 


|f re=0 Weoo — If 0 a.e.]. 


4.27 | Let 2 C R be open. Let u, v € Lr (Q) with u Æ 0 a.e. on a set of positive 
measure. Assume that 


we comand fue 0] | f ve =o). 


Prove that there exists a constant A > 0 such that v = Au. 


4.28 |Let p € L! (RY) with f p = 1. Set pn (x) = n™ p(nx). Let f € LP (RY) with 
1 < p < œ. Prove that pn x f > f in LP (RY). 


4.29| Let K C R” be a compact subset. Prove that there exists a sequence of 
functions (un) in Coo (RY) such that 

(a) 0<u, <1lonR’, 

(b) u,» = lon K, 

(c) suppu, C K + BOO, 1/n), 

(d) |D%un(x)| < Canl Vx € RY, Y multi-index œ (where Cy depends only on a 
and not on n). 


[Hint: Let x, be the characteristic function of K + B(O, 1/2n); take un = pan * Xn-] 


4.30 | Young’s inequality. 
Let 1 < p < œ, 1 < q < œ be such that 5 + 


; >1. 
Set } = 5 +2 — 1, so that 1 < r < œœ. 
Let f € LP (RY) and g € LI(RY). 
1. Prove that for a.e. x € RY, the function y + f(x — y) g(y) is integrable on RY. 


[Hint: Set a = p/q’, B = q/p’ and write 


Ife -DOI= IFE — FeO! (IF@ — YI eo?) J 
2. Set 
(f *8)@) = f , fe = y)dy. 


Prove that f » g € L"(R) and that || f * gll- < II flipll8llq- 
3. Assume here that > + A = 1. Prove that 


fxgeCcCRANLO RY) 
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and, moreover, if 1 < p < œ then (f x g)(x) > 0 as |x| > œœ. 


4.31 [Let f € LP (RY) with 1 < p < oo. For every r > 0 set 


fœ) = fO)dy, x ER. 


|B(x,r)| J Bq.) 


1. Prove that f, € LP (RY) N C(RY) and that f,(x) > 0 as |x| > 00 (r being 
fixed). 


2. Prove that f, > f in LP (RY) asr > 0. 
[Hint: Write f = p, x f for some appropriate 9,.] 
4.32 


1. Let f,g € L'(RY) and let h € LP (RY) with 1 < p < oo. Show that f x g = 
gxfand(fxg)xh= fx(gxh). 

2. Let f € L! (RY). Assume that fxg =0 Yọ € CS (RY). Prove that f = 0 
a.e. on R^. Same question for f € LI RY). 


3. Leta € L! (R) be a fixed function. Consider the operator Ta : L? (RY) > 
L? (R) defined by 


Tg) =a xu. 


Check that T4 is bounded and that || Tallez < llalliy. Compute Ta o Tp 


and prove that Ta o Tp = Tpo Ta Va,be L! (R^). Determine (T4)*, Tz o (Ta)* 
and (T4)* o Ta. Under what condition on a is (Ta)* = T,? 


4.33 | Fix a function g € Ce(R), g Æ 0, and consider the family of functions 


[0,0] 
F= |_Jipr} 
n=1 
where g(x) = g(x +n),x ER. 
1. Assume | < p < ov. Prove that Ve > 0 4d > O such that 


lta f —fllp <£ Vf € F and Vh € R with |h] < 6. 


2. Prove that F does not have compact closure in L? (R). 


4.34 |Let 1 < p < œ and let F C LP (R) be a compact subset of L? (RY). 


1. Prove that F is bounded in L? (RY). 
2. Prove that Ve > 0 3ô > 0 such that 


Iti f — flip <€ Vf € F and Yh € RY with |h| < ô. 


3. Prove that Ye > 0 aXQ c R” bounded, open, such that 
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Ea LP(R’\Qy < E Vf EF. 


Compare with Corollary 4.27. 


4.35 | Fix a function G € LP (RY) with 1 < p < œ and let F = G x B, where B 
is a bounded set in L! (RY). 

Prove that Fig has compact closure in L? (Q) for any measurable set Q C RY 
with finite measure. Compare with Corollary 4.28. 


4.36 | Equi-integrable families. 
A subset F C L!(Q) is said to be equi-integrable if it satisfies the following 
properties: 


(a) F is bounded in L! (Q), 
b) Ye>0 38 >0 suchthat fg|f| < € 
Vf eF, VE C Q, E measurable and |E| < ô, 


(c) Ve >0 Jw C Q measurable with |w| < oo 
c 
such that Jaolfl <e Wf ef. 


Let (Qa) be a nondecreasing sequence of measurable sets in Q with |Q,| < 
oo Vn and such that Q = VU, Qn. 
1. Prove that F is equi-integrable iff 


(d) lim sup i |f|=0 
1 teF JU fl>t] 

and 

(e) lim sup f |f| =0. 
NO pep An 


2. Prove that if F C L! (Q) is compact, then F is equi-integrable. Is the converse 
true? 


4.37 | Fix a function f € L!(R) such that 


+00 +00 
f f(t)dt =0 and / f(t)dt > 0, 
—0o 0 


and let un (x) = nf (nx) for x € I = (—1, +1). 


1. Prove that 
lim f inDex =0 Yọ e C([-1,+1)). 
noo I 


6 One can show that (a) follows from (b) and (c) if the measure space Q is diffuse (i.e., 2 has no 
atoms). Consider for example Q = R” with the Lebesgue measure. 
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. Check that the sequence (un) is bounded in L! (I). Show that no subsequence 


of (un) is equi-integrable. 


. Prove that there exists no function u € L! (Z) such that 


Fee [encores = | werotoas Vo e L(I), 


along some subsequence (un, ). 


. Compare with the Dunford—Pettis theorem (see question A3 in Problem 23). 
. Prove that there exists a subsequence (uy, ) such that un, (x) —> 0 a.e. on J as 


k => œ. 


[Hint: Compute Sint <4x1<1] |Un(x)|dx and apply Theorem 4.9.] 


4.38 | Set Z = (0, 1) and consider the sequence (un) of functions in L! (T) defined by 


Ww 


n=l ;. , 
: 1 

n ifxe (i243), 
Un(X) = Y n’ n n 


0 otherwise. 


. Check that | supp un| = + and |lup ||) = 1. 
. Prove that 


lim un(x)o(x)dx = [ owas Vo e C([0, 1)). 
I I 


n—> +00 


[Hint: Start with the case g € c!({0, 1]).] 


. Show that no subsequence of (un) is equi-integrable. 
. Prove that there exists no function u € L! (I) such that 


imh f ineas = | uwea)dx Yọ e L(I), 


along some subsequence (un, ). 


[Hint: Use a further subsequence (Un!) such that 5°, | supp Uy! | <1] 


. Prove that there exists a subsequence (un,) such that un, (x) —> 0 a.e. on I as 


k> œ. 


Chapter 5 
Hilbert Spaces 


5.1 Definitions and Elementary Properties. Projection onto a 
Closed Convex Set 


Definition. Let H be a vector space. A scalar product (u, v) is a bilinear form on 
H x H with values in R (i.e., a map from H x H to R that is linear in both variables) 
such that 


(u,v) =(v,u) Wu,ve H (symmetry), 
(u,u) > 0 Vu € H (positive), 
(u,u) #0 Vu #0 (definite). 
Let us recall that a scalar product satisfies the Cauchy—Schwarz inequality 


l(u, v)| < (u, u)? (v, v)? Vu, v € A. 


[It is sometimes useful to keep in mind that the proof of the Cauchy—Schwarz in- 
equality does not require the assumption (u, u) # 0 Vu  0.] It follows from the 
Cauchy—Schwarz inequality that the quantity 


|u| = (u, u)!/? 


is a norm—we shall often denote by | | (instead of || ||) norms arising from scalar 
products. Indeed, we have 


ju +v]? = (u + v, u + v) = ul? + (u, v) + w, u) + |v]? < Jul? + 2lļul lvl + lvl’, 


and thus |u + v| < |u| + |v]. 
Let us recall the classical parallelogram law: 


2 2 
a+b a—b 1» 2 
1 = a| + |b Va, b € H. 
(1) 5 5 | z (lal + b19) 
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Definition. A Hilbert space is a vector space H equipped with a scalar product such 
that H is complete for the norm | |. 

In what follows, H will always denote a Hilbert space. 


Basic example. L? (Q) equipped with the scalar product 
w= f uwan 
2 


is a Hilbert space. In particular, 4? is a Hilbert space. The Sobolev space H! studied 
in Chapters 8 and 9 is another example of a Hilbert space; it is “modeled” on L? (Q). 


e Proposition 5.1. H is uniformly convex, and thus it is reflexive. 


Proof. Lete > 0 and u, v € H satisfy |u| < 1, |v| < 1, and |u — v| > £. In view of 
the parallelogram law we have 


2 2 


21/2 
ETS = and thus <1-5wins=1- (1-7) > 0. 


2 


u+ v 


4 


e Theorem 5.2 (projection onto a closed convex set). Let K C H be a nonempty 
closed convex set. Then for every f € H there exists a unique element u € K such 
that 


(2) |f —u| = min |f — v| = dist( f, K). 
veK 

Moreover, u is characterized by the property 

(3) u€ K and (f -—u,v—u) <0 WeK. 


Notation. The above element u is called the projection of f onto K and is denoted by 


u = Px f. 


Inequality (3) says that the scalar product of the vector uf with any vector uv (v € 
K) is < 0, i.e., the angle 0 determined by these two vectors is > 2/2; see Figure 4. 


Proof. (a) Existence. We shall present two different proofs: 


1. The function g(v) = |f — v| is convex, continuous and limpo (v) = +00. 
It follows from Corollary 3.23 that g achieves its minimum on K since H is 
reflexive. 

2. The second proof does not rely on the theory of reflexive and uniformly convex 
spaces. It is a direct argument. Let (v,) be a minimizing sequence for (2), i.e., 
Un € K and 

dn = |f —vn| > d = inf |f — vl. 
veK 


We claim that (vn) is a Cauchy sequence. Indeed, the parallelogram law applied 
witha = f — v, and b = f — vy» leads to 
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Fig. 4 


2 
Un — Um 


2 


2 
Un + Um 
2 


1 
a = 5 (dn + dp). 


But “5% € K and thus | f — “4% > d. It follows that 


Un — Um z 
2 


1 À 
< 5dr + dp) — d° and „lim IYn — Ym| = 0. 


Therefore the sequence (v,) converges to some limit u € K with d = |f — ul. 


(b) Equivalence of (2) and (3). 
Assume that u € K satisfies (2) and let w € K. We have 


v=(l1—tju+tweK Vte [0,1] 
and thus 
|f > u| < |f -I0 -— tu +tw]| =|(f — u) — t (w — u)|. 
Therefore 


|f- u? <|f —ul? -— tf -— u, w- u) +t |w — ul’, 


which implies that 2(f — u, w — u) < tlw — ul? Vt e (0,1). Ast > 0 we 
obtain (3). 
Conversely, assume that u satisfies (3). Then we have 


lu— fÈ- Iv- fP =Xf-u, v- u)-— |u- v? <0 We; 


which implies (2). 
(c) Uniqueness. 
Assume that u; and u2 satisfy (3). We have 


(4) (f—ui, v—u) <0 WweK, 
(5) (f—u2,v—u2) <0 WekK. 
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Choosing v = u2 in (4) and v = u1 in (5) and adding the corresponding inequalities, 
we obtain |u] — u2|? <0. 


Remark 1. It is not surprising to find that a minimization problem is connected with 
a system of inequalities. Let us recall a well-known example. Suppose F : R > R 
is a differentiable function and suppose u € [0, 1] is a point where F achieves its 
minimum on [0, 1]. Then either u € (0, 1) and F’(u) = 0, or u = O and F’(u) < 0, 
oru = l and F’(u) = 1. These three cases are summarized by saying that u € [0, 1] 
and F’(u)(v —u) <0 Wv € [0, 1]; see also Exercise 5.10. 


Remark 2. Let K C E be a nonempty closed convex set in a uniformly convex 
Banach space E. Then for every f € E there exists a unique element u € E such 
that 


If — ull = min || f — vl] = dist(f, K); 
veK 
see Exercise 3.32. 


Proposition 5.3. Let K C H be a nonempty closed convex set. Then Px does not 
increase distance, i.e., 


lPefi— Perfil lfi— fol Vf heH. 
Proof. Set u} = Pr fı and uz = Px f2. We have 


(6) (fıi— ui, v—u) <0 Wek 
(7) (fı -—u2,v—u2) <0 WekK. 


Choosing v = u7 in (6) and v = wy in (5) and adding the corresponding inequalities, 
we obtain 
lui — m|? < (fi — f2, u1 — u). 


It follows that |ui — u2| < | fi — fal. 


Corollary 5.4. Assume that M C H is a closed linear subspace. Let f € H. Then 
u = Py f is characterized by 


(8) uéeM and (f—-—u,v)=0 WweM. 


Moreover, Py is a linear operator, called the orthogonal projection. 
Proof. By (3) we have 
(f-—u,v-—u)<0 Wem 


and thus 
(f —u,tu-u) <0 WeEM, VeR. 


It follows that (8) holds. 
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Conversely, if u satisfies (8) we have 
(f-—u,v-—u)=0 Wem. 


It is obvious that Py is linear. 


5.2 The Dual Space of a Hilbert Space 


It is very easy, in a Hilbert space, to write down continuous linear functionals. Pick 
any f € H; then the map u +> (f, u) is a continuous linear functional on H. It 
is a remarkable fact that all continuous linear functionals on H are obtained in this 
fashion: 


e Theorem 5.5 (Riesz—Fréchet representation theorem). Given any o € H* there 
exists a unique f € H such that 


(g,u) =(f,u) Vue H. 


Moreover, 


IfI = Wella. 


Proof. Once more we shall present two proofs: 


1. The first one is almost identical to the proof of Theorem 4.11. Consider the map 
T : H — H* defined as follows: given any f € H, the map u > (f,u) isa 
continuous linear functional on H. It defines an element of H*, which we denote 
by Tf, so that 

(Tf,u) =(f,u) Vue H. 


It is clear that ||T f || = |f |. Thus T is a linear isometry from H onto T (H), 
a closed subspace of H*. In order to conclude, it suffices to show that T (H) is 
dense in H*. Assume that A is a continuous linear functional on H* that vanishes 
on T (H). Since H is reflexive, h belongs to H and satisfies (T f, h) =OVf € H. 
It follows that (f, h) =0 Yf € H and thus h = 0. 

2. The second proof is a more direct argument that avoids any use of reflexivity. Let 
M = 7! ({0}), so that M is a closed subspace of H. We may always assume that 
M +Æ H (otherwise g = 0 and the conclusion of Theorem 5.5 is obvious—just 
take f = 0). We claim that there exists some element g € H such that 


|g| = l and (g, v) =0 Wv e M (and thus g ¢ M). 
Indeed, let go € H with go ¢ M. Let gj = Pm go. Then 


g = (go — 81)/lg0 — 811 


satisfies the required properties. 
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Given any u € H, set 


v=u—Ag ye eee 
(9, 8) 


Note that v is well defined, since (g, g) 4 0, and, moreover, v € M, since (g, v) = 0. 
It follows that (g, v) = 0, i.e., 


(p, u) = (9, g)(g,u) Vue H, 


which concludes the proof with f = (9, g)g. 


e Remark 3. H and H*: to identify or not to identify? The triplet V c H c V*. 

Theorem 5.5 asserts that there is a canonical isometry from H onto H*. It is 
therefore “legitimate” to identify H and H*. We shall often do so but not always. 
Here is a typical situation—which arises in many applications—where one should be 
cautious with identifications. Assume that H is a Hilbert space with a scalar product 
(, ) and a corresponding norm | |. Assume that V C H is a linear subspace that is 
dense in H. Assume that V has its own norm || || and that V is a Banach space with 
|| ||. Assume that the injection V C H is continuous, i.e., 


|u| < Clu) Vue V. 


[For example, H = L7(0, 1) and V = L?(0, 1) with p > 2 or V = C((0, 1)).] 
There is a canonical map T : H* — V* that is simply the restriction to V of 
continuous linear functionals g on H, i.e., 


(Tọ, v)v+,.v = (9, vV) H*,H- 
It is easy to see that T has the following properties: 
© |IT¢llv« < Cloly+ Vo € H*, 
(ii) T is injective, 
(iii) R(T) is dense in V* if V is reflexive.! 


Identifying H* with H and using T as a canonical embedding from H* into V*, 
one usually writes 


(9) VCH2H*cV* 


where all the injections are continuous and dense (provided V is reflexive). One says 
that H is the pivot space. Note that the scalar products (, )y+,y and (, ) coincide 
whenever both make sense, i.e., 


(fiv)vev =(f.v) Vf eH, We. 


1 However, T is not surjective in general. 
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The situation becomes more delicate if V turns out to be a Hilbert space with its 
own scalar product ((, )) associated to the norm || ||. We could, of course, identify 
V and V* with the help of ((, )). However, (9) becomes absurd. This shows that one 
cannot identify simultaneously V and H with their dual spaces: one has to make a 
choice. The common habit is to identify H* with H, to write (9), and not to identify 
V* with V [naturally, there is still an isometry from V onto V*, but it is not viewed 
as the identity map]. Here is a very instructive example. 


Let 
[0.6] 
H=} = [.- (Un)n>15 ya < ~| 


n=1 


equipped with the scalar product (u, v) = 77° | unUp. 


Let 
[0,6] 
V= |: = (Un)n>1; boa < ~| 
n=1 


equipped with the scalar product ((u, v)) = yo 1 NU Un. 
Clearly V C H with continuous injection and V is dense in H. Here we identify 
H* with H, while V* is identified with the space 


[0.0] 
* 1 2 
v*= a Ganzt; Doaa < ~|. 
n=1 
which is bigger than H. The scalar product (, )y+,y is given by 
[0.0] 
(f, vyv v = J favn, 
n=1 
and the Riesz—Fréchet isomorphism T : V —> V* is given by 
u = (Un)n>1 > Tu = (n?un)nz1. 


Remark 4. It is easy to prove that Hilbert spaces are reflexive without invoking the 
theory of uniformly convex spaces. It suffices to use twice the Riesz—Fréchet iso- 
morphism (from H onto H* and then from H* onto H**). 


Remark 5. Assume that H is a Hilbert space identified with its dual space H*. Let 
M be a subspace of H. We have already defined M+ (in Section 1.3) as a subspace 
of H*. We may now consider it as a subspace of H, namely 


M+ = {u € H; (u,v) =0 Wv € M}. 


Clearly we have MNM- = {0}. Moreover, if M is closed we also have M+ M+ = H. 
Indeed, every f € H may be written as 


f = (Puf) + (f - Puf) 
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and f — Pu f € M+; more precisely, f — Pu f = Py f. 


It follows that in a Hilbert space every closed subspace has a complement (in the 
sense of Section 2.4). 


5.3 The Theorems of Stampacchia and Lax—Milgram 
Definition. A bilinear forma : H x H — R is said to be 
(i) continuous if there is a constant C such that 
la(u, v)| < Clu| |v| Vu,ve A; 
(ii) coercive if there is a constant œ > O such that 
a(v,v) > aļv|? Vue H. 


Theorem 5.6 (Stampacchia). Assume that a(u, v) is a continuous coercive bilinear 
form on H. Let K C H be a nonempty closed and convex subset. Then, given any 
y € H*, there exists a unique element u € K such that 


(10) a(u,v—u)>(y,v—u) WeEK. 


Moreover, if a is symmetric, then u is characterized by the property 


1 _ fl 
(11) uéK and z1% u) — (9, u) = min | 5a v) — (@, of : 


The proof of Theorem 5.6 relies on the following very classical result. 


e Theorem 5.7 (Banach fixed-point theorem—the contraction mapping princi- 
ple). Let X be a nonempty complete metric space and let S : X — X be a strict 
contraction, i.e., 


d(Sv,, Sv2) < kd(vyj, v2) Yvi, v2 € X withk < 1. 
Then S has a unique fixed point, u = Su. 
For a proof see, e.g., T. M. Apostol [1], G. Choquet [1], A. Friedman [3]. 


Proof of Theorem 5.6. From the Riesz—Fréchet representation theorem (Theorem 5.5) 
we know that there exists a unique f € H such that 


(g,v)=(f,v) Vue dH. 


On the other hand, if we fix u € H, the map v +> a(u, v) is a continuous linear 
functional on H. Using once more the Riesz—Fréchet representation theorem we find 
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some unique element in H, denoted by Au, such that a(u, v) = (Au, v) Vu € H. 
Clearly A is a linear operator from H into H satisfying 


(12) |Au| <Clu| Wue A, 
(13) (Au,u)>alul> Wu €H. 
Problem (10) amounts to finding some u € K such that 
(14) (Au,v—u)>(f,v-—u) Wek. 
Let p > 0 be aconstant (to be determined later). Note that (14) is equivalent to 
(15) (of —pAu+u-—u,v—u)<0 WeEkK, 


i.e., 
u = Pg (pf — pAu + u). 


For every v € K, set Sv = Pg (pf —pAv+v). We claim that if o > 0 is properly 
chosen then S is a strict contraction. Indeed, since Px does not increase distance (see 
Proposition 5.3) we have 


|Svy — Sv2| < |(vı — v2) — p (Avı — Av2)| 
and thus 


[Svi — Sv2|? = |v) — val? — 2e(Av, — Avo, vj — v2) + p?|Avy — Av2|? 
< vi — v2? — 2pa + p*C’). 


Choosing p > Oin sucha way that k? = 1—2pa+p*C? < I (i.e.,0 < p < 2a/C’) 
we find that S has a unique fixed point.” 

Assume now that the form a(u, v) is also symmetric. Then a(u, v) defines a new 
scalar product on H; the corresponding norm a(u, u)!/? is equivalent to the original 
norm |u|. It follows that H is also a Hilbert space for this new scalar product. Using 
the Riesz—Fréchet theorem we may now represent the functional g through the new 
scalar product, i.e., there exists some unique element g € H such that 


(g,v) =a(g,v) We H. 
Problem (10) amounts to finding some u € K such that 
(16) a(g—u,v—u) <0 WeEK. 


The solution of (16) is an old friend: u is simply the projection onto K of g for the 
new scalar product a. We also know (by Theorem 5.2) that u is the unique element 
K that achieves 


2 Tf one has to compute the fixed point numerically, it pays to choose p = œ / C? in order to minimize 
k and to accelerate the convergence of the iterates of S. 
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mina(g — v, g—v)!/?. 
eK 
This amounts to minimizing on K the function 
v > a(g—v, g—v) =alv, v) — 2a(g, v) +a(g, g) = alu, v) —2(g, v) +a(g, g), 


or equivalently the function 
1 
ve yal, v) — (g, v). 
Remark 6. It is easy to check that if a(u, v) is a bilinear form with the property 
a(v,v)>0O WedH 


then the function v > a(v, v) is convex. 


e Corollary 5.8 (Lax—Milgram). Assume that a(u, v) is a continuous coercive bi- 
linear form on H. Then, given any yg € H*, there exists a unique element u € H 
such that 


(17) a(u, v) = (yg, v) Vue H. 


Moreover, if a is symmetric, then u is characterized by the property 


(18) uce H and alu, u) — (g, u) = mip | 5a, v) — (g, J 


Proof. Use Theorem 5.6 with K = H and argue as in the proof of Corollary 5.4. 


Remark 7. The Lax—Milgram theorem is a very simple and efficient tool for solving 
linear elliptic partial differential equations (see Chapters 8 and 9). It is interesting 
to note the connection between equation (17) and the minimization problem (18). 
When such questions arise in mechanics or in physics they often have a natural 
interpretation: least action principle, minimization of the energy, etc. In the language 
of the calculus of variations one says that (17) is the Euler equation associated with 
the minimization problem (18). Roughly speaking, (17) says that “ F’ (u) = 0,” where 
F is the function F(v) = 5a(v, v) — (Q, v). 


Remark 8. There is a direct and elementary argument proving that (17) has a unique 
solution. Indeed, this amounts to showing that 


Vf eH JuecH unique such that Au = f, 


i.e., A is bijective from H onto H. This is a trivial consequence of the following 
facts: 


(a) A is injective (since A is coercive), 
(b) R(A) is closed, since a|v| < |Av| Yv € H (a consequence of the coerciveness), 
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(c) R(A) is dense; indeed, suppose v € H satisfies 
(Au,v)=0 Wie H, 


then v = 0. 


5.4 Hilbert Sums. Orthonormal Bases 


Definition. Let (£;,),>1 be a sequence of closed subspaces of H. One says that H 
is the Hilbert sum of the E,,’s and one writes H = @, En if 


(a) the spaces E, are mutually orthogonal, i.e., 


(u,v) =0 Wue Ey, Vue Em, m An, 


(b) the linear space spanned by (J, En is dense in H 2 


e Theorem 5.9. Assume that H is the Hilbert sum of the E,,’s. Given u € H, set 
Un = Pe,u 


and 


k=1 
Then we have 
(19) lim S, =u 
no 

and 

CO 
(20) 5 lux |? = |u|? (Bessel-Parsevalľ’s identity). 

k=1 


It is convenient to use the following lemma. 


Lemma 5.1. Assume that (vn) is any sequence in H such that 


(21) (Um, Un) =O Vm # n, 
[0,0] 

(22) XO |u|? < 00. 
k=1 

Set 


3 The linear space spanned by the E,’s is understood in the algebraic sense, i.e., finite linear 
combinations of elements belonging to the spaces (E,,). 


142 5 Hilbert Spaces 


n 
Sn = 2 Uk. 
k=1 
Then 
S= lim S, exists 
noo 


and, moreover, 


Cc 
(23) IS? = X ol. 
k=1 


Proof of Lemma 5.1. Note that for m > n we have 


m 
(Sm — Sa? = D> lvl. 


k=n+1 
It follows that S, is a Cauchy sequence and thus S = limn— oo Sn exists. On the other 


hand, we have 
n 


ISa? = $ lel? 


k=l 
As n —> œ we obtain (23). 


Proof of Theorem 5.9. Since un = Pg,u, we have (by (8)) 
(24) (u — un, v) =0 Woe En, 


and in particular, 
2 
(u, Un) = |unl”. 


Adding these equalities, we find that 


n 
(u, Sn) = J lul? 
k=l 


But we also have 
(25) ie Sal’, 


and thus we obtain 
(u, Sn) ae 


It follows that |S,| < |u| and therefore Xt]; |ux|? < |ul?. 


Hence, we may apply Lemma 5.1 and conclude that S = limp—oo Sn exists. Let 
us identify S even without assumption (b). Let F be the linear space spanned by the 
E,,’s. We claim that 
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(26) S = Pru. 
Indeed, we have 
(u — Sn, v) = 0 VvE Em, m<n 
Gust write u — Sn = (u — Um) — È km ux). As n — œ we obtain 
(u—S,v)=0 Yve En, Ym 
and thus 
(u—S,v)=0 WweF, 


which implies that _ 
(u—S,v)=0 WeF. 


On the other hand, Sn € F Vn, and at the limit S € F. This proves (26). Of course, 
if (b) holds, then F = H and thus S = u. Passing to the limit as n —> œœ in (25) we 
obtain (20). 


Definition. A sequence (e,),> 1 in H is said to be an orthonormal basis of H (or 
a Hilbert basist or simply a basis when there is no confusion)’ if it satisfies the 
following properties: 


(i) |én| = 1 Vn and (em, en) =O Vm An, 
(ii) the linear space spanned by the e,’s is dense in H. 


e Corollary 5.10. Let (e,) be an orthonormal basis. Then for every u € H, we have 
[0.0] n 
u = Lt ek)ek, ie., u = im. Lt ek)ek 


and 
OO 
2 2 
jul” = X |u, ex). 
k=1 


Conversely, given any sequence (an) € £, the series XX] ækeg converges to some 
element u € H such that (u, ek) = p Wk and |u|? = Di az. 


Proof. Note that H is the Hilbert sum of the spaces E, = Re, and that Pg,u = 
(u, en)en. Use Theorem 5.9 and Lemma 5.1. 


Remark 9. In general, the series $` uz in Theorem 5.9 and the series (u, ex)eg in 
Corollary 5.10 are not absolutely convergent, i.e., it may happen that X>; |ux| = 00 
or that Xzc] |(u, ex)| = œ. 


e Theorem 5.11. Every separable Hilbert space has an orthonormal basis. 


4 Not to be confused with an algebraic (= Hamel) basis, which is a family (e;)j<¢7 in H such that 
every u € H can be uniquely written as a finite linear combination of the e;’s (see Exercise 1.5). 


5 Some authors say that (e„) is a complete orthonormal system. 
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Proof. Let (vn) be a countable dense subset of H. Let Fx denote the linear space 
spanned by {v1, v2, ..., vx}. The sequence (Fx) is a nondecreasing sequence of finite- 
dimensional spaces such that Uzi Fy is dense in H. Pick any unit vector e; in F}. 
If Fo Æ F; there is some vector e2 in F> such that {e1, e2} is an orthonormal basis 
of F2. Repeating the same construction, one obtains an orthonormal basis of H. 


Remark 10. Theorem 5.11 combined with Corollary 5.10 shows that all separable 
Hilbert spaces are isomorphic and isometric with the space £?. Despite this seemingly 
spectacular result it is still very important to consider other Hilbert spaces such as 
L? (Q) (or the Sobolev space H : (Q), etc.). The reason is that many nice linear (or 
nonlinear) operators may look dreadful when they are written in a basis. 


Remark 11. If H is a nonseparable Hilbert space—a rather unusual situation—one 
may still prove (with the help of Zorn’s lemma) the existence of an uncountable or- 
thonormal basis (e;)je7; see, e.g., W. Rudin [2], A. E. Taylor—D. C. Lay [1], G. B. Fol- 
land [2], G. Choquet [1]. 


Comments on Chapter 5 


1. Characterization of Hilbert spaces. 


It is sometimes useful to know whether a given norm || || on a vector space E 
is a Hilbert norm, i.e., whether there exists a scalar product (, ) on E such that 
\|u|| = (u, u)!/? Yu € E. Various criteria are known: 


(a) Theorem 5.12 (Fréchet-von Neumann—Jordan). Assume that the norm || || 
satisfies the parallelogram law (1). Then || || is a Hilbert norm. 
For a proof see K. Yosida [1] or Exercise 5.1. 

(b) Theorem 5.13 (Kakutani [1]). Assume that E is anormed space with dim E > 
3. Assume that every subspace F of dimension 2 has a projection operator of 
norm | (i.e., there exists a bounded linear projection operator P : E — F such 
that Pu = u Yu € F and ||P\| < 1). Then || || is a Hilbert norm. 

(c) Theorem 5.14 (de Figueiredo—Karlovitz [1]). Let E be a normed space with 
dim E > 3. Consider the radial projection on the unit ball, i.e., 


me if lul <1, 
u/lul if lul > 1 


Assume’ that 


6 Let us point out that every subspace of dimension 1 has always a projection operator of norm 1. 
(Use Hahn—Banach.) 


7 One can show that in an arbitrary normed space, T satisfies 
lTu — Tv|| <2 lu —v|| Yu,v eE 


and the constant 2 cannot be improved; see Exercise 5.6. 
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||Tu —Tov|| < |u —v|| Vu,ve E. 
Then || || is a Hilbert norm. 
Finally, let us recall a result that has already been mentioned (Remark 2.8). 


(d) Theorem 5.15 (Lindenstrauss-Tzafriri [1]). Assume that E is a Banach space 
such that every closed subspace has a complement.’ Then E is Hilbertizable, 
i.e., there exists an equivalent Hilbert norm. 


2. Variational inequalities. 

Stampacchia’s theorem is the starting point of the theory of variational inequalities 
(see, e.g., D. Kinderlehrer—G. Stampacchia [1]), which has numerous applications 
in mechanics and in physics (see, e.g., G. Duvaut—J. L. Lions [1]), in free boundary 
value problems (see, e.g., C. Baiocchi—-A. Capelo [1] and A. Friedman [4]), in op- 
timal control (see, e.g., J.-L. Lions [2] and V. Barbu [2]), in stochastic control (see 
A. Bensoussan-J.-L. Lions [1]). 


3. Nonlinear equations associated with monotone operators. 
The theorems of Stampacchia and Lax—Milgram extend to some classes of nonlinear 
operators. Let us mention the following, for example. 


Theorem 5.16 (Minty-Browder). Let E be a reflexive Banach space. Let A: E > 
E* be a continuous nonlinear map such that 


(Avı — Av, v —¥2) > 0 Yv, 2 EE, v Avy, 


and 
(Av, v) 


im 
lvli>œ lull 


Then for every f € E* there exists a unique solution u € E of the equation Au = f. 


The interested reader will find in F. Browder [1] and J.-L. Lions [3] a proof of 
Theorem 5.16 as well as many extensions and applications; see also Problem 31. 


4. Special orthonormal bases. Fourier series. Wavelets. 

In Chapter 6 we shall present a very powerful technique for constructing orthonor- 
mal bases, namely by taking the eigenvectors of a compact self-adjoint operator. In 
practice one very often uses special bases of L? (Q) that consist of eigenfunctions of 
differential operators (see Sections 8.6 and 9.8). The orthonormal basis on L?(0, 2) 
defined by 


en(x) = y2/x sinnx,n > l, or en(x) = /2/mcosnx,n > 0, 


is quite beloved, since it leads to Fourier series and harmonic analysis, a major field 
in its own right; see, e.g., J. M. Ash [1], H. Dym—H. P. McKean [1], Y. Katznelson 
[1], C. S. Rees—S. M. Shah-C. V. Stanojevic [1]. 


8 It is equivalent to say that every closed subspace has a bounded projection operator P. Note that 
here—in contrast to Theorem 5.13—we do not assume that || P|| < 1. 
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Here is a question that puzzled analysts for decades. Given u € L?(0, 7), consider 
its Fourier series S, = Dra (u, ex)ex. One knows (see Corollary 5.10) that S$, —> u 
in L? (0, x). It follows that a subsequence Sp, —> u a.e. on (0, x) (see Theorem 4.9). 
But can one say that the full sequence Sn —> u a.e. on (0, 7)? The answer is given 
by the following very deep result: 


Theorem 5.17 (Carleson [1]). [fu € L? (0, x) then Sn > u a.e. 


Other classical bases of L? (0, 1) or L? (R) are associated with the names of Bessel, 
Legendre, Hermite, Laguerre, Chebyshev, Jacobi, etc. We refer the interested reader to 
R. Courant-D. Hilbert [1], Volume 1, and R. Dautray—J.-L. Lions [1], Chapter VIII; 
see also the comments at the end of Chapter 8 (spectral properties of the Sturm- 
Liouville operator). Recently, there has also been much interest in the Haar and the 
Walsh bases of L? (0, 1), which consist of step functions; see, e.g., Exercises 5.31, 
5.32, G. Alexits [1], H. F. Harmuth [1]. 

The theory of wavelets provides a very important and beautiful new type of bases. 
It is a powerful tool in decomposing functions, signals, speech, images, etc. The 
interested reader may consult the recent books of Y. Meyer [1], [2], [3], R. Coifman 
and Y. Meyer [1], I. Daubechies [1], G. David [1], C. K. Chui [1], M. B. Ruskai et 
al. [1], J. J. Benedetto—M. W. Frazier [1], G. Kaiser [1], J. P. Kahane-P. G. Lemarié- 
Rieusset [1], S. Mallat [1], G. Bachman-L. Narici—E. Beckenstein [1], T. F. Chan- 
J. Shen [1], P. Wojtaszczyk [1], E. Hernandez—G. Weiss [1], and their references. 


5. Schauder bases in Banach spaces. 

Let E be a Banach space. A sequence (e„)n>1 is said to be a Schauder basis if for 
every u € E there exists a unique sequence (@),>1 in R such that u = Yi 1 kek 
(i.e., u = limp—oo ) }—1 &kek). Such bases play an important role in the geometry 
of Banach spaces (see, e.g., B. Beauzamy [1], J. Lindenstrauss—L. Tzafriri [2], J. Di- 
estel [2], R. C. James [2]). All classical (separable) Banach spaces used in analysis 
have a Schauder basis (see, e.g., I. Singer [1]). This fact led Banach to conjecture 
that every separable Banach space has a basis. After a few decades of unavailing 
efforts a counterexample was discovered by P. Enflo [1]. One can even construct 
closed subspaces of £? (with 1 < p < œœ, p € 2) without a Schauder basis (see 
J. Lindenstrauss—L. Tzafriri [2]). A. Szankowski [1] has found another surprising 
example: &(H) (with its usual norm) has no Schauder basis when H is an infinite- 
dimensional separable Hilbert space. In Chapter 6 we shall see that a related problem 
for compact operators also has a negative answer. 


Exercises for Chapter 5 


In what follows, H will always denote a Hilbert space equipped with the scalar 
product (, ) and the corresponding norm | |. 


5.1 | The parallelogram law. 
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Suppose F is a vector space equipped with a norm || || satisfying the parallelogram 


law, 


Our 


isa 


1. 


4. 


L.e., 
la + bl? + la — bl? = 2(lal? + Ib Va, b € E. 


purpose is to show that the quantity defined by 


1 
(u, v) = slut vl? = lul? = ul) u,v eE, 


scalar product such that (u, u) = |lu||*. 
Check that 
(u, v) = (v, u), (—u, v) = — (u, v) and (u, 2v) = 2(u, v) Vu,ve E. 
. Prove that 


(u + v, w) = (u, w) + (v, w) Vu,v,w E E. 


[Hint: Use the parallelogram law successively with (i) a = u, b = v; (ii) a = 
u + w,b = v + w, and (iii) a = u + v + w, b = w.] 


. Prove that (Au, v) = A(u, v) YÀ € R, Yu, v € E. 


[Hint: Consider first the case à € N, then à € Q, and finally à € R.] 
Conclude. 


5.2 


LP is not a Hilbert space for p # 2. 


Let Q be a measure space and assume that there exists a measurable set A C Q 
such that 0 < |A| < |Q]. 

Prove that the || ||p norm does not satisfy the parallelogram law for any 1 < p < 
œ, p #2. 

[Hint: Use functions with disjoint supports.] 


5:3 


Let (un) be a sequence in H and let (t) be a sequence in (0, oo) such that 


(trun —tnUm, Un -—Um) <O Ym,n. 


1. Assume that the sequence (tn) is nondecreasing (possibly unbounded). Prove 


that the sequence (un) converges. 
[Hint: Show that the sequence (|u,,|) is nonincreasing. ] 


2. Assume that the sequence (t) is nonincreasing. Prove that the following alter- 


native holds: 
(i) either |un| —> œ, 
(ii) or (un) converges. 


If t, — t > 0, prove that (un) converges, and if t, — 0, prove that both cases 
(i) and (ii) may occur. 


5.4 


Let K C H be a nonempty closed convex set. Let f € H and let u = Px f. 


Prove that 
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lu-—u? <|v-fP—-lu-fP Wek. 


Deduce that 
ju-—ul|<|jv—f| Wek. 


Give a geometric interpretation. 


5.5 


1. Let (K;,) be a nonincreasing sequence of closed convex sets in H such that 
OnKn Æ Ø. 
Prove that for every f € H the sequence un = Px, f converges (strongly) to a 
limit and identify the limit. 

2. Let (Kn) be a nondecreasing sequence of nonempty closed convex sets in H. 


Prove that for every f € H the sequence u, = Px, f converges (strongly) to a 
limit and identify the limit. 

Let o : H —> R be a continuous function that is bounded from below. Prove that 
the sequence a, = inf g, converges and identify the limit. 


5.6 | The radial projection onto the unit ball. 
Let E be a vector space equipped with the norm || ||. 
Set 


u if |u|] < 1, 
u = ; 
u/\\u|| if lull > 1. 


1. Prove that ||Tu — Tv|| < 2ļu — v|| Vu,ve E. 

2. Show that in general, the constant 2 cannot be improved. 
[Hint: Take E = R? with the norm ||u|| = jui] + |u2|-] 

3. What happens if || || is a Hilbert norm? 


5.7 | Projection onto a convex cone. 
Let K C H be a convex cone with vertex at 0, i.e., 


Oe kK and Au+tpve K VA,u>O0, VWu,ve K; 


assume in addition that K is closed. 
Given f € H, prove that u = Px f is characterized by the following properties: 


u€ K, (f-—u,v) <0 Woe K and (f —u,u)=0. 


5.8 | Let Q be a measure space and let h : Q — [0, +00) be a measurable function. 
Let 


K={ue (Q); |u(x)| < h(x) ae. on Q}. 


Check that K is a nonempty closed convex set in H = L*(Q). Determine Px. 


5.9 |Let A C H and B C H be two nonempty closed convex set such that ANB = Ø 
and B is bounded. 
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Set 
C=A-B. 


1. Show that C is closed and convex. 

2. Setu = PcO and write u = ap — bo for some aọ € A and bo € B (this is possible 
since u € C). 
Prove that |ao — bo| = dist(A, B) = infgea pep la — b|. 
Determine P4bọo and Pgag. 

3. Suppose a; € A and bı € B is another pair such that |a; — bı| = dist(A, B). 
Prove that u = a, — bı. 
Draw some pictures where the pair [ao, bo] is unique (resp. nonunique). 

4. Find a simple proof of the Hahn—Banach theorem, second geometric form, in 
the case of a Hilbert space. 


5.10|Let F : H — R be a convex function of class C!. Let K C H be convex and 
letu € H. Show that the following properties are equivalent: 


(i) Fu) < F(v) Wek, 
Gi) (Fu), v—u)>0 We. 


Example: F(v) = |v — f|? with f € H given. 


5.11] Let M C H be a closed linear subspace that is not reduced to {0}. Let 
f EH, f ¢ MŁ. 


1. Prove that 
m= inf (f u) 
\ul=1 
is uniquely achieved. 
2. Let 1, 92,93 E H be given and let E denote the linear space spanned by 
{91, $2, 93}. Determine m in the following cases: 


(i) M=E, 
(ii) M = E+. 


3. Examine the case in which H = L? (0, 1), g1 (t) = t, go(t) = t°, and g(t) = 2°. 


5.12 | Completion of a pre-Hilbert space. 

Let E be a vector space equipped with the scalar product (, ). One does not 
assume that E is complete for the norm |u| = (u, u)!/ 2 (E is said to be a pre-Hilbert 
space). 

Recall that the dual space E*, equipped with the dual norm || f || £+, is complete. 
Let T : E — E* be the map defined by 


(Tu, v)g* g = (u,v) VWu,ve E. 


Check that T is a linear isometry. Is T surjective? 
Our purpose is to show that R(T) is dense in E* and that || || z+ is a Hilbert norm. 
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1. Transfer to R(T) the scalar product of E and extend it to R(T). The resulting 
scalar product is denoted by ((f, g)) with f, g € R(T). 
Check that the corresponding norm ((f, pP coincides on R(T) with ll f lle. 
Prove that 


(fv) = (CF, Tu) Ve E, Vf € R(T). 


2. Prove that R(T) = E*. 
[Hint: Given f € E*, transfer f to a linear functional on R(T) and use the 
Riesz—Fréchet representation theorem in R(T).] 
Deduce that E* is a Hilbert space for the norm || || g». 

3. Conclude that the completion of E can be identified with £*. (For the definition 
of the completion see, e.g., A. Friedman [3].) 


5.13 | Let E be a vector space equipped with the norm || ||g. The dual norm is 
denoted by || || zx. Recall that the (multivalued) duality map is defined by 


F(u) ={f € E*; Wf lle = lulle and (f, u) = lulz}. 


1. Assume that F satisfies the following property: 
Flu) + Fv) C F(u+v) W,vee€k. 


Prove that the norm || || g arises from a scalar product. 
[Hint: Use Exercise 5.1.] 
2. Conversely, if the norm || ||g arises from a scalar product, what can one say 
about F? 
[Hint: Use Exercise 5.12 and 1.1.] 


5.14|Leta : H x H — R be a bilinear continuous form such that 


a(v,v)>0O Wed. 


Prove that the function v > F(v) = a(v, v) is convex, of class C!, and determine 
its differential. 


5.15 |Let G C H bea linear subspace of a Hilbert space H; G is equipped with the 
norm of H. Let F be a Banach space. Let S : G —> F be a bounded linear operator. 

Prove that there exists a bounded linear operator T : H — F that extends S and 
such that 


IT lean = ISl e.r 


5.16 |The triplet V C H C V*. 

Let H be a Hilbert space equipped with the scalar product (, ) and the corre- 
sponding norm | |. Let V C H be a linear subspace that is dense in V. Assume that 
V has its own norm || || and that V is a Banach space for || ||. Assume also that the 
injection V C H is continuous, i.e., |v| < C||v|| Yv € V. Consider the operator 
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T : H —> V* defined by 
(Tu, v)y» y = (u,v) Yue H, Ve V. 


. Prove that ||Tul|y* < Clu| Vu € H. 

. Prove that T is injective. 

. Prove that R(T) is dense in V* if V is reflexive. 

. Given f € V*, prove that f € R(T) iff there is a constant a > O such that 
K(f, vive v| Salo] Vue V. 


BRWN 


5.17 | Let M, N C H be two closed linear subspaces. 
Assume that (u, v) = 0 Vu € M, Vu € N. Prove that M + N is closed. 


5.18 | Let E be a Banach space and let H be a Hilbert space. Let T € Z(E, H). 
Show that the following properties are equivalent: 


(i) T admits a left inverse, 
(ii) there exists a constant C such that ||u|| < C|Tu| Vu € E. 


5.19 | Let (un) be a sequence in H such that un — u weakly. Assume that 
lim sup |un| < |u|. Prove that un —> u strongly without relying on Proposition 3.32. 


5.20 | Assume that S € -Z (H) satisfies (Su, u) > 0 Yu € H. 


1. Prove that N(S) = R(S)+. 
2. Prove that J + tS is bijective for every t > 0. 
3. Prove that 
jim (+ tS) 'f = Pusyf Wf eH. 


[Hint: Two methods are possible: 


(a) Consider the cases f € N(S) and f € R(S). 
(b) Use weak convergence. ] 


5.21 | Iterates of linear contractions. The ergodic theorem of Kakutani—Yosida. 
Let T € Z(H) be such that ||T|| < 1. Given f € A and given an integer 
n > 1, set 


of) = ESETET TP) 


I+T\" 
unify =(=) f. 


Our purpose is to show that 
lim onl f) = lim Un(f) = PNa-rT) f. 
nw noo 


1. Check that N(I — T) = R(I —T)+. 
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2. Assume that f € R(/—T). Prove that there exists a constant C such that |on(f)| < 
C/nVn> 1. 
3. Deduce that for every f € H, one has 


lim on(f) = Pyu-nyf. 
n—->oo 
1 
4. Set S = 5 + T). Prove that 


(1) lu — Su|* + |Su|? < |u|}? Vue H. 


Deduce that 
Dis —Sitly? < ju? Wwe H 


and that 


|S” (u — Su)| < 


ile Vuce H Vn>l. 
+1 


5. Assume that f € R(I — T). Prove that there exists a constant C such that 


Un (PI < C/VnYn > 1. 
6. Deduce that for every f € H, one has 


lim Un(f) = Pya-r) f. 
n> 


Let C C H be a nonempty closed convex set and let T : C —> C bea 
nonlinear contraction, 1.e., 


|Tu— Tv| < |u— v| Wu,vec. 
1. Let (un) be a sequence in C such that 
un — u weakly and (un — Tun) > f strongly. 


Prove that u — Tu = f. 
[Hint: Start with the case C = H and use the inequality ((u — Tu) — (v—T v), u 
v) > 0 Yu, v.] 
2. Deduce that if C is bounded and T (C) C C, then T has a fixed point. 
[Hint: Consider Tu = (1—¢€)Tu+ea witha € C being fixedande > 0, € > 0.] 


5.23 | Zarantonello’s inequality. 
Let T : H —> H bea (nonlinear) contraction. Assume that a1, a@2,...,Q@) € R 
are such that a; > 0 Vi and et a; = 1. Assume that u1, u2,..., Un € H and set 


n 
o= J QiUi. 
i=1 
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Prove that 


1 n 
fro - reste] =5 aia lu = uj = Tu = Tuy? 
i=l i,j=1 


a. 


[Hint: Write 


n 
= ye ajaj;(To — Tui, To — Tuj) 
i,j=l 


n 2 
ro — X aiTu;i 
i=l 


and use the identity (a, b) = 5(\al? + |b|? — |a — b|?) -] 
What can one deduce when T is an isometry (i.e.,|Tu—T v| = |u—v| Yu, v € H)? 


5.24 | The Banach—Saks property. 


1. Assume that (un) is a sequence in H such that u, — O weakly. Construct by 
induction a subsequence (Un;) such that un, = u1 and 


Vk >2andVj = 1,2,...,k— 1. 


a= 


|Un;, un, )| < 
J 


Deduce that the sequence (op) defined by op = A yi Un, converges strongly 
toOas p > œ. 
[Hint: Estimate |op|?.] 

2. Assume that (u;,) is a bounded sequence in H. Prove that there exists a subse- 
quence (u,,) such that the sequence op = ; ei Un, converges strongly to a 
limit as p > œ. 

Compare with Corollary 3.8 and Exercise 3.4. 


5.25 | Variations on Opial’s lemma. 
Let K C H be a nonempty closed convex set. Let (un) be a sequence in H such 
that for each v € K the sequence (|v, — v|) is nonincreasing. 


1. Check that the sequence (dist(u,, K)) is nonincreasing. 

2. Prove that the sequence (Px un) converges strongly to a limit, denoted by £. 
[Hint: Use Exercise 5.4.] 

3. Assume here that the sequence (u,,) satisfies the property 


P) Whenever a subsequence (un,) converges weakly 


to some limit u € H, then u € K. 


Prove that u, — £ weakly. 

4. Assume here that ),.9A(K — K) = H. Prove that there exists some u € H such 
that u, — u weakly and Pru = £. 

5. Assume here that Int K 4 Ø. Prove that there exists some u € H such that u, —> u 
strongly. 
[Hint: Consider first the case that K is the unit ball and then the general case.] 
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6. Set on = 1 + u2 +--+ un) and assume that the sequence (0o) satisfies 
property (P). Prove that on — £ weakly. 


5.26 | Assume that (e„) is an orthonormal basis of H. 


1. Check that e, — 0 weakly. 

Let (an) be a bounded sequence in R and set un = 1 eet aiei. 
2. Prove that |u| > 0. 
3. Prove that ./n un — 0 weakly. 


5.27 | Let D C H be a subset such that the linear space spanned by D is dense in H. 
Let (En)n>1 be a sequence of closed subspaces in H that are mutually orthogonal. 
Assume that 


CO 
X [Peu = |u? Vu €D. 
n=1 


Prove that H is the Hilbert sum of the E,,’s. 


5.28 | Assume that H is separable. 


1. Let V C H be a linear subspace that is dense in H. Prove that V contains an 
orthonormal basis of H. 

2. Let (€n)n>1 be an orthonormal sequence in H, i.e., (e;, ej) = 6;;. Prove that there 
exists an orthonormal basis of H that contains ei {en}. 


5.29 | A lemma of Grothendieck. 
Let Q be a measure space with |Q| < oo. Let E be a closed subspace of L? (Q) with 
1 < p < œ. Assume that E C L% (Q). Our purpose is to prove that dim E < oo. 


1. Prove that there exists a constant C such that 


lulo < Cllullp Yu € E. 


[Hint: Use Corollary 2.8.] 
2. Prove that there exists a constant M such that 


lulo < Mllul2 Vue E. 
[Hint: Distinguish the cases 1 < p < 2 and2 < p < œ.] 
3. Deduce that E is a closed subspace of L (Q). 


In what follows we assume that dim E = ov. Let (en)n>1 be an orthonormal 
sequence of E (equipped with the L? scalar product). 


4. Fix any integer k > |. Prove that there exists a null set œ C Q such that 


i=l 


k k 1/2 
X wici) <M (£e) Vx E€ Q\w, Va = (1, &œ2,..., Œk) € RŠ. 


i=l 
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[Hint: Start with the case w € Q*.] 
5. Deduce that X% |e; (x)|? < M? Yx € Q\o. 
6. Conclude. 


5.30 | Let (en)n>1 be an orthonormal sequence in H = L?(0, 1). Let p(t) bea given 
function in H. 


1. Prove that for every t € [0, 1], one has 


[0,0] 
(1) > 
n=l 

2. Deduce that 


© al 
Q) 2i 
n=l 0 


3. Assume now that (en)n>1 is an orthonormal basis of H. 
Prove that (1) and (2) become equalities. 

4. Conversely, assume that equality holds in (2) and that p(t) 4 0 a.e. Prove that 
(€n)n>1 is an orthonormal basis. 


t 2 t 
f P(s)en(s)ds| < f |p(s)|?ds. 
0 0 


t 2 1 
i D(s)en(s)ds| dt < f MOKE — t)dt. 
0 0 


Example: p = 1. 


5.31 | The Haar basis. 

Given an integer n > 1, writen = k + 2?, where p > 0 and k > 0 are integers 
uniquely determined by the condition k < 2? — 1. Consider the function defined on 
(0, 1) by 


1 
2P/2 if k2-P <t < (k+ p2”, 
= 1 
Pn(t)=)_op/2 if (k+ z2? <t < (k +12, 
(0) elsewhere. 


Set go = | and prove that (#n)n>0 is an orthonormal basis of L?(0, 1). 


5.32 | The Rademacher system and the Walsh basis. 
For every integer i > 0 consider the function r;(t) defined on (0, 1) by r; (t) = 


(— pe (as usual [x] denotes the largest integer < x). 


1. Check that (7; );>0 is an orthonormal sequence in L?(0, 1) (called the Rademacher 
system). 

2. Is (7;);>0 an orthonormal basis? 
[Hint: Consider the function u = rır2.] 

3. Given an integer n > 0, consider its binary representation n = ae a2! with 
a; € {0, 1}. 
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Set 
£ 


wn) = | [o 


i=0 


Prove that (Wy)n>o is an orthonormal basis of L?(0, 1) (called the Walsh basis). 
Note that (r;)i>o is a subset of (wy )n>o. 


Chapter 6 


Compact Operators. Spectral Decomposition of 
Self-Adjoint Compact Operators 


6.1 Definitions. Elementary Properties. Adjoint 


Throughout this chapter, and unless otherwise specified, E and F denote two Banach 
spaces. 


Definition. A bounded operator T € L(E, F) is said to be compact if T (Bg) has 
compact closure in F (in the strong topology). 


The set of all compact operators from E into F is denoted by K(E, F). For 
simplicity one writes K(E) = K(E, E). 


Theorem 6.1. The set K(E, F) is a closed linear subspace of L(E, F) (in the topol- 
ogy associated to the norm || ||c(E,F))- 


Proof. Clearly the sum of two compact operators is a compact operator. Suppose 
that (7;,) is a sequence of compact operators and T is a bounded operator such that 
IZ, — T \lcce,F) — 9. We claim that T is a compact operator. Since F is complete 
it suffices to check that for every € > O there is a finite covering of T (Bg) with 
balls of radius ¢ (see, e.g., J. R. Munkres [1], Section 7.3). Fix an integer n such that 
Zn —Tllcece,F) < €/2. Since T, (Be) has compact closure, there is a finite covering 
of T (Bz) by balls of radius ¢/2, say T (Bg) C Use Bi €/2). It follows that 
T (Be) C UicrB (fi £). 


Definition. An operator T € L(E, F) is said to be of finite rank if the range of T, 
R(T), is finite-dimensional. 


Clearly, any finite-rank operator is compact and thus we have the following. 


Corollary 6.2. Let (T,,) be a sequence of finite-rank operators and let T € L(E, F) 
be such that \|T, — T ||c(E,F) > 0. Then T € K(E, F). 


x Remark 1. The celebrated “approximation problem” (Banach, Grothendieck) deals 


with the converse of Corollary 6.2: given a compact operator T does there always 
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exist a sequence (T„) of finite-rank operators such that ||) — T ||c(z,r) —> 0? The 
question was open for a long time until P. Enflo [1] discovered a counterexample 
in 1972. The original construction was quite complicated, and subsequently simpler 
examples were found, for example, with F being some closed subspace of £? (for 
any 1 < p < œ, p # 2). The interested reader will find a detailed discussion of 
the approximation problem in J. Lindenstrauss—L. Tzafriri [2]. Note that the answer 
to the approximation problem is positive in some special cases—for example if F 
is a Hilbert space. Indeed, set K = T (Bg). Given ¢ > 0 there is a finite covering 
of K with balls of radius £, say K C U;<, B(fi, €). Let G denote the vector space 
spanned by the f;’s and set Te = PGT, so that T, is of finite rank. We claim that 
7: — T\lcce,F) < 2¢. For every x € Bg there is some ig € J such that 


(1) Tx — fioll < £. 
Thus 

|| PeTx — Pe fioll < £, 
that is, 
(2) | PET x — fill < €. 


Combining (1) and (2), one obtains 
||PgTx —Tx|| <2e Vx € Bg, 


that is, 
IT: — Tee, Fr) < 28. 


[More generally, one sees that if F has a Schauder basis, then the answer to the 
approximation problem is positive for every space E and every compact operator 
from E into F.] 

In connection with the approximation problem, let us mention a technique that 
is very useful in nonlinear analysis to approximate a continuous map (linear or 
nonlinear) by nonlinear maps of finite rank. Let X be a topological space, let F 
be a Banach space, and let T : X —> F be a continuous map such that T(X) has 
compact closure in F. We claim that for every € > 0 there exists a continuous map 
T; : X — F of finite rank such that 


(3) |T-(x) —T(x)||<e Vxe Xx. 


Indeed, since K = T(X) is compact there is a finite covering of K, say K C 
Uier BUfi, €/2). Set 


gi (x) fi 


T.(x) = Saw with q; (x) = max{e — ||Tx — fill, 0}: 


iel 
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clearly T, satisfies (3). 

This kind of approximation is very useful, for example, to deduce Schauder’s 
fixed-point theorem from Brouwer’s fixed-point theorem (see, e.g., K. Deimling [1], 
A. Granas—J. Dugundji [1], J. Franklin [1], and Exercise 6.26). A similar construction, 
combined with the Schauder fixed-point theorem, has also been used in a surprising 
way by Lomonosov to prove the existence of nontrivial invariant subspaces for a 
large class of linear operators (see, e.g., C. Pearcy [1], N. Akhiezer-I. Glazman [1], 
A. Granas—J. Dugundji [1], and Problem 42). Another linear result that has a simple 
proof based on the Schauder fixed-point theorem is the Krein—Rutman theorem (see 
Theorem 6.13 and Problem 41). 


Proposition 6.3. Let E, F, and G be three Banach spaces. Let T € L(E, F) and 
SE€K(F, G) [resp.T € K(E, F) and S € L(F, G)]. Then So T € K(E, G). 


The proof is obvious. 
Theorem 6.4 (Schauder). If T € K(E, F), then T* € K(F*, E*). And conversely. 


Proof. We have to show that T*(Br*) has compact closure in E*. Let (vn) be a 
sequence in Bp». We claim that (T*(v,)) has a convergent subsequence. Set K = 
T (Bz); this is a compact metric space. Consider the set H C C(K) defined by 


H = {gn : x E€ K +> (vy, x);n = 1,2,...}. 


The assumptions of Ascoli—Arzela’s theorem (Theorem 4.25) are satisfied. Thus, 
there is a subsequence, denoted by Øn, that converges uniformly on K to some 
continuous function g € C(K). In particular, we have 


sup (Ung. Tu) — o(Tu)| — 0. 
ucBg k—> o0 
Thus 
sup [Wn Tu) — (Vne, Tu)| — 0, 
ucBr k,€—0o 


i.e., || T* Un, — T* vp, l| E* s5 0. Consequently T*v,, converges in E*. 
,l—>00 


Conversely, assume T* € K(F*, E*). We already know, from the first part, 
that T** e K(E*™*, F**). In particular, T** (Bg) has compact closure in F**. But 
T(Be) = T**(Bez) and F is closed in F**. Therefore T (Bg) has compact closure 
in F. 

Remark 2. Let E and F be two Banach spaces and let T € K(E, F). If (un) converges 
weakly to u in E, then (Tun) converges strongly to Tu. The converse is also true if 
E is reflexive (see Exercise 6.7). 


6.2 The Riesz—Fredholm Theory 


We start with some useful preliminary results. 
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Lemma 6.1 (Riesz’s lemma). Let E be an n.v.s. and let M C E be a closed linear 
space such that M # E. Then 


Ve >0 du € E such that ||u|| = 1 and dist(u, M) > 1 — e. 
Proof. Let v € E with v ¢ M. Since M is closed, then 
d = dist(v, M) > 0. 
Choose any mo € M such that 
d < |lv— moll < d/(1 — 8). 
Then 
v—mo 


u = ——— 
llv — moll 


satisfies the required properties. Indeed, for every m € M, we have 


— mo d 
m E, 


v 
lu — m|| = | > > 
lv lv — moll 


— mol 
since mọ + ||v — mo|lm € M. 


Remark 3. If M is finite-dimensional (or more generally if M is reflexive) one can 
choose ¢ = 0 in Lemma 6.1. But this is not true in general (see Exercise 1.17). 


e Theorem 6.5 (Riesz). Let E be an n.v.s. with Bg compact. Then E is finite- 
dimensional. 


Proof. Assume, by contradiction, that E is infinite-dimensional. Then there is a 
sequence (E,,) of finite-dimensional subspaces of E such that E,-; C En and 
En-1 4 En. By Lemma 6.1 there is a sequence (u) with u, € En such that 
lun || = 1 and dist(u,, En—1) > 1/2. In particular, ||un — um|| > 1/2 form < n. 
Thus (u,) has no convergent subsequence, which contradicts the assumption that B g 
is compact. 


e Theorem 6.6 (Fredholm alternative). Let T € K(E). Then 


(a) NU — T) is finite-dimensional, 

(b) RU — T) is closed, and more precisely RU — T) = NU — T*)Ł, 
(c) NI —T) = {0} © RU -T)=E, 

(d) dim NU — T) = dim N(J — T*). 


Remark 4. The Fredholm alternative deals with the solvability of the equation 
u—Tu = f. It says that 


e either for every f € E the equation u — Tu = f has a unique solution, 

e orthe homogeneous equation u— Tu = 0 admits n linearly independent solutions, 
and in this case, the inhomogeneous equation u — Tu = f is solvable if and only 
if f satisfies n orthogonality conditions, i.e., 
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feng). 


Remark 5. Property (c) is familiar in finite-dimensional spaces. If dim E < oo, a 
linear operator from E into itself is injective (= one-to-one) if and only if it is 
surjective (= onto). However, in infinite-dimensional spaces a bounded operator 
may be injective without being surjective and conversely, for example the right shift 
(resp. the left shift) in £ (see Remark 6). Therefore, assertion (c) is a remarkable 
property of the operators of the form J — T with T € K(E). 


Proof. 


(a) Let Ej = N(I —T). Then Bg, C T(Be) and thus Bg, is compact. By Theorem 
6.5, E; must be finite-dimensional. 

(b) Let fa = un— Tun —> f.Wehave to show that f e RU —T).Setd, = dist(un, 
N(I —T)). Since N(I — T) is finite-dimensional, there exists v, € NU — T) 
such that dn = ||Un — vall. We have 


(4) fn = Un — Un) — T (un — vn). 


We claim that ||un — vn || remains bounded. Suppose not; then there is a subse- 
quence such that ||un, — Un, || > œ. Set wn = (Un — Un)/||Un — Un||. From (4) 
we see that wn, — Twa, — 0. Choosing a further subsequence (still denoted 
by wn, for simplicity), we may assume that Twn, —> z. Thus wy, —> z and 
z € NU — T), so that dist(wn,, NU — T)) — 0. On the other hand, 


dist(un, Ni —T)) _ 


lun — va || 


dist(wn, NU — T)) = 1 


(since vn € NU — T)); a contradiction. 

Thus ||un — v,|| remains bounded, and since T is a compact operator, we may 
extract a subsequence such that T (un, — Vn) converges to some limit £. From 
(4) it follows that un, — Un, > f +£. Letting g = f +£, we have g- Tg = f, 
i.e., f € RU — T). This completes the proof of the fact that the operator (J — T) 
has closed range. We may therefore apply Theorem 2.19 and deduce that 


R(I—-T)=N(I—T*)*, RU-T*)=NU-T)t. 


(c 


wm 


We first prove the implication =>. Assume, by contradiction, that 
Ei =RU-T)#E. 


Then Æ; is a Banach space and T(E£\) C E1. Thus Tg, € K(E1) and E2 = 
(I — T)(E}) is a closed subspace of E;. Moreover, E2 Æ E; (since (J — T) is 
injective). Letting En = (J — T)” (E), we obtain a (strictly) decreasing sequence 
of closed subspaces. Using Riesz’s lemma we may construct a sequence (un) 
such that uy, € En, ||uy|| = 1 and dist(uy,, En+1) > 1/2. We have 


Tuy — Tum = — (ün — Tun) + Um — Tum) + Un — Um). 
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Note that ifn > m, then En+1 C En C Em+1 C Em and therefore 
— (un — Tun) + (Um — Tum) + Un € Em+1- 


It follows that |T un — Tuml|| > dist(um, Em+1) > 1/2. This is impossible, since 
T is a compact operator. Hence we have proved that RU — T) = E. 
Conversely, assume that R(I — T) = E. By Corollary 2.18 we know that N (I — 
T*) = R(I —T)+ = {0}. Since T* € K(E*), we may apply the preceding step 
to infer that RU — T*) = E*. Using Corollary 2.18 once more, we conclude 
that NU — T) = R(I — T*)* = {0}. 

Set d = dim N(I — T) and d* = dim N(J — T*). We will first prove that 
d* < d. Suppose not, that d < d*. Since N(I — T) is finite-dimensional, it 
admits a complement in E (see Section 2.4, Example 1). Thus there exists a 
continuous projection P from E onto N (I — T). On the other hand, RU — T) = 
N(I — T*)* has finite codimension d* (see Section 2.4, Example 2) and thus it 
has a complement (in E), denoted by F, of dimension d*. Since d < d*, there 
is a linear map A : N(I — T) — F that is injective and not surjective. Set 
S = T + A o P. Then S € K(E), since A o P has finite rank. 

We claim that N(J — S) = {0}. Indeed, if 


(d 


wm 


0 = u — Su = (u — Tu) — (A o Pu), 


then 
u—Tu=0 and A^AoPu=0, 
i.e., u € NU — T) and Au = 0. Therefore, u = 0. 


Applying (c) to the operator S, we obtain that R(J — S) = E. This is absurd, since 
there exists some f € F with f ¢ R(A), and so the equation u — Su = f has no 
solution. 

Hence we have proved that d* < d. Applying this fact to T*, we obtain 


dim N(I — T**) < dim N(I — T*) < dim N(I — T). 


But N(I — T**) D N(I — T) and therefore d = d*. 


6.3 The Spectrum of a Compact Operator 


Here are some important definitions. 


Definition. Let T € L(E). 
The resolvent set, denoted by p(T), is defined by 


p(T) = {A € R; (T — AI) is bijective from E onto E}. 


The spectrum, denoted by o(T), is the complement of the resolvent set, i.e., 
o(T) = R\e(T). A real number å is said to be an eigenvalue of T if 
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N(T —Al) # {0}; 


N(T — AI) is the corresponding eigenspace. The set of all eigenvalues is denoted 
by EV(T).! 

It is useful to keep in mind that if A € p(T) then (T — àI)! € L(E) (see 
Corollary 2.7). 


Remark 6. It is clear that EV(T) C o(T). In general, this inclusion can be strict:2 
there may exist some A such that 


N(T —AI1) ={0} and R(T-AI#E 


(such a A belongs to the spectrum but is not an eigenvalue). Consider, for example, 
in E = £? the right shift, i.e., Tu = (0, u1, u2,...) with u = (u1, U2, U3,...). 
Then 0 € o(T), while O ¢ EV(T). In fact, in this case EV(T) = Ø, while 
o(T) = [—1, +1] (see Exercise 6.18). It may of course happen, in finite- or infinite- 
dimensional spaces, that EV(T) = o(T) = Ø; consider, for example, a rotation 
by 2/2 in R?, or in £ the operator Tu = (—u2, Uy, —U4, U3,...). If we work in 
vector spaces over C (see Section 11.4) the situation is totally different; the study of 
eigenvalues and spectra is much more interesting in spaces over C. As is well known, 
in finite-dimensional spaces over C, EV (T) = o (T) 4 Ø (these are the roots of the 
characteristic polynomial). In infinite-dimensional spaces over C a nontrivial result 
asserts that o (T) is always nonempty (see Section 11.4). However, it may happen 
that EV (T) = @ (take for example the right shift in E = g). 


Proposition 6.7. The spectrum o (T) of a bounded operator T is compact and 
o (T) C [>IT +I TI]. 


Proof. Letà € Rbesuch that |A| > ||T ||. We will show that T —AJ is bijective, which 
implies that o (T) C [—||T |, +||T ||]. Given f € E, the equation Tu — Au = f has 
a unique solution, since it may be written as u = A~!(Tu — f) and the contraction 
mapping principle (Theorem 5.7) applies. 

We now prove that o(T) is open. Let Ag € p(T). Given à € R (close to Ag) and 
f € E, we try to solve 


(5) Tu—du= f. 
Equation (5) may be written as 

Tu —dAgu= f + A —Ao)u, 
i.e., 


(6) u = (T —Agl) ‘Lf + A — à0)u]. 


1 Some authors write o,(T) (= point spectrum) instead of E V (T). 
2 Of course, if E is finite-dimensional, then EV (T) = ø (T). 
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Applying the contraction mapping principle once more, we see that (6) has a solu- 
tion if 

JA —Aoll(T — dot)" < 1. 
e Theorem 6.8. Let T € K(E) with dim E = œ, then we have: 


(a) 0 € o(T), 
(b) o (T)\{0} = EV(T)\{0}, 
(c) one of the following cases holds: 


e o(T) = {0}, 
e  o(T)\{0} is a finite set, 
e o(T)\{O} is a sequence converging to 0. 


Proof. 


(a) Suppose not, that 0 ¢ o (T). Then T is bijective and J = T o TT! is compact. 
Thus Bg is compact and dim E < œo (by Theorem 6.5); a contradiction. 

(b) Let à € o (T), A Æ 0. We shall prove that À is an eigenvalue. Suppose not, that 
N(T — àI) = {0}. Then by Theorem 6.6(c), we know that R(T — AJ) = E and 
therefore à € p(T); a contradiction. 


For the proof of assertion (c) we shall use the following lemma. 


Lemma 6.2. Let T € K(E) and let (An)n>1 be a sequence of distinct real numbers 
such that 
Àn > À 


and 
An € O(T)\{O} Yn. 


Then à = 0. 
In other words, all the points of o (T)\{0} are isolated points. 


Proof. We know that àn € EV(T); let en 4 0 be such that (T — ànI)en = 0. Let 
En be the space spanned by {e1, e2,..., en}. We claim that En C En41, En Æ Ens 
for all n. It suffices to check that for all n, the vectors e1, e2,..., , are linearly 
independent. The proof is by induction on n. Assume that this holds up to n and 
suppose that en+1 = )-/_, aje;. Then 


n n 
Ten+1 = X aries = Ys aidnyiei. 
i=1 i=) 


It follows that aj(Aj — àn+1) = O fori = 1,2,...,n and thus a; = O fori = 
1,2,...,; a contradiction. Hence we have proved that En C En+1, En Æ En+i 
for all n. 

Applying Riesz’s lemma (Lemma 6.1), we may construct a sequence (un)n>1 Such 
that un € En, ||un|| = 1 and dist(un, En—1) => 1/2 for all n > 2. For2 <m <n 
we have 
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Em-1 G Em G En-1 Cc En. 
On the other hand, it is clear that (T — A,J)E, C En-1. Thus we have 


n—Um 


Tun Tum 
An Am 


(Tun — Anun) (Tum — AmUm) 
+u 
Àn Àm 


> dist(un, En-1) = 1/2. 


If àn — à and à Æ O we have a contradiction, since (Tun) has a convergent 
subsequence. 


Proof of Theorem 6.8, concluded. For every integer n > 1 the set 
o(T)N {A €R; |A| > 1/n} 


is either empty or finite (if it had infinitely many distinct points we would have a 
subsequence that converged to some à with |A| > 1/n—since o(T) is compact— 
and this would contradict Lemma 6.2). Hence if o (T)\ {0} has infinitely many distinct 
points we may order them as a sequence tending to 0. 


Remark 7. Given any sequence (œn) converging to 0 there is a compact operator T 
such that o (T) = (a) U {0}. In £? it suffices to consider the multiplication operator 


T defined by Tu = (a1 U1, 02U2,..., AnUn,...), Where u = (u1, U2,...,Un,...-). 
Note that T is compact, since T is a limit of finite-rank operators. More precisely, let 
T u = (11, A2U2,..., ÆnUn, 0,0, ...); then ||7,, — T|| — O. In this example, we 


also see that 0 may or may not belong to EV (T). On the other hand, if0 € EV(T), 
the corresponding eigenspace, i.e., N(T), may be finite- or infinite-dimensional. 


6.4 Spectral Decomposition of Self-Adjoint Compact Operators 


In what follows we assume that E = H is a Hilbert space and that T € L(A). 
Identifying H* and H, we may view T* as a bounded operator from A into itself. 


Definition. A bounded operator T € £(H) is said to be self-adjoint if T* = T, i.e., 


(Tu, v) = (u, Tv) Vu,veé H. 


Proposition 6.9. Let T € L(H) be a self-adjoint operator. Set 


m = inf (Tu,u) and M = sup (Tu, u). 
ucH ucH 
jul=1 juj=1 


Theno(T) C [m, M],m € o(T), andM € o(T). Moreover, ||T || = max{|m|, |M]}. 
Proof. Let à > M; we will prove that à € p(T). We have 


(Tu,u) < Mul? Vue H, 
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and therefore 
(Au — Tu, u) > (A— M)|u|? = aul? Vu € H, witha > 0. 


Applying Lax—Milgram’s theorem (Corollary 5.8), we deduce that AJ — T is bijective 
and thus A € o(T). Similarly, any à < m belongs to e(T) and therefore o (T) C 
[m, M]. 
We now prove that M € a (T) (the proof that m € o(T) is similar). The bilinear 
form a(u, v) = (Mu — Tu, v) is symmetric and satisfies 
a(v, v) > 0 VWue H. 


Hence, it satisfies the Cauchy—Schwarz inequality 


la(u, v)| < a(u,u)'/a(v, v)? Vu,u € A, 


|(Mu — Tu, v)| < (Mu — Tu, u)'/2(Mv — Tv, v)! Wu, v € H. 
It follows that 
(7) |Mu — Tu| < C(Mu — Tu, u)! Vue H. 


By the definition of M there is a sequence (un) such that |u,| = 1 and (Tun, un) > 

M. From (7) we deduce that |Mu, — Tu,| — O and thus M € o(T) (since if 

M € p(T), then un = (MI — T)! (Mun — Tun) > 0, which is impossible). 
Finally, we prove that ||T || = u, where u = max{|m|, |M|}. Write Yu, v € H, 


(T (u + v), u + v) = (Tu, u) + (Tv, v) + 2(Tu, v), 
(T (u — v), u — v) = (Tu, u) + (Tv, v) — 2(Tu, v). 


Thus 


4(Tu, v) = (T (u + v), u + v) — (T (u — v), u — v) 


< Mļ|u + v|? — mļu — v}, 
and therefore 
2 De 2 2 
4\(Tu, v)| < wu + vil + |u = v^) = 2u (luf + w^). 


Replacing v by av with œ > 0 yields 


|u|? 2 
4|(Tu, v)| < 2u +alv|” }. 


a 
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Next we minimize the right-hand side over @, i.e., choose a = |u|/|v|, and then we 
obtain 
(Tu, v)| < ulul |v| Vu, v, so that ||T || < u. 


On the other hand, it is clear that |(Tu,u)| < ||T|| |u|?, so that |m| < ||T|| and 
|M] < IIT ||, and thus w < ||]. 


Corollary 6.10. Let T € L(A) be a self-adjoint operator such that o (T) = {0}. 
Then T = 0. 


Our last statement is a fundamental result. It asserts that every compact self-adjoint 
operator may be diagonalized in some suitable basis. 


e Theorem 6.11. Let H be a separable Hilbert space and let T be a compact self- 
adjoint operator. Then there exists a Hilbert basis composed of eigenvectors of T. 


Proof. Let (An)n>1 be the sequence of all (distinct) nonzero eigenvalues of T. Set 
4o=0, Eg=N(T), and EF, = N(T—-A,/). 


Recall that 
O<dim Eọ <œ and 0 < dim En, < œo. 


We claim that H is the Hilbert sum of the E,,’s,n = 0,1,2,... (in the sense of 
Section 5.4): 

(i) The spaces (En)n>0 are mutually orthogonal. 

Indeed, if u € Em and v € E, with m Æ n, then 


Tu=dAmu and Tv = àpo, 


so that 
(Tu, v) = Am(u, v) = (u, Tv) = Antu, v). 


Therefore 
(u, v) = 0. 


(ii) Let F be the vector space spanned by the spaces (En )n>0. We shall prove that 
F is dense in H. 
Clearly, T (F) C F. It follows that T(F+) c Ft; indeed, given u € F+ we have 


(Tu, v) = (u, Tv) =0 WweF, 


so that Tu € F+. The operator T restricted to F+ is denoted by Tọ. This is a self- 
adjoint compact operator on F+. We claim that o (To) = {0}. Suppose not; suppose 
that some A Æ 0 belongs to o (To). Since A € EV (Tọ), there is some u € Ftyu Æ 0, 
such that Tou = Au. Therefore, A is one of the eigenvalues of T, say A = A, with 
n > 1.Thusu € En C F.Sinceu € FN F, we deduce that u = 0; a contradiction. 

Applying Corollary 6.10, we deduce that To = 0, i.e., T vanishes on F+. It follows 
that F+ C N(T). On the other hand, N(T) C F and consequently F L c F. This 
implies that F- = {0}, and so F is dense in H. 
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Finally, we choose in each subspace (Ey, )n>0 a Hilbert basis (the existence of such 
a basis for Ep follows from Theorem 5.11; for the other E,,’s,n > 1, this is obvious, 
since they are finite-dimensional). The union of these bases is clearly a Hilbert basis 
for H, composed of eigenvectors of T. 


Remark 8. Let T be a compact self-adjoint operator. From the preceding analysis we 
may write any element u € H as 


CO 
u= Xon with un € En. 
n=0 


Then Tu = ee Ànn. Given an integer k > 1, set 


k 
Tku = X Ànn. 
n=1 


Clearly, Tę is a finite-rank operator and 


lZk —T\| < sup |àal—> 0 ask—> oœ. 
n>k+1 


Recall that in fact, in a Hilbert space, every compact operator—not necessarily self- 
adjoint—is the limit of a sequence of finite-rank operators (see Remark 1). 


Comments on Chapter 6 


x 1. Fredholm operators. 

Theorem 6.6 is the first step toward the theory of Fredholm operators. Given two 
Banach spaces E and F, one says that A € L(E, F) is a Fredholm operator (or a 
Noether operator)—one writes A € ®(E, F)—if it satisfies: 


(i) N(A) is finite-dimensional, 


(ii) R(A) is closed and has finite codimension.’ 


The index of A is defined by 
ind A = dim N(A) — codim R(A). 


For example, A = I — T with T € K(E) is a Fredholm operator of index zero; this 
follows from Theorem 6.6. 
The main properties of Fredholm operators are the following: 


3 Let A € L(E, F) be such that N(A) is finite-dimensional and R(A) has finite codimension (i.e., 
there is a finite-dimensional space G C F such that R(A) + G = F). Then it follows that R(A) is 
closed (see Exercise 2.27). 
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(a) The class of Fredholm operators ®(£, F) is an open subset of L(E, F) and the 
map A +> ind A is continuous; thus it is constant on each connected component 
of ®(E, F). 

(b) Every operator A € ®(E, F) is invertible modulo finite-rank operators, i.e., 
there exists an operator B € L(F, E) such that 


(Ao B — If) and (B o A — Ip) are finite-rank operators. 


Conversely, let A € L(E, F) and assume that there exists B € L(F, E) such 
that 
AoB-—IreK(F) and BoA—IgeK(E). 


Then A € ®(E, F). 

(c) If A € ®(E£, F) and T € K(E, F) then A +T €e (E, F) and ind(A + T) = 
indA. 

(d) If A € ®(E, F) and B € ®(F,G) then BoA € ®(E, G) and ind(B o A) = 
ind(A)+ind(B). 


On this question, see, e.g., T. Kato [1], M. Schechter [1], S. Lang [1], A. E. Taylor- 
D. C. Lay [1], P. Lax [1], L. Hérmander [2] (volume 3), and Problem 38. 


x 2. Hilbert-Schmidt operators. 

Let H be a separable Hilbert space. A bounded operator T € L(H) is called a 
Hilbert-Schmidt operator if there is a Hilbert basis (e„) in H such that || TI% s= 
X Ten |> < oo. One can prove that this definition is independent of the basis and 
that || ||zzs5 is a norm. Every Hilbert—Schmidt operator is compact. Hilbert-Schmidt 
operators play an important role, in particular because of the following: 


Theorem 6.12. Let H = L?(Q) and K (x, y) € L?(Q x Q). Then the operator 
u |> (Ku)(x) = / K (x, y)u(y)dy 
Q 


is a Hilbert—Schmidt operator. 
Conversely, every Hilbert-Schmidt operator on L?(Q) is of the preceding form 
for some unique function K(x, y) € L?(Q x Q). 


On this question, see, e.g., A. Balakrishnan [1], N. Dunford—J. T. Schwartz [1], 
Volume 2, and Problem 40. 


3. Multiplicity of eigenvalues. 

Let T € K(E) and let A € o(T)\{0}. One can show that the sequence N ((T — ADS), 
k =1,2,...,1is strictly increasing up to some finite p and then it stays constant (see, 
e.g., A. E. Taylor—D. C. Lay [1], E. Kreyszig [1], and Problem 36). This integer p is 
called the ascent of (T — AJ). The dimension of N (T — XJ) is called by some authors 
the geometric multiplicity of à, and the dimension of N((T — AJ)?) is called the 
algebraic multiplicity of à; they coincide if E is a Hilbert space and T is self-adjoint 
(see Problem 36). 
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4. Spectral analysis. 

Let H bea Hilbert space. Let T € £(H) bea self-adjoint operator, possibly not com- 
pact. There is a construction called the spectral family of T that extends the spectral 
decomposition of Section 6.4. It allows one in particular to define a functional cal- 
culus, i.e., to give a sense to the quantity f (T) for any continuous function f. It also 
extends to unbounded and non-self-adjoint operators, provided one assumes only 
that T is normal, i.e., TT* = T*T. Spectral analysis is a vast subject, especially in 
Banach spaces over C (see Section 11.4), with many applications and ramifications. 
For an elementary presentation see, e.g., W. Rudin [1], E. Kreyszig [1], A. Fried- 
man [3], and K. Yosida [1]. For a more complete exposition, see, e.g., M. Reed—B. Si- 
mon [1], T. Kato [1], R. Dautray—J.-L. Lions [1], Chapters VII and IX, N. Dunford- 
J. T. Schwartz [1], Volume 2, N. Akhiezer—-I. Glazman [1], A. E. Taylor—D. C. Lay [1], 
J. Weidmann [1], J. B. Conway [1], P. Lax [1], and M. Schechter [2]. 


5. The min-max principle. The min-max formulas, due to Courant—Fischer, provide 
a very useful way of computing the eigenvalues; see, e.g., R. Courant—D. Hilbert [1], 
P. Lax [1], and Problem 37 . The monograph of H. Weinberger [2] contains numerous 
developments on this subject. 


6. The Krein—Rutman theorem. 
The following result has useful applications in the study of spectral properties of 
second-order elliptic operators (see Chapter 9). 


x Theorem 6.13 (Krein—Rutman). Let E be a Banach space and let P be a convex 
cone with vertex at 0, i.e., Ax + uy € PVA > 0, Vu > 0, Vx € P, Vy eP. 
Assume that P is closed, Int P 4 Ø, and P # E. Let T € K(E) be such that 
T (P\{0}) C Int P. Then there exist some xo € Int P and some X49 > Q such that 
Txo = Aox0; moreover, àq is the unique eigenvalue corresponding to an eigenvector 
of T in P, i.e., Tx = Ax withx € P and x # 0, imply à = ho and x = mxo for 
some m > Q. Finally, 
Ag = max{|A|; A € o(T)}, 


and the multiplicity (both geometric and algebraic) of à equals one. 


The proof presented in Problem 41 is due to P. Rabinowitz [2]. Variants of the 
above Krein—Rutman theorem may be found, e.g., in H. Schaefer [1], R. Nussbaum 
[1], F. F. Bonsall [1], and J. F. Toland [4]. 


Exercises for Chapter 6 


6.1) Let E = P with 1 < p < œ (see Section 11.3). Let (àn) be a bounded 
sequence in R and consider the operator T € £(E) defined by 


Tx = (1X1, A2x2,...,AnXn,--+)s 


where 
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X = (X1,X2,...,Xn,...). 


Prove that T is a compact operator from E into E iff àn — 0. 


6.2 | Let E and F be two Banach spaces, and let T € L(E, F). 


1. Assume that E is reflexive. Prove that T (Bg) is closed (strongly). 

2. Assume that E is reflexive and that T € K(E, F). Prove that T (Bg) is compact. 

3. Let E = F = C([0, 1]) and Tu(t) = J u(s)ds. Check that T € K(E). Prove 
that T (Bg) is not closed. 


6.3 |Let E and F be two Banach spaces, and let T € K(E, F). Assume dim E = œ. 
Prove that there exists a sequence (un) in E such that ||un||g = 1 and ||Tun||r — 0. 


[Hint: Argue by contradiction. ] 


6.4| Let 1 < p < oo. Check that P” C co with continuous injection (for the 
definition of £? and cg, see Section 11.3). 
Is this injection compact? 


[Hint: Use the canonical basis (e,,) of £?.] 


6.5 | Let (àn) be a sequence of positive numbers such that limp—oo An = +00. Let 
V be the space of sequences (un)n>1 such that 


OO 
X Anlunl? < 00. 
n=1 


The space V is equipped with the scalar product 


(u, v)) = $ Anta tn. 


n=1 


Prove that V is a Hilbert space and that V C £? with compact injection. 


6.6| Let 1 < q < p < œ. Prove that the canonical injection from L? (0, 1) into 
L1 (0, 1) is continuous but not compact. 


[Hint: Use Rademacher’s functions; see Exercise 4.18.] 


6.7| Let E and F be two Banach spaces, and let T € L(E, F). Consider the 
following properties: 


(P) 


eg every weakly convergent sequence (un) in E, 


Un — u, then Tu, — Tu strongly in F. 


(Q) T is continuous from E equipped with the weak topology 
o(E, E*) into F equipped with the strong topology. 
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1. 


Prove that 
(Q) } T isa finite-rank operator. 


. Prove that T € K(E, F) => (P). 
. Assume that either E = £! or F = £!. Prove that every operator T € L(E, F) 


satisfies (P). 
[Hint: Use a result of Problem 8.] 


In what follows we assume that E is reflexive. 


. Prove that T € K(E, F) ==> (P). 
. Deduce that every operator T € L(E, £!) is compact. 
. Prove that every operator T € L(co, E) is compact. 


[Hint: Consider the adjoint operator T*.] 


6.8 | Let E and F be two Banach spaces, and let T € K(E, F). Assume that R(T) 


is closed. 


1. 


2, 


Prove that T is a finite-rank operator. 
[Hint: Use the open mapping theorem, i.e., Theorem 2.6.] 


Assume, in addition, that dim N(T) < oo. Prove that dim E < oo. 


6.9 | Let E and F be two Banach spaces, and let T € L(E, F). 


1. 


2, 


3. 
4. 


Prove that the following three properties are equivalent:* 
(A) dim N(T) < œ and R(T) is closed. 


There are a finite-rank projection operator P € L(E) 
(B) and a constant C such that 
lule < C(|Tullr + ||Pulle) Yu € E. 


There exist a Banach space G, an operator 
(C) Q € K(E, G), and a constant C such that 
lule < C(|Tullr + ||Quila) Vu € E. 


[Hint: When dim N (T) < œ consider a complement of N (T); see Section 2.4.] 
Compare with Exercise 2.12. 

Assume that T satisfies (A). Prove that (T + S) also satisfies (A) for every S € 
K(E, F). 

Prove that the set of all operators T € L(E, F) satisfying (A) is open in L(E, F). 
Let Fo be a closed linear subspace of F, and let $ € K(Fo, F). 


Prove that (J + S)(Fo) is a closed subspace of F. 


4A projection operator is an operator P such that P? =P. 
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6.10 | Let Q(t) = a axt* be a polynomial such that Q(1) # 0. Let E be a 
Banach space, and let T € L(E). Assume that Q(T) € K(E). 


1. Prove that dim NU — T) < oo, and that RU — T) is closed. More generally, 
prove that (J — T)(Eo) is closed for every closed subspace Eg C E. 


[Hint: Write O(1) — Q(t) = DWA — t) for some polynomial O and apply 
Exercise 6.9.] 


2. Prove that VJ — T) = {0} & RU - T) = E. 
3. Prove that dim N (I — T) = dim NCU — T*). 


[Hint for questions 2 and 3: Use the same method as in the proof of Theorem 6.6.] 


6.11 | Let K be a compact metric space, and let E = C(K; R) equipped with the 
usual norm ||u|| = max,ex|u(x)|. 

Let F C E be a closed subspace. Assume that every function u € F is Hélder 
continuous, 1.e., 


Vu € F da €e (0,1) and§al such that 
ju(x) —u(y)| < Ld(x, y)* Vx,yeK. 


The purpose of this exercise is to show that F is finite-dimensional. 


1. Prove that there exist constants y € (0, 1] and C > 0 (both independent of u) 
such that 


|u(x) —u(y)| < Cllul|ld(x, y)” Vue F, Vx,ye K. 


[Hint: Apply the Baire category theorem (Theorem 2.1) with 
F, = {u € F; u(x) — u(y)| < nd(x, y)!” Vx, y € K}.] 


2. Prove that Br is compact and conclude. 


6.12 |A lemma of J.-L. Lions. 

Let X, Y, and Z be three Banach spaces with norms || ||x, || ||y, and || || z. Assume 
that X C Y with compact injection and that Y C Z with continuous injection. 
Prove that 


Ve > 0 3C; > 0 satisfying |lully < ellully + Cellullz Vue X. 


[Hint: Argue by contradiction. ] 
Application. Prove that Ve > 0 3C, > 0 satisfying 


max |u| < emax|u’'|+C,|lul[p1 Vu € c!({0, 1]). 
[0,1] [0,1] 
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6.13 | Let E and F be two Banach spaces with norms || || g and || || F. Assume that 
E is reflexive. Let T € K(E, F). Consider another norm | | on E, which is weaker 
than the norm || ||z, i.e., |u| < Cllu|le Vu € E. Prove that 


Ve > 0 3C; > 0 satisfying ||Tull|r < ellulle + Ceļu] Vue E. 


Show that the conclusion may fail when E is not reflexive. 


[Hint: Take E = C((0, 1]), F = R, llull = llull% and |u| = llul 71.) 


6.14 | Let E be a Banach space, and let T € L(E) with ||T|| < 1. 


1. Prove that (J — T) is bijective and that 
I-T < 1/0- ITI. 
2. Set Sn = I +T +--+ +T”! Prove that 


ISa — O- T'I < ITI" /G = ITI). 


6.15 | Let E be a Banach space and let T € L(E). 


1. Let A € R be such that |A| > ||T ||. Prove that 
IZ +AT -ADT < (IT I/ al ITI. 
2. Let à € p(T). Check that 
(TS PST aay, 


and prove that 
dist(à, o (T)) > 1/I\(T —Aly "I. 


3. Assume that 0 € p(T). Prove that 
oe = 1/0o(T). 
In what follows assume that 1 € p(T); set 
varT =N s= TEN: 


4. Check that | € o(U) and give a simple expression for (U — I )—! in terms of T. 
5. Prove that T = (U + I)(U — D7}. 
6. Consider the function f(t) = (t + 1)/@ — 1), ż € R. Prove that 


o (U) = f(o(T)). 


6.16 | Let E be a Banach space and let T € L(E). 
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1. Assume that T? = I. Prove that o (T) C {—1, +1} and determine (T — AT)! 
for à A +1. 

2. More generally, assume that there is an integer n > 2 such that T” = J. Prove 
that o(T) C {—1, +1} and determine (T — AI! forà Æ l1. 

3. Assume that there is an integer n > 2 such that T” = 0. Prove that o (T) = {0} 
and determine (T — AI)! for à Æ 0. 

4. Assume that there is an integer n > 2 such that ||T”|| < 1. Prove that J — T is 
bijective and give an expression for (J — T)! in terms of (J — T”)7! and the 
iterates of T. 


6.17| Let E = £? with 1 < p < œ and let (àn) be a bounded sequence in R. 
Consider the multiplication operator M € L(E) defined by 


Mx = (A1x1, A2%2,...,AnXn,...), Where x = (X1,%2,...,Xn,...). 


Determine EV (M) and o (M). 


6.18 | Spectral properties of the shifts. 
An element x € E = €? is denoted by x = (0 %2,..-,Xn,---)- 
Consider the operators 


Spx = (0, X1, X2, -+ Xn=1> -+ ), 


and 
Sex = (x2, X3, X4, <.. n+l- ae 


respectively called the right shift and left shift. 


. Determine ||S,|| and || S¢||. Does S, or Se belong to K(E)? 

. Prove that EV(S,) = Ø. 

. Prove that o(S,) = [—1, +1]. 

. Prove that EV (Se) = (—1, +1). Determine the corresponding eigenspaces. 

. Prove that o (Se) = [—1, +1]. 

. Determine S* and S7. 

. Prove that for every à € (—1, +1), the spaces R(S, — AJ) and R(S,¢ — AJ) are 
closed. Give an explicit representation of these spaces. 


[Hint: Apply Theorems 2.19 and 2.20.] 


NYDN WNeE 


8. Prove that the spaces R(S, + J) and R(S¢ + I) are dense and that they are not 
closed. 


Consider the multiplication operator M defined by 
Mx = (1X1, A2X2,...,AnXn,.--), 


where (œn) is a bounded sequence in R. 
9. Determine EV (S, o M). 
10. Assume that a, —> a@ as n > oo. Prove that 
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a(S; o M) =[—|a|, +a]. 


[Hint: Apply Theorem 6.6.] 
11. Assume that for every integer n, a2, = a and &2n+1 = b witha Æ b. Determine 
o (S, o M). 


[Hint: Compute (S, o M)? and apply question 4 of Exercise 6.16.] 


6.19 | Let E be a Banach space and let T € L(E). 


1. Prove that o (T*) = o (T). 
2. Give examples showing that there is no general inclusion relation between EV (T) 
and EV (T*). 


[Hint: Consider the right shift and the left shift.] 


6.20 | Let E = L? (0, 1) with 1 < p < œ. Given u € E, set 


Tu(x) = [ u(t)dt. 
0 


1. Prove that T € K(E). 
2. Determine EV (T) ando(T). 
3. Give an explicit formula for (T — AIDT! when A € p(T). 


4. Determine T*. 


6.21 | Let V and H be two Banach spaces with norms || || and || respectively, 
satisfying 


V C H with compact injection. 


Let p(u) be aseminorm on V such that p(w) +|u| is a norm on V that is equivalent 
to || |l. 
Set 
N = {u € V; p(u) = 0}, 


and 
dist(u, N) = inf ||u — v|| foru € V. 
veN 


1. Prove that N is a finite-dimensional space. 
[Hint: Consider the unit ball in N equipped with the norm | |.] 


2. Prove that there exists a constant Kı > O such that 


plu) < Ki, dist(u, N) Vue V. 


3. Prove that there exists a constant K2 > 0 such that 
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Ko disttu,N) < pu) Vue V. 


[Hint: Argue by contradiction. Assume that there is a sequence (un) in V such 
that dist(u,, N) = 1 for all n and p(u,) > 0.] 


6.22 | Let E be a Banach space, and let T € £(E). Given a polynomial Q(t) = 
Xt oat" with ax € R, let Q(T) = X }_o aT. 

1. Prove that O(EV(T)) C EV(Q(T)). 

2. Prove that Q(o(T)) C o(Q(T)). 


3. Construct an example in E = R? for which the above inclusions are strict. 


In what follows we assume that E is a Hilbert space (identified with its dual space 
A”) and that T* = T. 


4. Assume here that the polynomial Q has no real root, i.e., Q(t) #0 WteR. 
Prove that Q(T) is bijective. 


[Hint: Start with the case that Q is a polynomial of degree 2 and more specifically, 
O(t)=t? +1.] 


5. Deduce that for every polynomial Q, we have 


© Q(EV(T)) = EV(Q(T)), 
Gi) QO(o(T)) = o (Q(T)). 


[Hint: Write O(t) —A = (t — ti)\(t— t2) -- (t — tq) O(t), where t1, f2,..., tg are 
the real roots of Q(t) — A and Q has no real root.] 


6.23 | Spectral radius. 
Let E be a Banach space and let T € L(E). Set 


an = log||T"||, n> I. 


1. Check that 
đi+j Sai +a; Vi, j> 1. 


2. Deduce that 


lim (an/n) exists and coincides with inf (am/m). 
n—>+00 m>1 


[Hint: Fix an integer m > 1. Given any integer n > 1 write n = mq + r, where 
q= [=] is the largest integer < n/m and0 <r < m. Note that a < Zam +a,.] 


3. Conclude that r(T) = limpo || T” ||!/” exists and that r(T) < ||7'||. Construct 
an example in E = R? such that r(T) = 0 and ||7|| = 1. 


The number r (T) is called the spectral radius of T. 
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4. Prove that o (T) C [~-r (T), +r(T)]. Deduce that if o (T) 4 Ø, then 


max{|A|; 4 € o0(T)} <r(T). 


[Hint: Note that if à € o (T), then A” € o (T”); see Exercise 6.22.] 
5. Construct an example in E = R? such that o (T) = {0}, while r(T) = 1. 


In what follows we take E = LP (0, 1) with 1 < p < oo. Consider the operator 
T € L(E) defined by 


t 
Tu) = f u(s)ds. 
0 


6. Prove by induction that for n > 2, 


(T"u) (t) = ay [enon lu(r)dr. 


=u! 


7. Deduce that ||7”|| < 4. 


[Hint: Use an inequality for the convolution product. ] 
8. Prove that the spectral radius of T is 0. 


[Hint: Use Stirling’s formula. ] 
9. Show that o (T) = {0}. Compare with Exercise 6.20. 


6.24 | Assume that T € £(#) is self-adjoint. 


1. Prove that the following properties are equivalent: 


G) (Tu,u) >OVWu € H, 
Gi) o (T) C [0, œœ). 


[Hint: Apply Proposition 6.9.] 
2. Prove that the following properties are equivalent: 


(iii) || || < land (Tu, u) > 0 Yu € H, 
(iv) 0 < (Tu, u) < |u|? Yu € H, 

(v) ao (T) C [0, 1], 

(vi) (Tu, u) > |Tu|? Yu € H. 


[Hint: To prove that (v) = (vi) apply Proposition 6.9 to (T + eI )-! withe > 0.] 
3. Prove that the following properties are equivalent: 
(vii) (Tu, u) < |Tul? Yu € H, 
(viii) (0,1) C p(T). 


[Hint: Introduce U = 2T — 1.] 
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6.25 | Let E be a Banach space, and let K € K(E). Prove that there exist M € L(E), 
M e€ L(E), and finite-rank projections P, P such that 


G) Mo(I+K)=I1-P, 
(Gi) I+ K)oM=I-P. 


[Hint: Let X be a complement of N (I + K) in E. Then (J + K))x is bijective from 
X onto R(I + K). Denote by M its inverse. Let Q be a projection from E onto 
RU + K) and set M = M o Q. Show that (i) and (ii) hold.] 


6.26 | From Brouwer to Schauder fixed-point theorems. 
In this exercise we assume that the following result is known (for a proof, see, 
e.g., K. Deimling [1], A. Granas—J. Dugundji [1], or L. Nirenberg [2]). 


Theorem (Brouwer). Let F be a finite-dimensional space, and let Q C F bea 
nonempty compact convex set. Let f : Q — Q be a continuous map. Then f has a 
fixed point, i.e., there exists p E€ Q such that f (p) = p. 


Our goal is to prove the following. 


Theorem (Schauder). Let E be a Banach space, and let C be a nonempty closed 
convex set in E. Let F : C —> C be a continuous map such that F(C) C K, where 
K is a compact subset of C. Then F has a fixed point in K. 


1. Given € > 0, consider a finite covering of K, i.e., K C Ujer B(yi, €/2), where 
I is finite, and y; € K Vi € I. Define the function g(x) = Diel qi(x), where 
gi(x) = $` max{e — || Fx — yi ll, 0}. 
icl 
Check that q is continuous on C and that q(x) > £€/2 Yx € C. 
2. Set 


Dicer qi(x)yi 
g(x)” 


Prove that F; : C — C is continuous and that 


F(x) = 


|Fe(x) — F(x)|| < e, Wx EC. 


3. Show that F, admits a fixed point x, € C. 
[Hint: Let Q = conv (Uj<7{y;}). Check that F,)9 admits a fixed point x, € Q.] 


4. Prove that (xs,) converges to a limit x € C for some sequence £n — 0. Show 
that F(x) = x. 


Chapter 7 
The Hille—Yosida Theorem 


7.1 Definition and Elementary Properties of Maximal Monotone 
Operators 


Throughout this chapter H denotes a Hilbert space. 


Definition. An unbounded linear operator A: D(A) C H — H is said to be mono- 
tone! if it satisfies 
(Av,v) >0O Vue D(A). 


It is called maximal monotone if, in addition, R(I + A) = H, i.e., 
Vf e H Ju € D(A) such that u + Au = f. 


Proposition 7.1. Let A be a maximal monotone operator. Then 


(a) D(A) is dense in H, 

(b) A is a closed operator, 

(c) For every à > 0, (I + àA) is bijective from D(A) onto H, (I + àA)! isa 
bounded operator, and |\(I + 4A)~! lea < 1. 


Proof. 


(a) Let f € H be such that (f, v) = 0 Yv € D(A). We claim that f = 0. Indeed, 
there exists some vg € D(A) such that vo + Avo = f. We have 


0 = (f, vo) = [vo]? + (Avo, vo) > luo”. 


Thus vo = 0 and hence f = 0. 


(b) First, observe that given any f € H, there exists a unique u € D(A) such that 
u + Au = f, since if u is another solution, we have 


u —u + A(u — u) = 0. 


1 Some authors say that A is accretive or that — A is dissipative. 
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Taking the scalar product with (u — u) and using monotonicity, we see that 
u —u = O. Next, note that |u| < |f], since |u|? + (Au, u) = (f,u) > |ul?. 
Therefore the map f +> u, denoted by (J + A)~!, is a bounded linear operator 
from H into itself and ||(J + A)~! llea < 1. We now prove that A is a closed 
operator. Let (un) be a sequence in D(A) such that u, —> u and Au, > f.We 
have to check that u € D(A) and that Au = f. But un + Aun —> u + f and 
thus 
Un = (I + A)! (un + Aun) > + A) + f). 


Hence u = (I + A)~!(u + f), ie., u € D(A) and u + Au =u + f. 


(c) We will prove that if RU + A9A) = H for some Ap > 0 then RU + àA) = H 
for every A > Ao/2. Note first—as in part (b)—that for every f € H there is a 
unique u € D(A) such that u+AgAu = f. Moreover, the map f +> u, denoted 
by (I +AoA)~!, is a bounded linear operator with ||(J + A0A)~' lca) < 1. We 
try to solve the equation 


(1) u+AAu = f witha > 0. 


Equation (1) may be written as 


or alternatively 
=i ho ho 
(2) u = (I +9 A) eRe: ec ul. 


If |1— 20| < 1, i.e., à > ào/2, we may apply the contraction mapping principle 
(Theorem 5.7) and deduce that (2) has a solution. 

Conclusion (c) follows easily by induction: since J + A is surjective, Z + ÀA is 
surjective for every à > 1/2, and thus for every à > 1/4, etc. 


Remark 1. If A is maximal monotone then àA is also maximal monotone for every 
à > 0. However, if A and B are maximal monotone operators, then A + B, defined 
on D(A) N D(B), need not be maximal monotone. 


Definition. Let A be a maximal monotone operator. For every à > 0, set 


1 
Jo=(1+AA)7! and Ay = me — J); 


J is called the resolvent of A, and A, is the Yosida approximation (or regularization) 
of A. Keep in mind that || Jlle) < 1- 


Proposition 7.2. Let A be a maximal monotone operator. Then 


(ay) A v = A(J,v) Vu € H and YÀ > 0, 
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(a2) Av = Jy (Av) Vu € D(A) and YÀ > 0, 
(b) |A,v| < |Av| Vu € D(A) and YÀ > Q, 
(c) lim J} v = v Vu € A, 

4-0 
(d) jim Av = Av Vu € D(A), 
(e) (Av, v) > 0 Vu € H and VÀ > Q, 
(f) |A,v| < C1/A)|v| Vu € H and YÀ > Q. 
Proof. 


(a) can be written as v = (J v) + AA(J v), which is just the definition of J} v. 
(a2) By (a1) we have 
Av + A(v — Jv) = Av, 


L.e., 
A,v+AA(Ajv) = Av, 


which means that A} v = (I + AA)~! Av. 
(b) Follows easily from (a2). 
(c) Assume first that v € D(A). Then 


lv — Jav] = AJAK] < AlAv| by (b) 


and thus lim; o J1 v = v. 

Suppose now that v is a general element in H . Given any £ > 0 there exists some 
vı € D(A) such that |v — v| < £ (since D(A) is dense in H by Proposition 
7.1). We have 


[Jav — v| < [Jav — Javil + [Javi — vil + lvi — v| 
< 2|v — v| + [Javi — vil < 2e + |Av1 — vil. 
Thus 


lim sup| Jv — v| < 2e Ve > 0, 
4-0 


and so 
lim |J,v — v| = 0. 
4-0 


(d) This is a consequence of (a2) and (c). 
(e) We have 


(Aav, v) = (Av, v — Jv) + (Ayu, Jv) = AJA zv]? + (A(J v), Jv), 
and thus 
(3) (Aav, v) > ALAav/?. 


(£) This is a consequence of (3) and the Cauchy—Schwarz inequality. 
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Remark 2. Proposition 7.2 implies that (A,)a>o is a family of bounded operators 
that “approximate” the unbounded operator A as à — 0. This approximation will 
be used very often. Of course, in general, || Aj || cm) “blows up” as à —> 0. 


7.2 Solution of the Evolution Problem du + Au = 0 on [0, +00), 
u(0) = ug. Existence and uniqueness 
We start with a very classical result: 


e Theorem 7.3 (Cauchy, Lipschitz, Picard). Let E be a Banach space and let F : 
E => E be a Lipschitz map, i.e., there is a constant L such that 


|Fu-— Fol| < Llu — v| Yu, v€ E. 


Then given any ug € E, there exists a unique solution u € C! ([0, +00); E) of the 
problem 


du zp 0 
ae = Fu(t) on[0, +00), 
u(O) = uo. 


(4) 


uo is called the initial data. 


Proof. 
Existence. Solving (4) amounts to finding some u € C([0, +00); E) satisfying the 
integral equation 


t 
(5) u(t) = ug +f F(u(s))ds. 
0 


Given k > 0, to be fixed later, set 
X= ? € C([0, +00); E); sup e™ lul] < ~| : 
t>0 


It is easy to check that X is a Banach space for the norm 


Jullx = supe“ Ju). 
t>0 
For every u € X, the function u defined by 


t 
(bu)(t) = uo + f F(u(s))ds 
0 


also belongs to X. Moreover, we have 
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L 
lu- Peles zlu — vlx Vu, v € X. 


Fixing any k > L, we find that ® has a (unique) fixed point u in X, which is a 
solution of (5). 
Uniqueness. Let u and u be two solutions of (4) and set 


p(t) = lut) — ull. 


From (5) we deduce that 


t 
gt) <L / gls)ds ¥r>0 
0 


and consequently g = 0. 


The preceding theorem is extremely useful in the study of ordinary differential 
equations. However, it is of little use in the study of partial differential equations. Our 
next result is a very powerful tool in solving evolution partial differential equations; 
see Chapter 10. 


e Theorem 7.4 (Hille—Yosida). Let A be a maximal monotone operator. Then, given 
any ug € D(A) there exists a unique function? 


u € C'([0, +00); H) N C((0, +00); D(A)) 


satisfying 
Dt AE Bi eS) 
(6) dt u = on TOOR 
u(0) = uo. 
Moreover, 


lu(t)| < ag eae 
ul < juo) and |— 


= |Au(t)| < |Auo| Yt > 0. 


Remark 3. The main interest of Theorem 7.4 lies in the fact that we reduce the study 
of an “evolution problem” to the study of the “stationary equation” u + Au = f 
(assuming we already know that A is monotone, which is easy to check in practice). 


Proof. Itis divided into six steps. 


Step 1: Uniqueness. Let u and u be two solutions of (6). We have 


(Fu u), (u D) = (A(u — u), u — u) <0. 


2 The space D(A) is equipped with the graph norm |v| + |Av| or with the equivalent Hilbert norm 
dvl? + Av. 
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But? 
aC eC oe (Gu — H(t), u(t) — aw) 
2 ari = Wa i l 


Thus, the function t > |u(t) — u(t)| is nonincreasing on [0, +00). Since |u(0) — 
u(0)| = 0, it follows that 


lu(t) —u(t)| =O We>0. 


The main idea in order to prove existence is to replace A by A, in (6), to apply 
Theorem 7.3 on the approximate problem, and then to pass to the limit as à —> 0 
using various estimates that are independent of à. So, let u, be the solution of the 
problem 


T wo + Aju, =0 on [0, +00), 
u, (0) = ug € D(A). 


Step 2: We have the estimates 


(8) lua @)| < [uo] Yt>0, VA >O, 


E 


(9) =, @)) = |Aaua@| < [Auo] Yt>0, VA>0. 


They follow directly from the next lemma and the fact that |A,uo| < |Auol. 


Lemma 7.1. Let w € C! ([0, +00); H) be a function satisfying 


dw 
(10) ar e Aru Oe [0, +00). 
Then the functions t œ> |w(t)| and t œ> | #(t)| = = |A,w(t)| are nonincreasing on 


[0, +00). 
Proof. We have 


d 
(=. w) + (Aw, w) = 0. 


By Proposition 7.2(e) we know that (A,w, w) > 0 and thus } IT d wj? < < 0, so that 
|w(t)| is nonincreasing. On the other hand, since A, is a linear bounded operator, 
we deduce (by induction) from (10) that w € C% ([0, +00); H) and also that 


d (dw dw 
A, {| — ] =0. 
ra r)+ a) 


Applying the preceding fact to 4 , we see that | (t)| is nonincreasing. In fact, at 


any order k, the function a on is nonincreasing. 


3 Keep in mind that if ọ € C!({0, +00); H), then |y|? € C!({0, +00); R) and 1 jol? = ue o) 
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Step 3: We will prove here that for every t > 0, u, (t) converges, as A > 0, to some 
limit, denoted by u(t). Moreover, the convergence is uniform on every bounded 
interval [0, T]. 

For every A, u > 0 we have 


— — —— + Anu, — Apt = 
and thus 
ld 2 
(11) zg oO — uult) + (Agua) — Apuy(t), u(t) — up (t)) = 0. 
Dropping t for simplicity, we write 
(Axu — Apup, U = Up) 
= (Azu; — Apu, Ua — Jur + Jaur — Jutu + Juup — Up) 
(12) = (Anu, — Auuu, AAQU, — HÅpuu) 
+ (A( uy — Jutu), Jita — Juup) 
> (Anu, — Apt, AA U) — WApUy,). 


It follows from (9), (11), and (12) that 


d 
sige unl? < 2(A + )|Auol*. 


Integrating this inequality, we obtain 
Jun) = up? < 4A + w)tlAuol’, 
i.e., 


(13) jua (t) — Up(t)| < 2y À + w)t|Auogl. 


It follows that for every fixed t > 0, u, (t) is a Cauchy sequence as à — 0 and thus 
it converges to a limit, denoted by u(t). Passing to the limit in (13) as u —> 0, we 
have 


lux (t) — u(t)| < 2VAt|Auol. 


Therefore, the convergence is uniform in t on every bounded interval [0, T] and so 
u € C([0, +20); H). 


Step 4: Assuming, in addition, that uo € D(A?), i.e., uo € D(A) and Aug € D(A), 
we prove here that a (t) converges, as A —> 0, to some limit and that the convergence 
is uniform on every bounded interval [0, T]. 

Set v} = aoe so that ay + Av = 0. Following the same argument as in Step 3, 
we see that 
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ld 2 
(14) 5 FA — vyl < (Aval + [Auu ALA val + HIApdy)). 
By Lemma 7.1 we have 
(15) |Axv,(0)| < |Aav,(0)| = [A41 Aruol 
and similarly 
(16) |Apu(t)| < |Apvp(0)| = |ApApuol. 
Finally, since Aug € D(A), we obtain 
A, Auo = J, AJ, Aug = J, J, AAug = JZ A7 U0 
and thus 
(17) |A,Aauol <|A7uol, [Ap Anuo] < |A7uol. 


Combining (14), (15), (16), and (17), we are led to 


ld 2 5 
z gp Y> T Mal S 2O + wATuol’. 


We conclude, as in Step 3, that v} (t) = dua (1) converges, as à — 0, to some limit 
and that the convergence is uniform on every bounded interval [0, T]. 
Step 5: Assuming that uo € D(A?) we prove here that u is a solution of (6). 
By Steps 3 and 4 we know that for all T < 00, 
u(t) > u(t), as&A—>O0, uniformly on (0, T], 


TO converges, as à — 0, uniformly on [0, T]. 
It follows easily that u € C!({0, +00); H) and that a (1) => UA), as à — 0, 
uniformly on [0, T]. Rewrite (7) as 


du, 
(18) dp P + A(J u, (t)) = 0. 


Note that J u, (t) > u(t) as A — 0, since 


[Jua lt) —u(t)| < huat) — Jut) + hut) — ult) 
< jua) — u@)| + hult) — u(t)| > 0. 
Applying the fact that A has a closed graph, we deduce from (18) that u(t) € D(A) 
Vt > 0, and that J 
™ (0) + Ault) =0. 
dt 
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Finally, since u € C!([0, +00); H), the function t + Au(t) is continuous from 
[0, +00) into H and thus u € C([0, +20); D(A)). Hence we have obtained a 
solution of (6) satisfying, in addition, 


d 
|u(t)| < |uo] Vt >O and Fo = |Au(t)| < |Auo| Yt > 0. 


Step 6: We conclude here the proof of the theorem. 
We shall use the following lemma. 


Lemma 7.2. Let uy € D(A). Then Ve > 0 Juo € D(A?) such that luo — uo| < € 
and | Auo — Auo| < £. In other words, D(A?) is dense in D(A) (for the graph norm). 


Proof of Lemma 7.2. Set uo = Jauo for some appropriate A > 0 to be fixed later. We 
have 
uo E€ D(A) and to +AAUp = uo. 


Thus Auo € D(A), i.e., uo € D(A?). On the other hand, by Proposition 7.2, we 
know that 


Jim [Jauo —uo| = 0, Jim | J, Auo —Auo|=0, and J,Auo = AJ uo. 
The desired conclusion follows by choosing à > 0 small enough. 


We now turn to the proof of Theorem 7.4. Given uo € D(A) we construct (using 
Lemma 7.2) a sequence (uon) in D(A?) such that uon —> uo and Aug, —> Auo. By 
Step 5 we know that there is a solution u, of the problem 


Cin 


(19) + Au, =0  on[0, +00), 


Un (0) = = Uon- 
We have, for all t > 0, 


|Un(t) — Um(t)| < [uon — Uom| —>_ 9, 
m,n—>0o 


“n 


me 


< | Auon zz Auom| SEE 0. 
—> o0 


Therefore 


un (t) > uniformly on [0, +00), 
“ 


rad aaa Ha uniformly on [0, +00), 


with u € C!({0, +00); H). Passing to the limit in (19)—using the fact that A is a 
closed operato 
that u € C([0, +20); D(A)). 
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Remark 4. Let u, be the solution of (7): 

(a) Assume uo € D(A). We know (by Step 3) that as à — 0, u, (t) converges, for 
every t > 0, to some limit u(t). One can prove directly that u € C!({0, +00); H)N 
C([0, +00); D(A)) and that it satisfies (6). 

(b) Assume only that uy € H. One can still prove that as A —> 0, u, (t) converges 
for every t > 0, to some limit, denoted by u(t). But it may happen that this limit u(t) 
does notbelongto D(A) Vt > Oand that u(t) is nowhere differentiable on [0, +00). 
Hence u(t) is not a “classical” solution of (6). In fact, for such a ug, problem (6) has 
no classical solution. Nevertheless, we may view u(t) as a “generalized” solution of 
(6). We shall see in Section 7.4 that this does not happen when A is self-adjoint: in this 
case u(t) is a “classical” solution of (6) for every uo € H, even when uo ¢ D(A). 


x Remark 5 (Contraction semigroups). For each t > 0 consider the linear map uo € 
D(A) + u(t) € D(A), where u(t) is the solution of (6) given by Theorem 7.4. Since 
|u(t)| < |uo| and since D(A) is dense in H, we may extend this map by continuity 
as a bounded operator from H into itself, denoted by S4 (t). It is easy to check that 
S4(t) satisfies the following properties: 


(a) for each t > 0, Sa(t) € L(A) and || SAO llcn < 1, 
(b) Sa (ti + 2) = Sa(ti) o Sa(tz) Wt, t2 = 0, 
S(O) =I, 
(c) lim |Sa(4)uo —uo| =O Vuo € H. 
t> 
t>0 


Such a family {S(t)};>0 of operators (from H into itself) depending on a parameter 
t > 0 and satisfying (a), (b), (c) is called a continuous semigroup of contractions. 

A remarkable result due to Hille and Yosida asserts that conversely, given a contin- 
uous semigroup of contractions S(t) on H there exists a unique maximal monotone 
operator A such that S(t) = S4(t) Vt > 0. This establishes a bijective correspon- 
dence between maximal monotone operators and continuous semigroups of contrac- 
tions. (For a proof see the references quoted in the comments on Chapter 7.) 


e Remark 6. Let A be a maximal monotone operator and let A € R. The problem 
d 
S + Au+Au=0 on [0, +00), 
u(0) = uo, 
reduces to problem (6) using the following simple device. Set 
v(t) = e u(t). 


Then v satisfies 


4 Alternatively one may use Remark 4(b) to define S4 (t) on H directly as being the map uo € H > 
u(t) € H. 
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d 
S 4+Av=0 on[0, +00), 
v(0) = uo. 


7.3 Regularity 


We shall prove here that the solution u of (6) obtained in Theorem 7.4 is more regular 
than just C! ([0, too); H) N C([0, +00); D(A)) provided one makes additional 
assumptions on the initial data uo. For this purpose we define by induction the space 


D(A‘) = {v € D(A); Av € D(A}, 


where k is any integer, k > 2. It is easily seen that D(A‘) is a Hilbert space for the 


scalar product 
k 


(u, v) D(Ak) = X Au, Alv); 
j=0 


the corresponding norm is 
1/2 


k 
ulpan = | 0 1Atul? 
j=0 


Theorem 7.5. Assume uo € D(A“) for some integer k > 2. Then the solution u of 
problem (6) obtained in Theorem 7.4 satisfies 


u e C} ([0, +00); D(A/)) Vj =0,1,...,%. 


Proof. Assume first that k = 2. Consider the Hilbert space Hı = D(A) equipped 
with the scalar product (u, v) pa). It is easy to check that the operator Aj : D(A1) C 
Hı — H; defined by 


D(A1) = D(A’), 
Aju = Au foru € D(A}), 


is maximal monotone in Hı. Applying Theorem 7.4 to the operator A, in the space 
Hi, we see that there exists a function 


u € C!({0, +00); H1) A C([0, +œ); D(A})) 


such that 


In particular, u satisfies (6); by uniqueness, this u is the solution of (6). It remains 
only to check that u € C?([0, +00); H). Since 
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AeL (Hı, H) and u e C([0, +00); Aj), 


it follows that Au € C! ([0, +00); H) and 


d du 

20 (Au = Ad == |e 
(20) T u) (=) 
Applying (6), we see that 4 e C!([0, +00); H), i.e., u € C?([0, +00); H) 
and that 

d (du du 
21 — |) -Al—)=0 0, 
en = (S)+ (ž) once) 


We now turn to the general case k > 3. We argue by induction on k: assume that 
the result holds up to order (k — 1) and let uy € D(A‘). By the preceding analysis we 
know that the solution u of (6) belongs to C?([0, +00); H) N C!([0, +00); D(A)) 
and that u satisfies (21). Letting 


_ du 
~ dt’ 
we have 
v € C!({0, +00); H) N C([0, +00); D(A)), 
dv 
T +Av=0 _ on [0, +00), 
v(0) = — Auo 
In other words, v is the solution of (6) corresponding to the initial data vp = — Auo. 


Since vo € D(A‘ 1); we know, by the induction assumption, that 
(22) v e C!-J(0,+00); D(A) Wj =0,1,...,k-1, 
i.e., 

u e CI (0, +00); D(A)  Yj=0,1,...,k—1. 
It remains only to check that 
(23) u € C([0, +00); D(A‘). 


Applying (22) with j = k — 1, we see that 


(24) a € C({0, +00); D(A*~!)). 


It follows from (24) and equation (6) that 
Au € C([0, +00); D(A‘~!)), 


i.e., (23). 
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7.4 The Self-Adjoint Case 


Let A : D(A) C H — H be an unbounded linear operator with D(A) = H. 
Identifying H* with H, we may view A* as an unbounded linear operator in H. 


Definition. One says that 


e Ais symmetric if (Au, v) = (u, Av) Vu, v € D(A), 
e Ajis self-adjoint if D(A*) = D(A) and A* = A. 


Remark 7. For bounded operators the notions of symmetric and self-adjoint oper- 
ators coincide. However, if A is unbounded there is a subtle difference between 
symmetric and self-adjoint operators. Clearly, any self-adjoint operator is symmet- 
ric. The converse is not true: an operator A is symmetric if and only if A C A*, i.e., 
D(A) C D(A*) and A* = A on D(A). It may happen that A is symmetric and that 
D(A) 4 D(A*). Our next result shows that if A is maximal monotone, then 


(A is symmetric) + (A is self-adjoint). 


Proposition 7.6. Let A be a maximal monotone symmetric operator. Then A is self- 
adjoint. 


Proof. Let Jı = (I + A)~!. We will first prove that J; is self-adjoint. Since Jı € 
L(H) it suffices to check that 


(25) (Ju, v)=(u, Jv) Vu,ve H. 
Set uy = Jiu and vı = Jv, so that 

uj + Au; =u, 

vı + Av, =v. 


Since by assumption, (u1, Avı) = (Au, vı), it follows that (u1, v) = (u, vı), 
i.e., (25). 
Letu € D(A*) and set f = u + A*u. We have 


(f,v) = (u,v + Av) Vue D(A), 
i.e., 
(f, Jıw) = (u, w) Vwe dH. 
Therefore u = Jı f and thus u € D(A). This proves that D(A*) = D(A) and hence 
A is self-adjoint. 


Remark 8. One has to be careful that if A is a monotone operator (even a symmetric 
monotone operator) then A* need not be monotone. However, one can prove that the 
following properties are equivalent: 
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A is maximal monotone <=> A* is maximal monotone 


<=> A is closed, D(A) is dense, A and A* are monotone. 
A more general version of this result appears in Problem 16. 
e Theorem 7.7. Let A be a self-adjoint maximal monotone operator. Then for every 
ug € H there exists a unique function? 


u € C([0, +00); H)N C!((0, +020); H) N C((0, +00); D(A)) 


such that 
du 
— +Au=0_ on (0, +œ), 
dt 
u(0) = uo. 


Moreover, we have 


d 1 
|u(t)| < [uo] and Ko = |Au(t)| < 7 [xol vt > 0, 


(26) u € C*((0, +00); D(A) Yk, £ integers. 


Proof. 

Uniqueness. Let u and u be two solutions. By the monotonicity of A we see 
that g(t) = |u(t) — u(t) |? is nonincreasing on (0, +00). On the other hand, ¢ is 
continuous on [0, +00) and g(0) = 0. Thus g = 0. 


Existence. The proof is divided into two steps: 
Step 1. Assume first that uọ € D(A”) and let u be the solution of (6) given by 
Theorem 7.4. We claim that 


(27) aia Peer eet 
— —|u > VU. 
dt Tt 9 


As in the proof of Proposition 7.6 we have 
J% =J, and AS =A, WA>0. 
We go back to the approximate problem introduced in the proof of Theorem 7.4: 


d 
(28) m + Au, = O on [0, +00), u, (0) = uo. 


Taking the scalar product of (28) with u, and integrating on [0, T], we obtain 


5 Let us emphasize the difference between Theorems 7.4 and 7.7. Here ug € H (instead of ug € 
D(A)); the conclusion is that there is a solution of (6), which is smooth away from t = 0. However, 
E (t)| may possibly “blow up” as t > 0. 
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1 rae ins Iie g 
(29) zA + f (Arua, uadt = z luo. 
0 


Taking the scalar product of (28) with pi and integrating over [0, T], we obtain 


T 2 T 
(30) I Bo t dt + f (amo, TO) rar =0. 
0 t 0 dt 


But 
d du, du, du, 
— (A = (A,—, Azua, ——} =2 | Axun, , 
J í aUh, Uy) ( T ns) +( aU 2) = ( Uy Ta) 


since A} = Aj. Integrating the second integral in (30) by parts, we are led to 


F F 
hio o)azaha L Karu, m)tdt 
0 t 2 Jo 


1 
a 5 AnD), u(T)) T — = T EE 


(31) 


On the other hand, since the function t +> |74 dun (t)| is nonincreasing (by Lemma 7.1), 
we have 


du, 2 r2 
(32) [So tdt > ar) 5 


Combining (29), (30), (31), and (32), we obtain 


TaD +T (Axu (T), u) (T)) + r2 |f 


nnf < uo 
< 5 | 0 
it follows, in particular, that 


(33) ape 


d 
É A < Z uo VT > 0. 


Finally, we pass to the limit in (33) as à —> 0. This completes the proof of (27), since 


an > a (see Step 5 in the proof of Theorem 7.4). 


Step 2. Assume now that up € H. Let (uon) be a sequence in D(A) such that 
uon — ug (recall that D(A?) is dense in D(A) and that D(A) is dense in H; thus 
D(A?) is dense in H). Let un be the solution of 


du 
7 + Aun =0 on[0, +00), 
Un(O) = uon. 


We know (by Theorem 7.4) that 
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|Un(t) —Um(t)| < |Mon — uom| Ym,n, Vt = 0, 
and (by Step 1) that 


du du 1 
rO ro < 7luon —uom| Ym,n, Vt > 0. 


It follows that u„ converges uniformly on [0, +00) to some limit u(t) and that din (t) 
converges to au (t) uniformly on every interval [6, +00), ô > 0. The limiting function 
u satisfies 


u € C([0, +00); H)NC!((0, +00); H), 


u(t)e D(A) Yt>0 and =o + Au(t)=0 Vt>0 


(this uses the fact that A is closed). 
We now turn to the proof of (26). We will show by induction on k > 2 that 


(34) u € Ck-J((0, +00); D(A’)) Vj =0,1,...,k. 
Assume that (34) holds up to order k — 1. In particular, we have 

(35) u € C((0, +00); D(A‘')). 

In order to prove (34) it suffices (in view of Theorem 7.5) to check that 
(36) u € C((0, +00), D(A‘)). 


Consider the Hilbert space H= D(A*~!) and the operator A: D(A) c >Ñ 
defined by 

D(A) = D(A‘), 

Aah 
It is easily seen that A is maximal monotone and symmetric in H; thus it is self- 


adjoint. Applying the first assertion of Theorem 7.7 in the space H to the operator 
A, we obtain a unique solution v of the problem 


dv 
(37) T +Av=0 _ _ on (0, +00), 


v(0) = vo, 
given any vo € H. Moreover, 
v € C([0, +00); H)NC'((0, +00); H)NC((0, +00); D(A). 


Choosing vo = u(e)(€ > 0)—we already know by (35) that vo € H—we conclude 
that u € C((e, +00); D(A*)), and this completes the proof of (36). 
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Comments on Chapter 7 


1. The Hille—Yosida theorem in Banach spaces. 

The Hille—Yosida theorem extends to Banach spaces. The precise statement is the 
following. Let E be a Banach space and let A : D(A) C E — E be an unbounded 
linear operator. One says that A is m-accretive if D(A) = E and for every à > 0, 
I + AA is bijective from D(A) onto E with || + 2A)! Ice) < 1. 


Theorem 7.8 (Hille-Yosida). Let A be m-accretive. Then given any ug € D(A) 
there exists a unique function 


u € C!({0, +00); E)N C([0, +00); D(A)) 


such that 
du 
SE Ay = 

(38) a +Au=0 _ on[0,+00), 
u(O) = uo. 

Moreover, 


du 
|u| < Ilvoll and [Fo = ||Au()|| < |Auoll Ve = 0. 


The map uo +> u(t) extended by continuity to all of E is denoted by S,(t). It is 
a continuous semigroup of contractions on E. Conversely, given any continuous 
semigroup of contractions S(t), there exists a unique m-accretive operator A such 


that S(t) = S4 (t) Vt > 0. 


For the proof, see, e.g., P. Lax [1], A. Pazy [1], J. Goldstein [1], E. Davies [1], 
[2], K. Yosida [1], M. Reed—B. Simon [1], Volume 2, H. Tanabe [1], N. Dunford- 
J. T. Schwartz [1] Volume 1, M. Schechter [1], A. Friedman [2], R. Dautray—J.- 
L. Lions [1], Chapter XVII, A. Balakrishnan [1], T. Kato [1], W. Rudin [1]. These 
references present extensive developments on the theory of semigroups. 


2. The exponential formula. 
There are numerous iteration techniques for solving (38). Let us mention a basic 
method. 


Theorem 7.9. Assume that A is m-accretive. Then for every ug € D(A) the solution 
u of (38) is given by the “exponential formula” 


—17” 
(39) HOV iim (rta) | ii: 
n—>+oo n 


For a proof see, e.g., K. Yosida [1] andA. Pazy [1]. Formula (39) corresponds, in the 
language of numerical analysis, to the convergence of an implicit time discretization 
scheme for (38) (see, e.g., K. W. Morton—D. F. Mayers [1]). More precisely, one 
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divides the interval [0, t] into n intervals of equal length At = t/n and one solves 
inductively the equations 


Uj+1— Uj . 
———_ + Anuj, = 0,7 =0,1,...,n—-—1, 
At j+1 J 


starting with uo. In other words, un is given by 
t =. 
un = (I + AtA) "uo = (1 + ta) uo. 
n 


Asn — œ (i.e., At — 0) it is “intuitive” that u converges to u(t). 


3. Theorem 7.7 is a first step toward the theory of analytic semigroups. On this 
subject see, e.g., K. Yosida [1], T. Kato [1], M. Reed—B. Simon [1], Volume 2, 
A. Friedman [2], A. Pazy [1], and H. Tanabe [1]. 


4. Inhomogeneous equations. Nonlinear equations. 
Consider, in a Banach space E, the problem 


du 
aa + Au(t)= f(t) on (0, T], 
u(O) = uo. 


(40) 


The following holds. 


Theorem 7.10. Assume that A is m-accretive. Then for every ug € D(A) and every 
fe C!({0, T]; E) there exists a unique solution u of (40) with 


u € C'([0, T]; E)N C(I, T]; D(A)). 
Moreover, u is given by the formula 


t 
(41) u(t) = Sa(t)uo +f Sa(t — s) f(s)ds, 
0 


where S(t) is the semigroup introduced in Comment 1. 


Note that if one assumes just f € L! ((0, T); E), formula (41) still makes sense 
and provides a generalized solution of (40). On these questions see, e.g., T. Kato [1], 
A. Pazy [1], R. H. Martin [1], H. Tanabe [1]. 


In physical applications one encounters many “semilinear” equations of the form 
liege se 
—_ u = F(u), 
dt 


where F is a nonlinear map from E into E. On these questions see, e.g., R. H. Mar- 
tin [1], Th. Cazenave—A. Haraux [1], and the comments on Chapter 10. 
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Let us also mention that some results of Chapter 7 have nonlinear extensions. It 
is useful to consider nonlinear m-accretive operators A : D(A) C E — E. On this 
subject, see, e.g., H. Brezis [1] and V. Barbu [1]. 


Chapter 8 


Sobolev Spaces and the Variational Formulation 
of Boundary Value Problems in One Dimension 


8.1 Motivation 


Consider the following problem. Given f € C([a, b]), find a function u satisfying 


(1) —u"+u=f on[a,b], 
u(a) = u(b) = 0. 
A classical—or strong—solution of (1) is a C 2 function on [a, b] satisfying (1) in 
the usual sense. It is well known that (1) can be solved explicitly by a very simple 
calculation, but we ignore this feature so as to illustrate the method on this elementary 
example. 
Multiply (1) by y € C!({a, b]) and integrate by parts; we obtain 


b b b 
(2) J u'g + f w= f fo Yọ € C! (la, b]), g(a) = vb) = 0. 


Note that (2) makes sense as soon as u € C!([a, b]) (whereas (1) requires two 
derivatives on u); in fact, it suffices to know that u, u’ € L! (a, b), where u’ has a 
meaning yet to be made precise. Let us say (provisionally) that a C! function u that 
satisfies (2) is a weak solution of (1). 


The following program outlines the main steps of the variational approach in the 
theory of partial differential equations: 


Step A. The notion of weak solution is made precise. This involves Sobolev spaces, 
which are our basic tools. 


Step B. Existence and uniqueness of a weak solution is established by a variational 
method via the Lax—Milgram theorem. 


Step C. The weak solution is proved to be of class C? (for example): this is a regularity 
result. 
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Step D. A classical solution is recovered by showing that any weak solution that is 
C? is a classical solution. 


To carry out Step D is very simple. In fact, suppose that u € C?([a, b]), u(a) = 
u(b) = 0, and that u satisfies (2). Integrating (2) by parts we obtain 


b 
f cu tu-no=o Vo € C! (la, bl), g(a) = pb) = 0 


and therefore 


b 
f (—u" +u—f)p=0 Yọ € Cl((a,b)). 


It follows (see Corollary 4.15) that —u” +u = f a.e. on (a, b) and thus everywhere 
on [a, b], since u € C?({a, b]). 


8.2 The Sobolev Space W}? (1) 


Let Z = (a, b) be an open interval, possibly unbounded, and let p € R with 1 < 
Pp Sœ. 


Definition. The Sobolev space W!:? (1)! is defined to be 


wl P= [y € LP (I); 3g € LP (I) such that fuo = - fso W € cio). 
I I 


We set 


H! (D = W}? (D). 


For u € WLP (I) we denote? u’ = g. 


Remark 1. In the definition of W!? we call g a test function. We could equally 
well have used C2°(/) as the class of test functions because if g € c? (I), then 
Pn* € C&(L) for n large enough and pn xp > ọ in C! (see Section 4.4; of 
course, g is extended to be 0 outside 7). 


Remark 2. It is clear that ifu € C!(I) NL? (1) and if u’ € LP (I) (here u’ is the usual 
derivative of u) then u € W}? (I). Moreover, the usual derivative of u coincides with 
its derivative in the W}? sense—so that notation is consistent! In particular, if J is 
bounded, C!(7) c W!:?(J) for all 1 < p < oœ. 


Examples. Let J = (—1, +1). As an exercise show the following: 


(i) The function u(x) = |x| belongs to W!-P(1) for every | < p < œ and u’ = g, 
where 


1 Tf there is no confusion we shall write W|? instead of W}? (I) and H! instead of H! (1). 
2 Note that this makes sense: g is well defined a.e. by Corollary 4.24. 
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(x) +1 ifO0<x <1, 

x)= 

i af E 
More generally, a continuous function on T that is piecewise C! on T belongs to 
WbP(I) forall 1 < p < œ. 

(ii) The function g above does not belong to W}? (I) for any 1 < p < ov. 


x Remark 3. To define W!:? one can also use the language of distributions (see 
L. Schwartz [1] or A. Knapp [2]). All functions u € L? (J) admit a derivative in the 
sense of distributions; this derivative is an element of the huge space of distributions 
D’(1). We say that u €e W5? if this distributional derivative happens to lie in L”, 
which is a subspace of D’(/). When J = R and p = 2, Sobolev spaces can also be 
defined using the Fourier transform; see, e.g., J. L. Lions-E. Magenes [1], P. Mal- 
liavin [1], H. Triebel [1], L. Grafakos [1]. We shall not take this viewpoint here. 


Notation. The space W 1P is equipped with the norm 


lulwip = lulle + lule 


or sometimes, if 1 < p < oo, with the equivalent norm (lull + | u'l? p)". The 
space H! is equipped with the scalar product 


b 
(u, v)yi = (u, v)g2 + U’, v')p2 = f (uv + u'v’) 
a 


and with the associated norm 


2 2 y1/2 
luly = (ulga + wlz). 


Proposition 8.1. The space WLP is a Banach space for 1 < p < œ. It is reflexive? 
forl < p < wand separable for 1 < p < œ. The space H! is a separable Hilbert 
space. 


Proof. 


(a) Let (un) be a Cauchy sequence in W!-P; then (un) and (u’,) are Cauchy sequences 
in LP. It follows that u, converges to some limit u in L? and u’, converges to 
some limit g in L?. We have 


[ono =- fae Vy € Ci(1), 
$ I 


f=- Vo € Ci(1). 


and in the limit 


3 This property is a considerable advantage of W $P . In the problems of the calculus of variations, 
W!-? is preferred over C!, which is not reflexive. Existence of minimizers is easily established in 
reflexive spaces (see, e.g., Corollary 3.23). 
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Thus u € WLP, u’ = g, and ||un —ullyi > 0. 

(b) WÈ? is reflexive for 1 < p < œ. Clearly, the product space E = LP (I) x L? (I) 
is reflexive. The operator T : WLP —> E defined by Tu = [u, u’] is an isometry 
from WŁ? into E. Since W}? is a Banach space, T (W 1P) is a closed subspace 
of E. It follows that T (W+?) is reflexive (see Proposition 3.20). Consequently 
WŁ? is also reflexive. 

(c) WŁ? is separable for 1 < p < œœ. Clearly, the product space E = L? (I) x 
LP (I) is separable. Thus T(W!P) is also separable (by Proposition 3.25). Con- 
sequently W|? is separable. 


Remark 4. It is convenient to keep in mind the following fact, which we have used 
in the proof of Proposition 8.1: let (un) be a sequence in W}? such that un —> u in 
LP and (u!,) converges to some limit in L?; then u € WP and ||un — ull wi > 0. 
In fact, when 1 < p < œ it suffices to know that un —> u in L? and ||u’,||_» stays 
bounded to conclude that u € W!? (see Exercise 8.2). 


The functions in W!’? are roughly speaking the primitives of the L? functions. 
More precisely, we have the following: 


Theorem 8.2. Let u € W}P (I) with 1 < p < œ, and I bounded or unbounded; 
then there exists a function u € C(I) such that 


u=u aeonl 


and 
xX 


ix) — ay) = | u (tdt Wx,y el. 
y 


Remark 5. Let us emphasize the content of Theorem 8.2. First, note that if one func- 
tion u belongs to W!+? then all functions v such that v = u a.e. on J also belong to 
WEP (this follows directly from the definition of W!-P). Theorem 8.2 asserts that 
every function u € W}? admits one (and only one) continuous representative on I, 
i.e., there exists a continuous function on T that belongs to the equivalence class of u 
(v ~ wif v = u a.e.). When itis useful* we replace u by its continuous representative. 
In order to simplify the notation we also write u for its continuous representative. 
We finally point out that the property “u has a continuous representative” is not the 
same as “u is continuous a.e.” 


Remark 6. It follows from Theorem 8.2 that if u € wi and if u’ € C(D (i.e. u’ 
admits a continuous representative on 7), thenu € C 1 (I); more precisely, u € C D, 
but as mentioned above, we do not distinguish u and ñ. 


In the proof of Theorem 8.2 we shall use the following lemmas: 


Lemma 8.1. Let f € LL (I) be such that 


loc 


4 For example, in order to give a meaning to u(x) for every x € I. 
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6) i fol =0 Yo € Ch, 
I 
Then there exists a constant C such that f = C a.e. on I. 


Proof. Fix a function w € Ce(I) such that Si w = 1. For any function w € C(I) 
there exists € C 1 (I) such that 


v-efe) 


Indeed, the function h = w — (f z W)Y is continuous, has compact support in Z, and 
also f z h = 0. Therefore h has a (unique) primitive with compact support in J. We 
deduce from (3) that 


fse- e) Vw € Cell), 
Se- (e= Yw € Co(1), 


and therefore (by Corollary 4.24) f — Si fv) = 0 a.e. on 1, i.e., f = C a.e. on I 
with C = f, fy. 


Lemma 8.2. Let g € Lİ (I); for yo fixed in I, set 


loc 


v(x) = f gdt, xel. 
y 


0 
Then v € C(I) and 


o=- feo Yọ € CL(D). 
I I 


Proof. We have 


fu = 1 p godi! g'(x)dx 
I I LY yo 


yo yo b x 
= -f ax f ecw'coar s f ax f g(t)’ (x)dt. 
a x yo yo 


By Fubini’s theorem, 


yo t b 2 
f vy! = — f g(t)dt f g'(x)dx + i. gdt / y (x)dx 
I a a Yo t 


=- j) g(ty(t)dt. 
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Proof of Theorem 8.2. Fix yo € I and set u(x) = So u'(t)dt. By Lemma 8.2 we 


have 
[i= - f we ve € Cli). 
I I 


Thus Jiu —u)g =0 Y€ C! (I). It follows from Lemma 8.1 that u — u = C 
a.e. on J. The function u(x) = u(x) + C has the desired properties. 


Remark 7. Lemma 8.2 shows that the primitive v of a function g € L? belongs 
to WLP provided we also know that v € LP, which is always the case when Z is 
bounded. 


Proposition 8.3. Let u € L? with 1 < p < œ. The following properties are equiv- 
alent: 


(jue WP, 
(ii) there is a constant C such that 


m 
I 


Furthermore, we can take C = |\u'|| Łe (n in (ii). 


< Clelia Vo € CMD, 


Proof. 
(i) = (ii). This is obvious. 
(ii) => (i). The linear functional 


ge CHD) = fuv 
I 


is defined on a dense subspace of L?’ (since p’ < oo) and it is continuous for the 
LP’ norm. Therefore it extends to a bounded linear functional F defined on all of 
LP (applying the Hahn—Banach theorem, or simply extension by continuity). By the 
Riesz representation theorems (Theorems 4.11 and 4.14) there exists g € LP such 
that 


(Fo) = | eo Vee L?. 
vf 


[uo'= [ v0 vp ec! 
I I 


x Remark 8 (absolutely continuous functions and functions of bounded variation). 
When p = 1, the implication (i) > (ii) remains true but not the converse. To illustrate 
this fact, suppose that J is bounded. The functions u satisfying (i) with p = 1, i.e., 
the functions of W!:!(1), are called the absolutely continuous functions. They are 
also characterized by the property 


In particular, 


and thus u € WLP., 


8.2 The Sobolev Space WP) 207 


Ve > 0, 56 > 0 such that for every finite sequence 
(AC) of disjoint intervals (ax, bk) C I such that X` |b — ag| < ô, 
we have J` |u(bk) — u(ak)| < €. 


On the other hand, the functions u satisfying (ii) with p = 1 are called functions of 
bounded variation; these functions can be characterized in many different ways: 


(a) they are the difference of two bounded nondecreasing functions (possibly dis- 
continuous) on J, 
(b) they are the functions u satisfying the property 


there exists a constant C such that 


(BV) kal 
X lu(ti+1) — u(ti)| < C forall tọ < ti < --- < tin I, 


i= 


(c) they are the functions u € L '(7) that have as distributional derivative a bounded 
measure. 


Note that functions of bounded variation need not have a continuous repre- 
sentative. On this subject see, e.g., E. Hewitt-K. Stromberg [1], A. Kolmogorov- 
S. Fomin [1], S. Chae [1], H. Royden [1], G. Folland [2], G. Buttazzo—M. Giaquinta— 
S. Hildebrandt [1], W. Rudin [2], R. Wheeden—A. Zygmund [1], and A. Knapp [1]. 


Proposition 8.4. A function u in L®(1) belongs to W'(1) if and only if there 
exists a constant C such that 


u(x) — u(y)| < C|x — y| for a.e. x,y € I. 
Proof. If u € W':(1) we may apply Theorem 8.2 to deduce that 
ju(x) — u(y)| < |lu' ||; |x — y| for ae. x, y € J. 


Conversely, let g € C : (I). For h € R, with |A| small enough, we have 


[iw +h) — ux) p(x)dx = [rowe — h) — 9(x)\dx 


(these integrals make sense for h small, since g is supported in a compact subset of 
I). Using the assumption on u we obtain 


| f uloa -w - pax] = cotn. 


Dividing by |h| and letting h — 0, we are led to 


ye 
I 


< Clipllizı Yg € Cod). 
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We may now apply Proposition 8.3 and conclude that u € W}, 
The L?-version of Proposition 8.4 reads as follows: 


Proposition 8.5. Let u € L?(R) with 1 < p < œ. The following properties are 
equivalent: 


(i) u € WPR), 
(Gii) there exists a constant C such that for all h € R, 


tau — ulle < Clhl. 
Moreover, one can choose C = ||u'||Le œ) in (ii). 
Recall that (thu) (x) = u(x +h). 
Proof. 


(i) > (ii). (This implication is also valid when p = 1.) By Theorem 8.2 we have, 
for all x and A in R, 


x+h 1 
u(x +h) — u(x) = f u (t)dt = af u' (x + sh)ds. 
0 


Ae 
Thus i 
ju(x + h) — u(x)| < mi f ju’ (x + sh)|ds. 

0 


Applying Hölder’s inequality, we have 
1 
Ju(x + h) — u (x)|? < mie f |u'(x + sh)|Pds. 
0 
It then follows that 
1 
f ju(x + h) — u(x)|?dx < mie f ax | ju’ (x + sh)|Pds 
R R 0 


1 
< mie f as f ju’ (x + sh)|Pdx. 
0 R 


But forO <s < 1, 


[wotsmprar =f \u'(y)|?dy, 
R R 


from which (ii) can be deduced. 


(ii) > (i). Let g € C1 (R). For all h € R we have 


[wc +h) — u(x) e(x)dx = [moto — h) — g(x)]dx. 
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Using Hélder’s inequality and (ii) one obtains 


| [ [u(x +h) — uCry}oadax| < Chilo æ 


and thus 


| [rowe — h) — g(x) dx 


Dividing by |A| and letting h — 0, we obtain 


m 
R 


< Clelzr œ: 


We may apply Proposition 8.3 once more and conclude that u € W !? (R). 


< CIhllelz rR 
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Certain basic analytic operations have a meaning only for functions defined on 
all of R (for example convolution and Fourier transform). It is therefore useful to be 
able to extend a function u € W}? (I) to a function ū € W}? (R).’ The following 


result addresses this point. 


Theorem 8.6 (extension operator). Let 1 < p < œ. There exists a bounded linear 
operator P : WŁLP(I) — W!:?(R), called an extension operator, satisfying the 


following properties: 

(i) Pug =u Wu € W' Pd), 

(ii) || Pulle < Cllulleray Yu € WEP), 
(ili) || Pullwircy < Cllullwieqy) Yu € WhP(d), 


where C depends only on |I| < 00.® 


Proof. Beginning with the case J = (0, oo) we show that extension by reflexion 


u(x) ifx > 0, 


u(—x) ifx <0, 


(Pu)(x) = u*(x) = | 
works. Clearly we have 
lu*lle@ < 2llullzea). 


Setting 


a ifx > 0, 
v(x) = . 
—u'(—x) ifx <0, 


we easily check that v € L? (R) and 


u*(x) — u*(0) = f v(t)dt Vx ER. 
0 


5 If u is extended as 0 outside / then the resulting function will not, in general, be in W!-P(R) (see 


Remark 5 and Section 8.3). 
6 One can take C = 4 in (ii) and C = 4(1 + m in (iii). 
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nh 
1 


© 
Ale + 
Nie 
Bw 


Fig. 5 


It follows that u* € W!:? (R) (see Remark 7) and le" llwieay < 2|lellwiedy- 


Now consider the case of a bounded interval I; without loss of generality we can 
take J = (0, 1). Fix a function ņ € c!(R),0< n < 1, such that 


1 ifx < 1/4, 
n(x) = ; 
0 ifx > 3/4. 


See Figure 5. 
Given a function f on (0, 1) set 


- . [f@) f0<x<1, 
fœ) = t irsi. 


We shall need the following lemma. 
Lemma 8.3. Let u € W}? (I). Then 
nit e W'P(0,00) and (nù) = n'ù + nu. 


Proof. Let € C}((0, œ)); then 
love) 1 1 
f nig = | mo = | ulno) — n'o] 
0 0 0 
1 1 
=- Í uno — Í ung since ng € C} (0, 1)) 
0 0 


o0 ~ 
= -f (u'n + üne. 
0 
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Proof of Theorem 8.6, concluded. Given u € W}? (1), write 
u = nu + (1 — ņ)u. 


The function nu is first extended to (0, co) by nu (in view of Lemma 8.3) and 
then to R by reflection. In this way we obtain a function v; € W}? (R) that extends 
nu and such that 


luville < 2llulzem,; uillwieay < Cll wired 


(where C depends on ||n"||zœ). 

Proceed in the same way with (1 — ņ)u, that is, first extend (1 — ņn)u to (—oọ, 1) 
by 0 on (—oo, 0) and then extend to R by reflection (this time about the point 1, not 
0). In this way we obtain a function v2 € W!-P(R) that extends (1 — n)u and satisfies 


lvzllze® < 2Ilellz->~, — llvallweeay < Cllellwiow- 


Then Pu = vı + v2 satisfies the condition of the theorem. 


Certain properties of C! functions remain true for W į? functions (see for example 
Corollaries 8.10 and 8.11). It is convenient to establish these properties by a density 
argument based on the following result. 


e Theorem 8.7 (density). Letu € W!?(I) with 1 < p < œ. Then there exists a 
sequence (un) in CX (R) such that ung > u in WPL). 


Remark 9. In general, there is no sequence (un) in Co°() such that un —> u in 
W!-P(L) (see Section 8.3). This is in contrast to L? spaces: recall that for every 
function u € LP (J) there is a sequence (un) in CO°(Z) such that un > u in L? (1) 
(see Corollary 4.23). 


Proof. We can always suppose J = R; otherwise, extend u to a function in W}? (R) 
by Theorem 8.6. We use the basic techniques of convolution (which makes functions 
C®) and cut-off (which makes their support compact). 


(a) Convolution. 
We shall need the following lemma. 


Lemma 8.4. Let p € L! (R) and v e WLP (R) with 1 < p < œ. Then p xv € 
W!-P(R) and (p x vy = p x v. 


Proof. First, suppose that po has compact support. We already know (Theorem 4.15) 
that p x v € LP (R). Let ọ € C} (R); from Propositions 4.16 and 4.20 we have 


forve =| vb+9= [voro =- [vba =- for, 


from which it follows that 


pxveEW!? and (pxv) =pxv. 
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If po does not have compact support introduce a sequence (pn) from Ce(R) such that 
Pn > pin L! (R) (see Corollary 4.23). From the above, we get 


Pnxve WP(R) and (pnx*v) = pn xv. 


But pn xv > p xvin LP (R) and pn xv’ > px v' in L? (R) (by Theorem 4.15). We 
conclude with the help of Remark 4 that 


pxveW!P(R) and (px*v) =pxv. 


(b) Cut-off. 
Fix a function ¢ € C?°(R) such that O < ¢ < 1 and 


con) 1 if |x| < 1, 
x)= 
O if |x| > 2. 
Define the sequence 
(4) n(x) = C(x/n) forn=1,2,.... 


It follows easily from the dominated convergence theorem that if a function f belongs 
to LP (R) with 1 < p < œ, then¢, f > f in LP (R). 


(c) Conclusion. 
Choose a sequence of mollifiers (on). We claim that the sequence un = ¢n (Pn xu) 
converges to u in W}? (R). First, we have ||un — u||p — 0. In fact, write 


Un — U = Ẹn((Pn xU) — u) + (Gnu — u) 


and thus 
llun — ullp < Pn *u — ullp + [lSnu — ullp > 0. 


Next, by Lemma 8.4, we have 
u, = ti COn xu) + fn (Pn * u’). 


Therefore 


lun — u'llp < IEn COn *u)lip + lln (On xu’) — u'llp 


IA 


C 
z elle + |lPn * u” —u'|ip + llénu’ — u'lip > 0, 


where C = |[C’|loo. 


The next result is an important prototype of a Sobolev inequality (also called a 
Sobolev embedding). 


e Theorem 8.8. There exists a constant C (depending only on |I| < œœ) such that 


(5) lulz) <Cllullwieg) Y ue WPI), Vispso. 


8.2 The Sobolev Space W}? (1) 213 


In other words, WP (I) C L® (J) with continuous injection for all 1 < p < œ. 
Further, if I is bounded then 


(6) the injection wl ?(1) c CU) is compact for all 1 < p < œ, 
(7) the injection W}! (I) C L4(1) is compact for all 1 < q < œ. 


Proof. We start by proving (5) for I = R; the general case then follows from this 
by the extension theorem (Theorem 8.6). Let v € C 1 (R); if 1 < p < œ set 
G(s) = |s|?~'s. The function w = G (v) belongs to C} (R) and 


w = G'(v)v! = pjo? w". 


Thus, for x € R, we have 


Gow) = f pw P v (dt, 


and by Hölder’s inequality 
-1 
lœ? < plvllip lv'lp, 
from which we conclude that 
(8) lvl SCllullwin Yv € CR), 
where C is a universal constant (independent of p).’ 


Argue now by density. Let u € W!-?(R); there exists a sequence (un) C C i (R) 
such that un —> u in WLP (R) (by Theorem 8.7). Applying (8), we see that (un) is a 
Cauchy sequence in L (R). Thus u —> u in L (R) and we obtain (5). 


Proof of (6). Let H be the unit ball in W}? (1) with 1 < p < œœ. For u € H we have 


< |lu'Iplx — yi? <x- y|? Yx,yel. 


|u(x) — u(y)| = (f u'(t)dt 
a 


It follows then from the Ascoli—Arzela theorem (Theorem 4.25) that H has a compact 
closure in C(/). 


Proof of (7). Let H be the unit ball in W!-!(1). Let P be the extension operator of 
Theorem 8.6 and set F = P(H), so that H = Fir. We prove that H has a compact 
closure in L4(/) (for all 1 < q < œœ) by applying Theorem 4.26. Clearly, F is 
bounded in W! ! (R); therefore F is also bounded in L4(R), since it is bounded both 
in L! (R) and in L® (R). We now check condition (22) of Chapter 4, i.e., 


jim IIta f —fllg=9 uniformly in f € F. 


7 Noting that p!/P < e!/¢ Vp > 1. 
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By Proposition 8.5 we have, for every f € F, 

laf- flr < Ilf ia < CIAL, 
since F is a bounded subset of W 1! (R). Thus 


ltf- fll < QF lice)! If- flre < Clal 


and consequently 
lta f — flre < Clk", 


where C is independent of f. The desired conclusion follows since q 4 oo. 


Remark 10. The injection WŁ! (7) C C(I) is continuous but it is never compact, 
even if J is a bounded interval; the reader should find an argument or see Exercise 
8.2. Nevertheless, if (un) is a bounded sequence in W!!(1) (with Z bounded or 
unbounded) there exists a subsequence (un, ) such that un, (x) converges for all x € I 
(this is Helly’s selection theorem; see for example A. Kolmogorov—S. Fomin [1] 
and Exercise 8.3). When J is unbounded and 1 < p < oo, we know that the 
injection WŁ? (I) C L®(J) is continuous; this injection is never compact—again 
give an argument or see Exercise 8.4. However, if (un) is bounded in W!-P(L) with 
1 < p < œ there exist a subsequence (un,) and some u € W!P(I) such that 
Un, —> u in L® (J) for every bounded subset J of I. 


Remark 11. Let J be a bounded interval, let 1 < p < œœ, and let 1 < q < oo. From 
Theorem 8.2 and (5) it can be shown easily that the norm 


Mulli = lull p + lullig 
is equivalent to the norm of WPL). 


Remark 12. Let I be an unbounded interval. If u € W}? (1), then u € L4 (I) for all 


q € [p, œ], since 
q4=p P 
fue < lull? lul. 
I 


But in general u ¢ L1 (I) for q € [1, p) (see Exercise 8.1). 


Corollary 8.9. Suppose that I is an unbounded interval and u € W':P(1) with 
1 < p < œ. Then 


(9) lim u(x) = 0. 
xel 


|x| 00 


Proof. From Theorem 8.7 there exists a sequence (u,,) in C 7 (R) such that unz > u 
in WL? (I). It follows from (5) that lun — ullzæcr —> 0. We deduce (9) from this. 
Indeed, given £ > 0 we choose n large enough that ||un — u||L%°(7) < £. For |x| large 
enough, un (x) = 0 (since up € GC} (R)) and thus |u(x)| < €. 
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Corollary 8.10 (differentiation of a product). Let u, v € W)? (I) with 1 < p < 
oo. Then 
uv € WPL) 


and 
(10) (uv) = u'v + uv. 


Furthermore, the formula for integration by parts holds: 
x x 3! 
(11) f u'v = u(x)v(x) — u(y)v(y) — f uv Vx,yel. 
y y 


Proof. First recall that u € L (by Theorem 8.8) and thus uv € LP. To show that 
(uv) € LP letus begin with the case 1 < p < oo. Let (un) and (vn) be sequences in 
CIR) such that unjz —> u and vnz > v in W!-P(1). Thus Unj > u and vng > V 
in L(I) (again by Theorem 8.8). It follows that unvnjr —> uv in L(I) and also 
in LP (I). We have 


(UnUn) = Ul, Vn + unv, > u'v + uv' in LP (I). 
Applying once more Remark 4 to the sequence (unvn), we conclude that uv € 
W!-P(J) and that (10) holds. Integrating (10), we obtain (11). 


We now turn to the case p = œ; let u,v € W!™ (1). Thus uv € L(I) and 
u'v + uv’ € L™(J). It remains to check that 


fow = = fvt uv Yọ € Ch(1). 
I I 


For this, fix a bounded open interval J C Z such that suppg C J. Thus u,v € 
wip (J) for all p < œ and from the above we know that 


f uvo’ = -fwv + uv’)o, 

J J 

[wo = - for + uv’)o. 
I I 


Corollary 8.11 (differentiation of a composition). Let G € C! (R) be such tha? 
G(0) = 0, and letu € WP (T) with 1 < p < œ. Then 


that is, 


Goue WbP(I) and (Gou) = (G' ouu. 


8 Note the contrast of this result with the properties of L? functions: in general, if u, v € LP, the 
product uv does not belong to LP. We say that W}? (T) is a Banach algebra. 

9 This restriction is unnecessary when / is bounded (or also if J is unbounded and p = oo). It is 
essential if J is unbounded and 1 < p < œœ. 
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Proof. Let M = |\u|loo. Since G(O) = 0, there exists a constant C such that |G (s)| < 
C\|s| for all s € [—M, +M]. Thus |G o u| < Clu]; it follows that G o u € LP (I). 
Similarly, (G’ o u)u’ € LP (J). It remains to verify that 


(12) fe o u)g' = — fe ouu'y Yọ € C(I). 
I I 


Suppose first that 1 < p < oo. Then there exists a sequence (un) from C 1 (R) such 
that unz —> u in WŁP(I) and also in L® (I). Thus (G o un) > G o u in L(I) 
and (G’ o Un Un) — (G' ou)u’ in LP (I). Clearly (by the standard rules for C! 
functions) we have 


fe o un) = — [io ounu.p Yọ e€ c? (J), 


from which we deduce (12). For the case p = oo proceed in the same manner as in 
the proof of Corollary 8.10. 


The Sobolev Spaces W”’? 


Definition. Given an integer m > 2 and areal number 1 < p < oo we define by 
induction the space 


W™P) = {ue W”TEP (I); u’ € Wb PD}. 
We also set 
H” (D) = W"™?(1). 


It is easily shown that u € W”™P (I) if and only if there exist m functions g1, g2,..., 
&m € LP (I) such that 


[uvie=cry fso Yo e CX(I), Vi =1,2,...;m, 
I I 


where D/ denotes the jth derivative of g. Whenu € W”? (T) we may thus consider 
the successive derivatives of u : u’ = g1, (u’)’ = go,..., up to order m. They are 
denoted by Du, D?u, ..., Du. The space W”™P (T) is equipped with the norm 


m 


lulw»» = llulp + ` | D%ullp, 


a=1 


and the space H” (I) is equipped with the scalar product 


m m 
(u, v) Hm = (u, v) 2 + X D°u, D%v);2 = f+ $ fo D®v. 
I ait! 


a=1 
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One can show that the norm || || yw.» is equivalent to the norm 
lulli = llullp + | D™ull p. 


More precisely, one proves that for every integer j, 1 < j < m — 1, and for every 
€ > O there exists a constant C (depending on € and |Z| < oo) such that 


|Diullp < ellD"ullp + Cllullp Yue W™P (I) 
(see, e.g., R. Adams [1], or Exercise 8.6 for the case |Z| < 00). 


The reader can extend to the space W™-P all the properties shown for W!?; for 
example, if J is bounded, W”™P (I) C C”~!(Z) with continuous injection (resp. 
compact injection for 1 < p < œœ). 


8.3 The Space w ká 


Definition. Given 1 < p < œœ, denote by Wy? (I) the closure of Bee (I) in 
WEP(I).!® Set 
1,2 
Hj) = Wy). 


The space Wy ‘P(1) is equipped with the norm of Wt}? (I), and the space Hy is 
equipped with the scalar product of H!.!! 


The space Wy P is a separable Banach space. Moreover, it is reflexive for p > 1. 
The space Ht is a separable Hilbert space. 


Remark 13. When 7 = R we know that C 1 (R) is dense in W$? (R) (see Theorem 
8.7) and therefore Wy’? (R) = WP (R). 


Remark 14. Using a sequence of mollifiers (pn) it is easy to check the following: 


(i) C(I) is dense in Wy’? (1). 
(ii) If u € WEP (I) NC.) then u € Wy? ). 


Our next result provides a basic characterization of functions in Wy PD). 
e Theorem 8.12. Letu € W}P (I). Then u € Wo?) if and only if u = 0 on dl. 
Remark 15. Theorem 8.12 explains the central role played by the space Wy "P (I). Dif- 


ferential equations (or partial differential equations) are often coupled with boundary 
conditions, i.e., the value of u is prescribed on ðZ. 


10 We do not define wy? for p = œ. 
11 When there is no confusion we often write wy? and Hi instead of wE? (I) and Hè (I). 
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Proof. If u € Wy”, there exists a sequence (un) in Gl (I) such that un —> u in 
W!-P(1). Therefore un —> u uniformly on J and as a consequence u = 0 on 37. 
Conversely, let u € WLP (I) be such that u = 0 on 37. Fix any function G € 
C! (R) such that 
0 if|t| <1, 


Git) = 
© t if |t| > 2, 


and 
|G(t)| < |t| Wee R. 
Set un = (1/n)G(nu), so that un € w! Pc.) (by Corollary 8.11). On the other hand, 
Supp ún C {x € I; |u(x)| > 1/n}, 


and thus supp un is in a compact subset of J (using the fact that u = 0 on ðZ and 
u(x) > 0 as |x| > œ, x € I). Therefore un € WEP) (see Remark 14). Finally, 
one easily checks that un —> u in W |P (I) by the dominated convergence theorem. 
Thus u € WẸ? (I). 


Remark 16. Let us mention two other characterizations of Wy? functions: 


(i) Let 1 < p < œ and let u € LP (I). Define u by 


z u(x) ifx eT, 
u(x) = , 
0 ifx €e RV. 
Then u € WEP) if and only if a € W 1P (R). 


(ii) Let 1 < p < œ and let u € LP (I). Then u belongs to Wy?) if and only if 
there exists a constant C such that 


Vee 
I 


e Proposition 8.13 (Poincaré’s inequality). Suppose I is a bounded interval. Then 
there exists a constant C (depending on |I| < œ) such that 


< Clplzro Yo ECER). 


1, 
(13) lullwi < Cllu’Ineay) Yu € Wọ”). 


In other words, on Wy”, the quantity |\u'\|~>() is a norm equivalent to the 
W!P norm. 


Proof. Letu € Wy?) (with I = (a, b)). Since u(a) = 0, we have 


f u'(t)dt 


Thus ||| Læg) < lulz and (13) then follows by Hölder’s inequality. 


< llu"llza. 


|u(x)| = |u(x) — u(a)| = 
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Remark 17. If I is bounded, the expression (u’, v’);2 = fu'v' defines a scalar 
product on HY and the associated norm, i.e., ||u’||,2, is equivalent to the H 1 norm. 


Remark 18. Given an integer m > 2 and a real number 1 < p < om, the space 
Wo?) is defined as the closure of C™” (I) in W™P (I). One shows (see Exer- 
cise 8.9) that 


WP (D) = {u € W™P (I); u = Du =---= D'u =0 ondl}. 
It is essential to notice the distinction between 
weP(1) no { 2,p 7 = = 
0 = {u € WP (I), u= Du=O0 ondl} 


and 
WP (I) A Wy? (D = {u € W>P (I); u=0 on d/}. 


x The Dual Space of Wo P (I) 


Notation. The dual space of Wy?) (1 < p < œ) is denoted by wher) and 
the dual space of Hy (I) is denoted by H! (D). 


Following Remark 3 of Chapter 5, we identify L? and its dual, but we do not 
identify Hy and its dual. We have the inclusions 


HCL cH, 


where these injections are continuous and dense (i.e., they have dense ranges). 
If J is a bounded interval we have 


Wy? CL? CW! forall 1 < p < 00 


with continuous injections (and dense injections when 1 < p < oo). 
If J is unbounded we have only 


Wy? CL? CW! forall 1 < p <2 


with continuous injections (see Remark 12). 


The elements of W~!:?" can be represented with the help of functions in L?’; to 
be precise, we have the following 


Proposition 8.14. Let F € w-!P'(1). Then there exist two functions fo, fi € 
LP (T) such that 


(Feu) = f fout f fin’ Yue wD 
ve I 


and 
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IE llw-1» = max{|| folly’. Il filly). 
When I is bounded we can take fo = 0. 


Proof. Consider the product space E = LP (I) x LP (I) equipped with the norm 
All = llhollp + WAillp where h = [ho, hi]. 


The mapT : u € Wy?) +> [u, u’] € E is an isometry from Wy?) into E. Set 
G= TWE?) equipped with the norm of E and S = T!:G—> Wy? (D). The 
map h € G |> (F, Sh) is a continuous linear functional on G. By the Hahn—Banach 
theorem, it can be extended to a continuous linear functional ® on all of E with 
lllz = || F ||. By the Riesz representation theorem we know that there exist two 
functions fo, fi € LP (I) such that 


(®, h) = f foho + f fim eket 


It is easy to check that ||®|| z+ = max{|| follp Il fillp}. Also, we have 
(®, Tu) = (F, u) = f u f pul Vu € wè”. 
I I 


When I is bounded the space we? (I) may be equipped with the norm ||u’||p (see 
Proposition 8.13). We repeat the same argument with E = LP (I) andT : u € 
WEP(I) > u' € LP(D). 


Remark 19. The functions fo and fı are not uniquely determined by F. 


Remark 20. The element F € wed ) is usually identified with the distribution 
fo — fi (by definition, the distribution fo — fj is the linear functional u œ> f; fou + 
J, fru’, on CX). 


Remark 21. The first assertion of Proposition 8.14 also holds for continuous linear 
functionals on W!:?(1 < p < 00), i.e., every continuous linear functional F on 
WLP may be represented as 


(F, u) = f jut f pu Yu € WDP 
I I 
for some functions fo, fi € L”. 


8.4 Some Examples of Boundary Value Problems 


Consider the problem 


(14) 


—u"+u=f onl=(0,1), 
u(0) = u(1) = 0, 
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where f is a given function (for example in C (I ) or more generally in L?(D). 
The boundary condition u(0) = u(1) = 0 is called the (homogeneous) Dirichlet 
boundary condition. 


Definition. A classical solution of (14) is a function u € C?(D satisfying (14) in 
the usual sense. A weak solution of (14) is a function u € HÉ (I) satisfying 


(15) uve [umf pr Vu € H(I). 
I I I 


Let us “put into action” the program outlined in Section 8.1: 


Step A. Every classical solution is a weak solution. This is obvious by integration 
by parts (as justified in Corollary 8.10). 


Step B. Existence and uniqueness of a weak solution. This is the content of the 
following result. 


e Proposition 8.15. Given any f € L?(1) there exists a unique solution u € Hy to 
(15). Furthermore, u is obtained by 


min [i forse fre: 
veH (2 Jr I 


this is Dirichlet’s principle. 


Proof. We apply Lax—Milgram’s theorem (Corollary 5.8) in the Hilbert space H = 
Hj (1) with the bilinear form 


a(u, v) = fwv+ [w= (u,v) yy! 
I I 


and with the linear functional ọ : v > f Jv. 


Remark 22. Given F € H~'!(1) we know from the Riesz—Fréchet representation 
theorem (Theorem 5.5) that there exists a unique u € Hy (I) such that 


(u,v) yi = (F, v)y-i p} Wu € Ho. 


The map F +> wis the Riesz—Fréchet isomorphism from H7! onto HR . The function 
u coincides with the weak solution of (14) in the sense of (15). 


Steps C and D. Regularity of weak solutions. Recovery of 
classical solutions 


First, note that if f € L? and u € HÉ is the weak solution of (14), then u € H°. 
Indeed, we have 
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Jur’ for-ww Wwecld), 
I I 


and thus u’ € H! (by definition of H! and since f — u € L’), ie., u € H°. 
Furthermore, if we assume that f € C(I), then the weak solution u belongs to 
C?(1). Indeed, (u’)’ € C(I) and thus u’ € C! (I) (see Remark 6). The passage from 
a weak solution u € C? (I ) to a classical solution has been carried out in Section 8.1. 


Remark 23. If f € H*(1), with k an integer > 1, it is easily verified (by induction) 
that the solution u of (15) belongs to He2(1), 


The method described above is extremely flexible and can be adapted to a mul- 
titude of problems. We indicate several examples frequently encountered. In each 
problem it is essential to specify precisely the function space and to find the appro- 
priate weak formulation. 


Example 1 (inhomogeneous Dirichlet condition). Consider the problem 


(16) —u"+u=f onl=(0,1), 
u(0) =a, u(1) = B, 
with a, 8 € R given and f a given function. 


e Proposition 8.16. Given a, B € Rand f € L?(1) there exists a unique function 
u € H(1) satisfying (16). Furthermore, u is obtained by 


1 
min {5 forse fre}. 
veH! (1) 2/1 i 


v(0)=a,v( =p 


If, in addition, f € C(1) then u € C(I). 
Proof. We give two possible approaches: 


Method 1. Fix any smooth function!* ug such that uo(0) = «œ and ug(1) = B. 
Introduce as new unknown u# = u — uo. Then u satisfies 


—ü" +ü = ftuj—uo onl, 
u0) = à (1) = 0. 


We are reduced to the preceding problem for i. 
Method 2. Consider in the space H 1(7) the closed convex set 
K = {v € H! (D; v(0) = « and v(1) = £}. 


If u is a classical solution of (16) we have 


12 Choose, for example, ug to be affine. 
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[vo-w'+ fuw-w= f to-w Vue K. 

I I I 

Then in particular, 

(17) [uvw-w't fuw-w> f to-w Woe kK. 
I I I 


We may now invoke Stampacchia’s theorem (Theorem 5.6): there exists a unique 
function u € K satisfying (17) and, moreover, u is obtained by 


< 1 12 2 I 
min {> fo +v*) Ju b 
To recover a classical solution of (16), set v = u + w in (17) with w € HÈ and obtain 


fewa fuw= f fo Yw € Hy. 
I I I 


This implies (as above) that u € H 2(I ). Iffec (I ) the same argument as in the 
homogeneous case shows that u € C 2] ). 


x Example 2 (Sturm—Liouville problem). Consider the problem 


ge u(0) = u(1) = 0, 


Fe +qu=f onl =(,1), 
where p € cl(1), q€ C(D, and f € L? (I) are given with 
px)za«a>0 xel. 


If u is a classical solution of (18) we have 


fov faw= ffo Vu € H(I). 


We use Hy (I) as our function space and 


aur) =f pw + f que 
I I 


as symmetric continuous bilinear form on Hy. If g > 0 on J this form is coercive 
by Poincaré’s inequality (Proposition 8.13). Thus, by Lax—Milgram’s theorem, there 
exists a unique u € Hy such that 


(19) auv) = f fo Yv € H(I). 
I 
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Moreover, u is obtained by 


: 1 12 2 
min {= | (pv  +qv^)— | fv}. 
veki (2 Ji I 


It is clear from (19) that pu’ € H'; thus (by Corollary 8.10) u’ = (1/p)(pu’) € H! 
and hence u € H?. Finally, if f € C(I), then pu’ € C' (I), and sou’ € C'(/), 
ie., u € CD. Step D carries over and we conclude that u is a classical solution 
of (18). 


Consider now the more general problem 


(20) Pe +ru +qu=f onl = (0,1), 


u(0) = u(1) = 0. 


The assumptions on p, q, and f are the same as above, and r € C(I). If u is a 
classical solution of (20) we have 


[vues [rato [aw = f fo Vu € Hy. 
I I I I 


We use Hy (I) as our function space and 


au v= f pwt [ru'vt faw 
I I I 


as bilinear continuous form. This form is not symmetric. In certain cases it is coercive; 
for example, 


(i) ifg > l andr? <4a; | 
Gi) orifg > l andr € C! (I) with r’ < 2; here we use the fact that 


1 
f=- fre Vu € H. 


One may then apply the Lax—Milgram theorem, but there is no straightforward asso- 
ciated minimization problem. Here is a device that allows us to recover a symmetric 
bilinear form. Introduce a primitive R of r/p and set ¢ = e~*. Equation (20) can 
be written, after multiplication by ¢, as 
—Spu" — Cp'u' + cru’ + fqu = Cf, 
or (since ¢'p + fr = 0) 
—(Spu')' +oqu=Cf. 


Define on He the symmetric continuous bilinear form 


atu, o= f epu + f cau. 
I I 
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When q > 0, this form is coercive, and so there exists a unique u € Hy such that 


auv) =f efo Vu € Ay. 
I 


Furthermore, u is obtained by 


: 1 12 2 
min = | (Cpv’ +fqu-)— | fv}. 
vehi (2 Ji I 
It is easily verified that u € H?, and if f € C(I) then u € C?(J) is a classical 


solution of (20). 


Example 3 (homogeneous Neumann condition). Consider the problem 


on E +u=f onI = (0,1), 
u (0) =u (1) = 0. 


e Proposition 8.17. Given f € L?(I) there exists a unique function u € H?(1) 
satisfying (21).'° Furthermore, u is obtained by 


: 1 12 2 
min {= {(v +uvu°)— | fv}. 
veH! (1) (2 Ji I 


If, in addition, f € C(1), then u € C? (D). 


Proof. If u is a classical solution of (21) we have 


22) furs fue fre Vu € H'(1). 
I I I 


We use H! (I) as our function space: there is no point in working in Ha as above 
since u(O) and u(1) are a priori unknown. We apply the Lax—Milgram theorem with 
the bilinear form a(u, v) = f; u'v' + f, uv and the linear functional g : v > f; fo. 
In this way we obtain a unique function u € H D satisfying (22). From (22) it 
follows, as above, that u € H? (I). Using (22) once more we obtain 


(23) fer +u — fjv +u (1w) —u'(0)v(0) =0 W e A'(). 
I 


In (23) begin by choosing v € Hy and obtain —u” + u = f a.e. Returning to (23), 
there remains 
u'(1)v(1) — u’(0)v(0) =0 Vue H!(D). 


Since v(0) and v(1) are arbitrary, we deduce that u’(0) = u’(1) = 0. 


13 Note that u € H?(1) = u € C! (I) and thus the condition u/(0) = w’(1) = 0 makes sense. It 
would not make sense if we knew only that u € H!. 
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Example 4 (inhomogeneous Neumann condition). Consider the problem 


T Fe +u=f onI = (0,1), 


u'(0) = œ, u'(1) = B, 
with a, 6 € R given and f a given function. 


Proposition 8.18. Given any f € L? (I) anda, B € R there exists a unique function 
u € H(1) satisfying (24). Furthermore, u is obtained by 


min {5 [o+ - [two - poco}. 
2 JI I 


veH (I) 
If, in addition, f € C(1) then u € C(I). 
Proof. If u is a classical solution of (24) we have 


[ure f w= f po-avo +600) W € H! (I). 
I I I 


We use H! (I) as our function space and we apply the Lax—Milgram theorem with 
the bilinear form a(u, v) = f, u'v' + f, uv and the linear functional 


Q: ve f fo- w0 + poo. 
I 


This linear functional is continuous (by Theorem 8.8). Then proceed as in Example 
3 to prove that u € H? (I) and that u’ (0) = a, u' (1) = £. 


Example 5 (mixed boundary condition). Consider the problem 


bs Lo +u=f onl = (0,1), 


u(0) = 0, u'(1) = 0. 


If u is a classical solution of (25) we have 


(26) [ucts fw =fr Yv € H! (I) with v(0) = 0. 
The appropriate space to work in is 
H = {v € H! (D; v(0) = 0} 
equipped with the H! scalar product. The rest is left to the reader as an exercise. 
Example 6 (Robin, or “third type,” boundary condition). Consider the problem 


—u" +u = f onI = (0,1), 


(27) 
u' (0) = ku (0), u(1) = 0, 
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where k € R is given.!* 


If u is a classical solution of (27) we have 
[ue + i uv + ku(O)v(0) = Í fv Wv e€ H!(D) with v(1) = 0. 
The appropriate space for applying Lax—Milgram is the Hilbert space 
H = {v € H'(1); v(1) = 0} 


equipped with the H! scalar product. The bilinear form 
a(u, v) = fev + / uv + ku(0)v(0) 
I I 


is symmetric and continuous. It is coercive if k > 0.15 


Example 7 (periodic boundary conditions). Consider the problem 


(28) 


—u"+u=f onl=(0,1), 
u(O) = u(1), u’(0) = u' (1). 


If u is a classical solution of (28) we have 


(29) [uw + fw = f fv WweHt(I) withv(O) =v). 
I I I 
The appropriate setting for applying Lax—Milgram is the Hilbert space 
H = {v € H! (T); v(0) = v(1)} 


with the bilinear form a(u, v) = f,u'v' + f, uv. When f € L?(I) we obtain a 
solution u € H? (I) of (28). If, in addition, fec (I ) then the solution is classical. 


Example 8 (a boundary value problem on R). Consider the problem 


—u" +u = f on R, 


u(x) > 0 as |x| > co, 


(30) 


with f givenin L? (R). A classical solution of (30) is a function u € C? (R) satisfying 
(30) in the usual sense. A weak solution of (30) is a function u € H! (R) satisfying 


14 More generally, one can handle the boundary condition 
au’ (0) + Bou(0) = 0, ayu’(1) + Biu(1) = 0, 


with appropriate conditions on the constants ao, Bo, a1, and £1. 

15 If k < 0 with |k| small enough the form a(u, v) is still coercive. On the other hand, an explicit 
calculation shows that there exist a negative value of k and (smooth) functions f for which (27) has 
no solution (see Exercise 8.21). 
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[us [w= f te Vv € H! (R). 
R R R 


We have first to prove that any classical solution u is a weak solution; let us check in 
the first place that u € H 1R). Choose a sequence (¢,,) of cut-off functions as in the 
proof of Theorem 8.7. Multiplying (30) by ¢,u and integrating by parts, we obtain 


[oo Gan! + oan + f cu = f Caf it; 
R R R 


from which we deduce 


(31) fu? y= f atut [ee 2, 
R 


But 
J chu? 2- z u? with C = |g") 
n<|x|<2n 


u? > Oasn > œ, since u(x) > 0 as |x| > oo. Inserting the 


foetus s fati fas 
rR 0s 2 JR 2 JR” 


in (31), we see that f Cn (u' 4 + u?) remains bounded as n — oo and therefore 
u € H! (R). 
Assuming that u is a classical solution of (30), we have 


[us f= fre Yv € C} (R). 
R R R 


By density (and since u € H '(R)) this holds for every v € H 1 (R). Therefore u is a 
weak solution of (30). 

To obtain existence and uniqueness of a weak solution it suffices to apply Lax— 
Milgram in the Hilbert space H! (IR). One easily verifies that the weak solution u 
belongs to H? (R) and if furthermore f € C (R) then u € C? (R). We conclude (using 
Corollary 8.9) that given f € L? (R) N CR), problem (30) has a unique classical 
solution (which furthermore belongs to H?(R)). 


1 
and n? Jn<|x|<2n 
inequality 


Remark 24. The problem 


—u"= f onR, 


u(x) > 0 as |x| > œ, 


cannot be attacked by the preceding technique because the bilinear form a(u, v) = 
f u'v' is not coercive in H! (R). In fact, this problem need not have a solution even 
if f is smooth with compact support (why?). 


Remark 25. On the other hand, the same method applies to the problem 
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—u" +u = f on I = (0, +00), 


u(0) = 0 and u(x) —> 0 as x > +00, 


with f given in L7(0, +00). 


8.5 The Maximum Principle 


Here is a very useful property called the maximum principle. 
e Theorem 8.19. Let f € L?(T) with I = (0, 1) and let u € H*(1) be the solution 
of the Dirichlet problem 


(32) eee on I, 


u(0) =a,u(1) = £. 
Then we have, for every x € 7,16 


(33) min{a, 6, ani f} < u(x) < max{a, B, sup f}. 
I 


Proof (using Stampacchia’s truncation method). We have 


(34) uve [um f pe Vu € Ay (D). 
I I I 


Fix any function G € C! (R) such that 


(i) G is strictly increasing on (0, +00), 
Gi) G(t) = 0 for t € (—oo, 0]. 


Set K = max{a, p, sup, f} and suppose that K < oo. We shall show that u < K 
on J. The function v = G(u — K) belongs to H! (I) and even to Hy (J), since 


u(0) -K =a—K <0 and u(l)-K=fB-K <0. 


Plugging v into (34), we obtain 


[row — K) + fusu —- K) = f #GU=K), 
I I 


I 


that is, 


[Peu-~©+ fu-HGu-K = fr-mGu =). 
I I I 


16 sup f and inf f refer respectively to the essential sup (possibly +00) and the essential inf of f 
(possibly —oo). Recall that ess sup f = inf{C; f(x) < C a.e.} and ess inf f = —ess sup(— f ). 
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But (f—K) < OandG(u—K) > 0, from which it follows that (f—K)G(u—K) < 0, 
and therefore 


[u- osu- <0. 
I 


SincetG(t) > 0 Yt € R, the preceding inequality implies (u— K)G (u— K) = 0 a.e. 
It follows that u < K a.e., and consequently everywhere on 7, since u is continuous. 
The lower bound for u is obtained by applying this upper bound to —u. 


Remark 26. When f € C(/),thenu € C*(/) and one can establish (33) by a different 
method: the classical approach to the maximum principle. Let xo € I be the point 
where u attains its maximum on T. If xo = 0 or if x9 = 1 the conclusion is obvious. 
Otherwise, 0 < xq < 1 and then u/(xp) = 0, u” (x0) < 0. From equation (33) it 
follows that 

u(xo) = f (xo) +u” (xo) < f(xo) < K 


and therefore u < K on I. 
Here are some immediate consequences of Theorem 8.19. 


e Corollary 8.20. Let u be a solution of (34). 


G) Ifu > 0 on dl and if f > Oon I, then u > Oon 1. 
Gi) fu = 0 on ðI and if f € LY (I), then |jullræm < || f llLæm. 
GD If f = 0 on I, then |u < lullen. 


We have a similar result for the case of Neumann condition. 


Proposition 8.21. Let f € L?(I) with I = (0, 1) and letu € H? (I) be the solution 
of the problem 


—u" +u =f onl, 
u' (0) = u'(1) = 0. 


Then we have, for every x € I, 


(35) mE < u(x) < sup f. 
I 


Proof. We have 


(36) uve fue f pr W € H! (1). 
I I I 


Plug v = G(u — K) into (36) with K = sup, f and the same function G as above. 
Then proceed just as in the proof of Theorem 8.19. 


Remark 27. If f € C(I), then u € C? (I) and we can establish (35) along the same 
lines as in Remark 26. Note that if u achieves its maximum on 37, say at 0, then 
u” (0) < 0 (extending u by reflection to the left of 0 and using the fact that u’ (0) = 0). 
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Remark 28. Let f € L?(R) and let u € H? (R) be the solution of 
—u"+u=f onR, 
u(x) > 0 as|x| > œ, 

discussed in Example 8. Then we have, for all x € R, 


inf f < u(x) < sup f. 
R R 


8.6 Eigenfunctions and Spectral Decomposition 


The following is a basic result. 


e Theorem 8.22. Let p € C! (I) with I = (0, 1) and p > a > Oon I; letq € C(I). 
Then there exist a sequence (An) of real numbers and a Hilbert basis (en) of L?(1) 
such that en € C2(1) Vn and 


— (pe) + qen =Anen onl, 


G7) en (0) = en (1) = 0. 


Furthermore, àn > +0 as n > +00. 


One says that the (àn) are the eigenvalues of the differential operator Au = 
—(pu’)' + qu with Dirichlet boundary condition and that the (e,,) are the associated 
eigenfunctions. 


Proof. We can always assume q > 0, for if not, pick any constant C such that 
q +C = 0, which amounts to replacing Ay by Ay + C in (37). For every f € L?(I) 
there exists a unique u € H XDA HÉ (I) satisfying 


(38) ee +qu=f onl, 


u(0) = u(1) = 0. 


Denote by T the operator f +> u considered as an operator from L? (1) into L?(I)."" 
We claim that T is self-adjoint and compact. First, the compactness. Because of 


(38) we have 
[ors fae = f pu 
I I I 


and thus allu’? < | fliz2llul|z2. It follows that ||u|| 71 < Cll fll;2, where C is a 
constant depending only on a. This can be written as 


ITfla < Clfl Yf e0. 


17 We could also envisage T as an operator from Hè into Hi (see Section 9.8, Remark 28). 
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Since the injection of H '(1) into L?(/) is compact (because I is bounded), we 


deduce that T is a compact operator from L? (I) into L?(I). Next, we show that T 
is self-adjoint, i.e., 


/ (T fe = i} f(Tg) Vfg € LU). 


Indeed, setting u = Tf and v = Tg, we have 


(39) —(pu')'+qu= f 
and 
(40) —(pv')'+qu=g. 


Multiplying (39) by v and (40) by u and then integrating, we obtain 


f owv+ faw= f tom fu, 
I I I I 


which is the desired conclusion. 
Finally, we note that 


(41) fanra pure fru? tae 20 VP er) 
I I I 


and also that N(T) = {0}, since Tf = 0 implies u = 0 and so f = 0. 

Applying Theorem 6.11, we know that L?(/) admits a Hilbert basis (en)n>1 
consisting of eigenvectors of T with corresponding eigenvalues ({1,),>1. We have 
Un >O Yn (un = Oby (41) and un Æ 0, since N(T) = {0}). We also know that 
Ln — 0. Writing that Te, = unen, we obtain 

—(pe,y + qen = Ann witha, = 1/tn, 

€n(O) = en(1) = 0. 
In addition, we have en € C7(I), since f = Anen € C(I) (in fact en € C°(/) if 
pP.g € C®(1)). 


Example. If p = 1 and q = 0 we have 


enx) = V2 sin(arx) and An =n°n?, n= 1,2,.... 


Remark 29. For the same differential operator the eigenvalues and the eigenfunctions 
vary with the boundary conditions. As an exercise determine the eigenvalues of the 
operator Au = —u” with the boundary conditions of Examples 3, 5, 6, and 7. 
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Remark 30. The assumption that 7 is bounded enters in an essential way in show- 
ing the compactness of the operator T. When J is not bounded the conclusion of 
Theorem 8.22 is in general false;'® one encounters instead the very interesting phe- 
nomenon of continuous spectrum—on this subject, see, e.g., M. Reed—B. Simon [1]. 
In Exercise 8.38 we determine the eigenvalues and the spectrum of the operator 
T : f œ> u, where u € H 2 (R) is the solution of problem (30): T is a self-adjoint 
bounded operator from L*(R) into itself, but it is not compact. 


Comments on Chapter 8 


1. Some further inequalities. 
Let us mention some very useful inequalities involving the Sobolev norms: 


(i) Poincaré—Wirtinger’s inequality. 
Let J be a bounded interval. Given u € L?(1), set Ŭŭ = T f z 4 (this is the mean 
of u on J). We have 


lu — ülo < lu'lı Yu € WIN) 


(see Problem 47). 
(ii) Hardy’s inequality. 
Let J = (0, 1) and let u € Wy?) with 1 < p < œœ. Then the function 
T Ea 


~ x(1—x) 


belongs to L? (T) and furthermore, 
1, 
llullp <Cpllullp Yu € Wy?) 


(see Exercise 8.8). 


(iii) Interpolation inequalities of Gagliardo—Nirenberg. 
Let J be a bounded interval and let 1 < r < œ, 1 < q < p < œ. Then there 
exists a constant C such that 


(42) lullp < Chuli lulia, Yu € WED), 


where 0 < a < | is defined by a(t — 1 +1) = tat (see Exercise 8.15). In 
particular, it follows from inequality (42) that if p < oo (or even if p = œ but 


r > 1), then 


& 


'8 In certain circumstances, with some appropriate assumptions on p and q, the conclusion of 
Theorem 8.22 still holds on unbounded intervals (see Problem 51). 
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(43) Ve > 03C >0 such that 
lullp < ellullwir + Cellullg Yu € WET). 

One can also establish (43) by a direct “compactness method”; see Exercise 8.5. Other 
more general inequalities can be found in L. Nirenberg [1] (see also A. Friedman [2]). 
In particular, we call attention to the inequality 


1/2 
w2r 


1/2 


lu'lp < Cllullya, lull” Yu € W% (D, 


where p is the harmonic mean of q and r, i.e., ; = AG; + 1), 


2. Hilbert—Schmidt operators. 
It can be shown that the operator T : f +> u that associates to each f in L7(/) the 
unique solution u of the problem 


(pu +qu= f onl = (0,1), 
u(0) = u(1) = 0 


(assuming p > a > 0 and q > 0) is a Hilbert-Schmidt operator from L7(/) into 
L?(1); see Exercise 8.37. 


3. Spectral properties of Sturm-Liouville operators. 

Many spectral properties of the Sturm—Liouville operator Au = —(pu’)’ + qu with 
Dirichlet condition on a bounded interval J are known. Among these let us mention 
that: 


(i) Each eigenvalue has multiplicity one: it is then said that each eigenvalue is 
simple. 
(ii) If the eigenvalues (àn) are arranged in increasing order, then the eigenfunction 
en (x) corresponding to A, possesses exactly (n — 1) zeros on J; in particular the 
first eigenfunction e; (x) has a constant sign on 1, and usually one takes e; > 0 
on I. 
(iii) The quotient A,,/n? converges as n —> œ to a positive limit. 


Some of these properties are discussed in Exercises 8.33, 8.42 and Problem 49. 
The interested reader can also consult Weinberger [1], M. Protter-H. Weinberger [1], 
E. Coddington—N. Levinson [1], Ph. Hartman [1], S. Agmon [1], R. Courant- 
D. Hilbert [1], Vol. 1, E. Ince [1], Y. Pinchover—J. Rubinstein [1], A. Zettl [1], and 
G. Buttazzo—M. Giaquinta—S. Hildebrandt [1]. 


The celebrated Gelfand—Levitan theory deals with an important “inverse” prob- 
lem: what informations on the function g(x) can one retrieve purely from the knowl- 
edge of the spectrum of the Sturm—Liouville operator Au = —u” + q(x)u? This 
question has attracted much attention because of its numerous applications; see, e.g., 
B. Levitan [1] and also Comment 13 in Chapter 9. 
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Exercises for Chapter 8 


8.1 | Consider the function 


u(x) = (1+x7)-**(log(2+x7))7!, x eR, 


with 0 < œ < 1. Check that u € W!?(R) Vp € [1/a, oo] and that u ¢ L4(R) 
Vq € [1, 1/a). 


8.2 |Let 7 = (0, 1). 


1. Assume that (u„) is a bounded sequence in W!P(1) with 1 < p < œ. 
Show that there exist a subsequence (un,) and some u in WEP(I) such that 
lun, — ull — 0. Moreover, up, — u’ weakly in L? (I) if 1 < p < oo, and 
ui, Š u’ ino(L®, L!) if p = œ. 

2. Construct a bounded sequence (un) in W!:!(1) that admits no subsequence con- 
verging in L(I). 


[Hint: Consider the sequence (un) defined by 


0 if x € [0, 5], 
Un(x)=4n(x—5) ifxe (5,543), 
1 ifx e [4 + 4,1], 


with n > 2.] 


8.3 | Helly’s selection theorem. 
Let (un) be a bounded sequence in w!!(, 1). The goal is to prove that there 
exists a subsequence (uy, ) such that un, (x) converges to a limit for every x € [0, 1]. 


1. Show that we may always assume in addition that 
(1) Vn, Uy is nondecreasing on [0, 1]. 


[Hint: Consider the sequences vy (x) = h jus (H) |dt and Wy = Vn — un.] 
In what follows we assume that (1) holds. 


2. Prove that there exist a subsequence (u,,) and a measurable set E C [0, 1] 
with |E| = 0 such that un, (x) converges to a limit, denoted by u(x), for every 
x €[0,1]\ Æ. 


[Hint: Use the fact that W! C L! with compact injection.] 


3. Show that u is nondecreasing on [0, 1] \ £ and deduce that there are a countable 
set D C (0,1) and a nondecreasing function u : (0,1) \ D — R such that 
u(x + 0) = u(x — 0) Vx € (0, 1) \ D and u(x) = u(x) Vx € (0,1) \ (DUE). 


4. Prove that un, (x) > u(x) Vx € (0, 1) \ D. 
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5. Construct a subsequence from the sequence (uy, ) that converges for every x € 
[0, 1]. 


[Hint: Use a diagonal process. ] 


8.4 | Fix a function g € CX (R), p € 0, and set un (x) = g(x +n). Let 1 < p < œ. 


1. Check that (un) is bounded in W!:? (R). 


2. Prove that there exists no subsequence (uy, ) converging strongly in L7(R), for 
any l <q < œ. 


3. Show that u, — 0 weakly in W!?(R) Yp e (1, œ). 


8.5 |Let p > 1. 


1. Prove that Ve > 0 3C = C(e, p) such that 
O lullreo, < elulon + Clullzio Yu € WPO, 1). 


[Hint: Use Exercise 6.12 with X = W!?(0,1), Y = L®(0, 1), and Z = 
L! (0, 1).] 
2. Show that (1) fails when p = 1. 


[Hint: Take u(x) = x” and let n > ~.] 


3. Let 1 < q < œ. Prove that Ve > 0 AC = C(e, q) such that 


(2) lull za0,1) < ellu’llzi0,1 ar Cllullz10,1) Vu € wt! (0, 1). 


8.6|Let J = (0, 1) and p > 1. 


1. Check that WP (I) c C! (T) with compact injection. 
2. Deduce that Ye > 0, 3C = C(e, p) such that 


lu'lræq) + lullreg) < elu” llre) + Chulli Yu € WP). 


3. Let 1 < q < œ. Prove that Ve > 0 AC = C(e, q) such that 


luca) + Melle) < elle” gy + Cllullnigy, Yu € We"). 


More generally, let m > 2 be an integer. 


4. Show that Ve > 0 3C = C(e, m, p) such that 
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m—-1 
Do [Diullzeay < ellD”ulreo + Cllullnigy Yu € WP (D). 
j=0 


5. Let 1 < q < œ. Prove that Ve > 0 AC = C(e, q) such that 


m—2 
De" Pullzaat+ >. |Diullzeuy < ellD™ ulleigy+Cllallnigy Yu € WD. 
j=0 


8.7 | Let J = (0, 1). Given a function u defined on 7, set 


= u(x) ifxel, 
u(x) = 
0 ifx eR x ¢/. 


1. Assume that u € Wy?) with 1 < p < oo. Prove that 7 € WP (R). 


2. Conversely, let u € L? (I) with 1 < p < œ be such that 7 € W$? (R). Show 
thatu € Wy’? (I). 


3. Letu € LP(I) with 1 < p < œ. Show that u € Wy?D iff there exists a 
constant C such that 


f ap, 
up 
R 


< Cllr Ye ECR). 


8.8 
1. Letu € W!?(0, 1)with1 < p < œ. Show that ifu (0) = 0, then“ e€ LP (0, 1) 
and x) 
u(x p 
< lu’ llLe 0,1) 
x lro P7! 


[Hint: Use Problem 34, part C.] 


2. Conversely, assume that u € W!?(0, 1) with 1 < p < oo and that uœ) 


L? (0, 1). Show that u (0) = 0. 
[Hint: Argue by contradiction. ] 


3. Let u(x) = (1 + |logx|)~!. Check that u € W!!(0, 1), u(0) = 0, but “ ¢ 
L! (0, 1). 


4. Assume that u € W}P(0, 1) with 1 < p < œ and u(0) = O. Fix any function 
¢ e C™(R) such that ¢(x)=0 Vx e (—oo, 1] and ¿(x)= 1 Yx € [2, +00). 
Set ¢&n(x) = (nx) and un(x) = &(x)u(x),n = 1,2.... Check that u, € 
W!-P(0, 1) and prove that u, > u in W$? (0, 1) as n > œ. 
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[Hint: Consider separately the cases p = 1 and p > 1.] 


8.9|Set 7 = (0, 1). 


1. Letu € WP (I) with 1 < p < œ. Assume that u(0) = u’(0) = 0. Show that 
1O © LPT) and “© e€ LP(I) with 


u(x) 


x2 


u'(x) 


X 


a) 


< Cpllu” llre. 
LP (I) 


LP(I) 
[Hint: Look at Exercise 8.8.] 
2. Deduce that v(x) = #2 e WŁP(I) with v(0) = 0. 


3. Let u be as in question 1. Set un = ¢nu, where ¢, is defined in question 4 of 
Exercise 8.8. Check that un € W>P (I) and un > u in WP (I) as n > oo. 


4. More generally, let m > 1 be an integer, and let 1 < p < oo. Assume that 
u € Xm, where 


Xm = {u € W™P (I); u(0) = Du(0) =--- = D”™!u(0) = 0}. 


Show that “9 e LP (T) and that HY e Xj. 


xml 


[Hint: Use induction on m.] 


5. Assume that u € Xm and prove that 


Diu(x) 
Vee 


= ee EX, Vj,k integers, j > 0,k>1,j+k<m-l1. 
x : 


6. Let u be as in question 4 and ¢, as in question 3. Prove that ¿nu € W™P (I) and 
Cpu > u in W™P (I), asn > oO. 

7. Give a proof of Remark 18 in Chapter 8 when p > 1. 

8. Assume now that u € W>! (I) with u(0) = u’ (0) = 0. Set 


®© ifxe(0,1], 


v — 
Oye age: 


Check that v € C({0, 1]). Prove that v € W}! (1). 
[Hint: Note that v(x) = 4 fp uw (ntdt.] 


9. Construct an example of a function u € Ww2l(7) satisfying u(0) = u’(0) = 0, 
but “O ¢ L! (I) and “® ¢ 11. 


[Hint: Use question 3 in Exercise 8.8.] 
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and that un > u in W!(1), as n > oo. 


. Give a proof of Remark 18 in Chapter 8 when m = 2 and p = 1. 


. Generalize questions 8—11 to Ww”! (1) with m > 2. 
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. Let u be as in question 8, and ¢, as in question 3. Check that un = Ẹnu € w2! (I), 


[The result of question 8, and its generalization to m > 2, are due to Hernan 


Castro and Hui Wang.] 


8.10 


u’ = 0 a.e. on the set E = {x € I; u(x) = 0}. 


Fix a function G € C! (R, R) such that |G(t)| < 1 Yt € R, |G/(t)| < C Yt ER, 
for some constant C, and 


A WwW N 


5. 
6. 


1 iff =1, 
GO=]}t if |t| < 1/2, 
=]. ift<-—l. 


Set i 
Vn (x) = = G(nu(x)). 


. Check that || vp liL) > 0 asin > oo. 
. Show that vn € WLP (I) and compute v/. 
. Deduce that |v/,| is bounded by a fixed function in L? (I). 


. Prove that vj,(x) > f(x) a.e. on J, asn — œ, and identify f. 


[Hint: Consider separately the cases x € E and x ¢ E. ] 
Deduce that v, > f in LP (I). 


Prove that f = 0 a.e. on J and conclude that u’ = 0 a.e. on E. 


8.11 


R \ {0}, for some constant C. Let 1< p < œ. 
The goal is to prove that for every u € W!?(0,1),v = F(u) belongs to 
w!-?(0, 1) and 


1. Construct a sequence (F;,) in C (R) such that || F/|lz-oq@y < C Wn and 


_ JE uau (x) a.e. on [u(x) 4 0], 


v (x) 0 a.e. on [u(x) = 0]. 


Let J = (0, 1). Letu € W!-?(J) with 1 < p < œ. Our goal is to prove that 


Let F € C(R, R) and assume that F € C!(R \ {0}) with |F| <C Yte 
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fe — F uniformly on compact subsets of R, 


F; — F’ uniformly on compact subsets of R \ {0}. 


. Check that vn = F, (u) € WLP (0, 1) and that v’, = F} (uu. 
. Prove that vp > v = F(u) in C([0, 1]) and that vj, converges in L? (0, 1) to f, 
where 


F'(u(x))u'(x) a.e. on [u(x) Æ 0], 
ed 
0 a.e. on [u(x) = 0]. 


[Hint: Apply dominated convergence and Exercise 8.10.] 
. Deduce that v € W}? (0, 1) and v’ = f. Show that v, —> v in W!P(O, 1). 


. Let (uz) be a sequence in W!:? (0, 1) such that uz —> u in W!:?(0, 1). Prove that 
F(u) > F(u) in W"?. 


[Hint: Applying Theorem 4.9 and passing to a subsequence (still denoted by ux), 
one may assume that u, —> u’ a.e. on (0, 1) and |u| < g Vk, for some function 
g € L?(0, 1). Set wg = F (ux) and check that w, —> f a.e. on (0, 1), where f is 
defined in question 3. Deduce that wg —> F(u) in w!-P(0, 1). Conclude that the 
full original sequence F (ug) converges to F(u) in w!Po, 1).] 


. Application: take F(t) = t+ = max{t, 0}. Check that ut € W!?(0, 1) Yu € 
W!-P(0, 1). Compute (u*)’. 


1 


N 


Let J = (0, 1) and 1 < p < œ. Set 


Bp = {u € WP (I); lullrei + lu'llrea) < 1} 


. Prove that B, is a closed subset of L? (T) when 1 < p < oo; more precisely, Bp 
is compact in L? (I). 


. Show that B; is not a closed subset of L! (7). 


8.13 Let 1 < p < œ and u € WLP (R). Set 


Dpu(x) = Lua +h)-—u(x)),x ER, hA>O. 


Show that Dhu —> u’ in LP (R) ash —> 0. 
[Hint: Use the fact that C1 (R) is dense in W£? (R).] 


8.14 


Letu € C!((0, 1)). Prove that the following conditions are equivalent: 


(a) u e WŁ1(0, 1), 


(b) u' 


€ L! (0, 1) (where u’ denotes the derivative of u in the usual sense), 


(c) u € BV (0, 1) (for the definition of BV see Remark 8). 
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Check that the function u(x) = xsin(1/x),0 < x < 1, with u(0) = O, is 
continuous on [0, 1] and that u ¢ w!0, 1). 


8.15 | Gagliardo—Nirenberg’s inequality (first form). 
Let J = (0, 1). 


1. Let 1 <q < œ and 1 <r < œ. Prove that 


(ES 
(1) lela) < Chullpi lulr Ya E WIT) 


for some constant C = C (q,r), where 0 < a < 1 is defined by 


1 1 1 
2) a(ž+1-1)=4. 
q r) q 


[Hint: Start with the case u(0) = 0 and write G(u(x)) = i G'(u(t))u'(t)dt, 
where G(t) = |t|*~!t anda = L, When u(0) Æ 0, apply the previous inequality 
to fu, where ¢ € c!({0, 1]), ¢(0) = 0, and C(t) = 1 fort € [5. 1].] 


2. Letl<q<p<oand|l<r<o. 
Prove that 
(3) lulle < Cllallbyrgyllullivgy Yu € WE") 
for some constant C = C (p, q,r), where 0 < b < 1 is defined by 


1 1 1 1l 
(4) b|-+1 = , 
q r q P 


[Hint: Write lull? pg) = J; lult lal? 4 < ulf acg lul?" and use (1) ifr > 1] 


3. With the same assumptions as in question 2 show that 


©) lule < Clee’ Fe cy lleell cay Yu e WQ) with f u=0. 
I 


8.16} Let E = L?(0O,1) with 1 < p < oo. Consider the unbounded operator 
A: D(A) C E > E defined by 


D(A) = {u € W!?(0, 1), u(0) =0} and Au =u’. 


1. Check that D(A) is dense in E and that A is closed (i.e., G(A) is closed in E x E). 
2. Determine R(A) and N(A). 


3. Compute A*. Check that D(A”) is dense in E* = L” (0, 1) when 1 < p < œ, 
but D(A*) is not dense in E* = L% (0, 1) when p = 1. 
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4. Same questions for the operator A defined by 


D(A) = Wy? (0,1) and Au =u’. 


8.17 Let H = L?(0, 1) and let A : D(A) C H —> H be the unbounded operator 
defined by Au = u”, whose domain D(A) will be made precise below. Determine 
A*, D(A*), N(A), and N (A*) in the following cases: 


1. D(A) = {u € H?(0, 1); u(0) = u(1) = 0}. 

. D(A) = H?(0, 1). 

. D(A) = {u € H?(0, 1); u(0) = u(1) = u' (0) = w'(1) = 0}. 
. D(A) = {u € H7(0, 1); u(0) = u(1)}. 


KR o N 


Same questions for the operator Au = u” — xu’. 


8.18 | Check that the mapping u —> u(0) from H 10, 1) into R is a continuous linear 
functional on H! (0, 1). Deduce that there exists a unique vg € H 1(0, 1) such that 


1 
“o= f (u'vh + uvo) Yu € H!(0,1). 
0 


Show that vo is the solution of some differential equation with appropriate boundary 
conditions. Compute vo explicitly. 


[Hint: Consider Example 4 in Section 8.4.] 


8.19 Let H = L?(0, 1) and consider the function yg: H > (—oo, +o] defined by 


jae l fdu? ifue H'(0, 1, 
+400 if u € L7(0, 1) and u ¢ H'(0, 1). 


1. Check that g is convex and L.s.c. 
2. Compute y*(f) for every f € H. 


[Hint: Show first that y*(f) = +00 if fy f # 0. Assume next that fj f = 0 
and set F(x) = fè f ()dt. Note that f} fu = — f} Fu! Yv € H'(0, 1) 


8.20 | Set 


V = {v € H! (0, 1); v(0) = 0}. 


1. Given f € L? (0, 1) such that 1 f@e L7(0, 1), prove that there exists a unique 
u € V satisfying 


1 1 1 
(1) | u'(x)v' (x)dx +f REO =f es Vue V. 
0 0 x 0 x 
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[Hint: Use question 1 in Exercise 8.8.] 


2. What is the minimization problem associated with (1)? 


In what follows we assume that sr f (x) € L7(0, 1). 


3. In (1) choose v(x) = €}, e > 0, and deduce that 


(x+e)?’ 
Md (u(x) \/? 1 f(x) u(x) 
2) [ 4 (2) avs f x2 (x +€)? we 


4. Prove that “® e 17(0, 1), “® € H!(0, 1), and “® e 17(0, 1). 


[Hint: Use once more question 1 in Exercise 8.8 and pass to the limit as € > 0.] 


5. Deduce that u € H*(0, 1) and that 


(3) 


—u" (x) a “9 = un a.e. on (0, 1), 
u(0)=u/(0)=0 and w'(1)=0. 


6. Conversely, assume that a function u € H 2(0, 1) satisfies wo € L7(0, 1) and (3). 
Show that (1) holds. 


8.21 | Assume that p € C!({0, 1]) with P(x) >a >O Vx e [0,1] andg € 
C([0, 1]) with g(x) > 0 Vx € [0, 1]. Let vo € C?([0, 1]) be the unique solution of 


a ae on [0, 1], 


vo(0) = 1, vo(1) = 0. 
Set ko = vp(0). 
1. Check that ko < —a/p(0). 
[Hint: Multiply equation (1) by vo and integrate by parts. Use the fact that 
1< [luli < llvoll2-] 


We now investigate the problem 


—(pu')' + qu = f on (0, 1), 


(2) } 
u (0) = ku(O), u(1) = 0, 


where k € R is fixed and f € L7(0, 1) is given. 
2. Assume k = kọ. Show that 


1 
[(2) has a solution u € H?(0, D] —> | fvo = ol. 
0 
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Is there uniqueness of u? 


3. Assume now that k Æ ko. Prove that for every f € L*(0, 1), problem (2) admits 
a unique solution u € H?(0, 1). 


[Hint: Using Exercise 8.5, find a constant K such that the bilinear form a(u, v) = 
i (pu'v’ + quv + Kuv) + p(0)ku(0)v(0) is coercive on H!. Write (2) in the 
form u = T(f + Ku) for some appropriate compact operator T. Then apply 
assertion (c) in the Fredholm alternative. ] 


8.22 | Set 


K = {p € H'(0, 1); p > 0 on (0, 1) and /p € H! (0, 1)}. 


1. Construct an example of a function p € H 1(0, 1) with p => Oon (0, 1) such that 
pK. 


2. Given p € H! (0, 1) with p > Oon (0, 1), set 
H = 


Prove that o € K <= uu € L?, and then (VPY = h. 
[Hint: Consider ps = p + €.] 
3. Show that K is a convex cone with vertex at 0. 


4. Prove that the function p € K => Keys ule is convex. 


8.23 | Let J = (0, 1) and fix a constant k > 0. 


1. Given f € L'(J) prove that there exists a unique u € Hh (J) satisfying 


(1) [use fw fe Vu € H(I). 


2. Show that u € W>! (I). 
3. Prove that i 
nig < gl lea 
[Hint: Fix a function y € C! (R, R) such that y'(t) > OVt € R, y0) = 0, 


y(t) = +1 Yt > 1, and y(t) = —1 Yt < —1. Take v = y(nu) in (1) and let 
n —> œ.] 


4. Assume now that f € LP (I) with 1 < p < œœ. Show that there exists a constant 
ô > 0 independent of k and p, such that 
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| lllo. 


lulle < we 


[Hint: When 2 < p < œ, take v = y(u) in (1), where y(t) = |r|?! sign t. 
When 1 < p < 2, use duality. ] 


5. Prove that if f € L(I), then 
lulzæ < Cell fll), 


and find the best constant Cx. 


[Hint: Compute explicitly the solution u of (1) corresponding to f = 1.] 


8.24 | Let I = (0, 1). 


1. Prove that for every ¢ > 0 there exists a constant Ce such that 


JM)? < elle’ fog) + Cellula Yu € H'D. 


[Hint: Use Exercise 8.5 or simply write 
1 


u°(1) = ray 2 f u(t)u' (t)dt.] 


x 


2. Prove that if the constant k > 0 is sufficiently large, then for every f € L7(/) 
there exists a unique u € H?(I) satisfying 


a Ta =f on(0,1), 


u(0)=0 and u'(1)= u(l). 
What is the weak formulation of problem (1)? What is the associated minimiza- 
tion problem? 
3. Assume that k is sufficiently large. Let T be the operator T : f +> u, where u is 


the solution of (1). Prove that T is a self-adjoint compact operator in L? (I). 


4. Deduce that there exist a sequence (Àn) in R with |A,,| —> oo and a sequence (un) 
of functions in C? (T) such that ||un llz2q) = 1 and 


—u"” = ànn on (0,1), 
u (0) =0 and u, (1) = up(1). 


Prove that A, — +00. 


5. Let A be the set of all values of A € R for which there exists u Æ O satisfying 
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6. 


—u" = àu on(0, 1), 

u’(0)= 0 and w’(1)=u(1). 
Determine the positive elements in A. Show that there is exactly one negative 
value of à (denoted by Ag) in A. 


[Hint: Do not try to compute A explicitly; use instead the intersection of two 
graphs. ] 


What happens in question 2 when k = |Ao|? 


8.25 | Let J = (0, 2) and V = H! (I). Consider the bilinear form 


8. 


2 1 1 
a(u, v) = f u'(t)v'(t)dt + (/ war) (J voar) ; 
0 0 0 


. Check that a(u, v) is a continuous symmetric bilinear form, and that a(u, u) = 0 


implies u = 0. 


. Prove that a is coercive. 


[Hint: Argue by contradiction and assume that there exists a sequence (un) in 
H'(1) such that a(un, un) —> 0 and lunl| g1 = 1. Let (un,) be a subsequence 
such that un, converges weakly in H '(Z) and strongly in L7(/) to a limit u. Show 
that u = 0.] 


. Deduce that for every f € L?(J) there exists a unique u € H'!(J) satisfying 


2 
(1) acu») = f fv VWeH'(). 
0 


What is the corresponding minimization problem? 


. Show that the solution of (1) belongs to H (7) (and in particular u € C IT). 


Determine the equation and the boundary conditions satisfied by u. 


[Hint: It is convenient to set g = ( IN u)x, where x is the characteristic function 
of (0, 1).] 


. Assume that f € C (T), and let u be the solution of (1). Prove that u belongs to 


WP (I) for every p < oo. Show that u € C? (T) iff f, f = 0. 


. Determine explicitly the solution u of (1) when f is a constant. 


. Setu = Tf, where u is the solution of (1) and f € L?(1). Check that T is a 


self-adjoint compact operator from L? (T) into itself. 


Study the eigenvalues of T. 


8.26 | A bounded linear operator S from a Hilbert space H into itself is said to be 


nonnegative, written S > 0, if 
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SES O YfEH. 
Set J = (0, 1). Assume that p € C! (T) and q€ CT) satisfy 


p(xs)>a>O0O and q(x)za>0 Yxel. 


Recall that given f € H = L? (I), there exists a unique solution u € H 2 (I) of the 
equation 


(1) ~(pu')' +qu= f on I 
with the Dirichlet boundary condition 
(2) u(0) = u(1) = 0. 


The solution is denoted by up = Spf, where Sp is viewed as a bounded linear 
operator from H into itself. Similarly, there exists a unique solution u € H? (I) of 
(1) with the Neumann boundary condition 


(3) u'(0) = u'(1) = 0 


This solution is denoted by uy = Sy f, where Sy is also viewed as a bounded linear 
operator from H into itself. 


1. Show that Sp > O and Sy > 0. 


2. Recall the minimization principles associated with the Dirichlet and Neumann 
conditions. Deduce that 


1 12 2 l 12 2 
(4) 5 | pun) tah- f fu s5 | pup) +a- | fun. 
2 Jr I 2 Jr I 


[Hint: Use the fact that H} C H!.] 
3. Prove that Sy — Sp > 0. 
[Hint: Use (4) together with (1) multiplied, respectively, by up and uy.] 


Given a real number k > 0, consider the equation (1) associated to the boundary 
condition 


(5) p(O)u'(0) = ku(0) and u(1)=0. 


4. Check that problem (1) with (5) admits a unique solution, denoted by ug = Sk f. 
What is the corresponding minimization principle? 

5. Show that S > 0. 

6. Let ky > kz > 0. Prove that Sk, — Sk, => 0. 
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8.27 | Let J = (—1, +1). Consider the bilinear form defined on HÈ (I) by 


a(u, v) = fov + uv — àu (0)v), 
I 
where à € R is fixed. 


1. Check that a(u, v) is a continuous bilinear form on HÉ (I). 
2. Prove that if |A| < </2, the bilinear form a is coercive. 
(Hint: Check that |w(0)| < |lu’||;2 Yu € Hy (J).] 


3. Deduce that if |A| < 2, then for every f € L*(/) there exists a unique solution 
u € H7(1) Hj (1) of the problem 


a ao =f onl, 


u(—1) = u(1) = 0. 


4. Prove that there exists a unique value à = Ao € R, to be determined explicitly, 
such that the problem 


(2) 


—u" +u = àu(0) onl, 
u(—1) = u(1) = 0, 


admits a solution u Æ 0. 


[Hint: It is convenient to introduce the unique solution ¢ of the problem 


-—o"+o=1 onl, 
(3) | p p 


g(-) =¢() =0. 
Compute ¢ explicitly.] 


5. Prove that if A Æ Ao, then for every f € L*(/) there exists a unique solution 
u € H?(I) A H(I) of (1). 


[Hint: Consider the linear operator S : g +> v, where g € LÊ?(I) and v € 
H?(DA Hy (I) is the unique solution of 


—v’+v=g onl, 


v(-1) = v(1) = 0. 


Write (1) in the form u — àu (0) = Sf.] 


6. Analyze completely problem (1) when A = Ao. 


[Hint: Find a simple necessary and sufficient condition on Sf such that problem 
(1) admits a solution. ] 
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8.28 Let H = L7(0, 1) equipped with its usual scalar product. Consider the operator 


i te 


nan A WwW N 


H — H defined by 


1 x 
(Tf)(x) = =f f (t)dt +f tf(t)dt, forO<x <1. 
x 0 


. Check that T is a bounded operator. 

. Prove that T is a compact operator. 

. Prove that T is self-adjoint. 

. Show that (Tf, f) > OV f € H, and that (Tf, f) = 0 implies f = 0. 

. Set u = Tf. Prove that u € H*(0, 1) and compute u”. Check that u(0) = 


u'(1) = 0. 


. Determine the spectrum and the eigenvalues of T. Examine carefully the case 


A=0. 


In what follows, set 


1 
ex(s) = V2sin| (+5) mx], k=0,1,2,.... 


. Check that (eg) is an orthonormal basis of H. 


[Hint: Use question 6.] 


. Deduce that the sequence (é;) defined by 


1 
a= Voos | (r+ 5) mx] k= 0,1,2,-0., 


is also an orthonormal basis of H. 
[Hint: Consider eg(1 — x).] 
Given f € H we denote by (a; (f)) the components of f in the basis (ex). 


. Compute a; (f) for the following functions: 


B _ Jl ifxel[a,b], 
(a) fix) = Xa, bŒ) = i if x ¢ [a,b], 


whereO <a <b< 1. 
b) fo(x) =x. 
©) Ba) =x. 


Finally, we propose to characterize the functions f € L?(0, 1) that belong 
to H! (0, 1), using their components æg (f). 


. Assume f € H!(0, 1). Prove that there exists a constant a € R (depending on 


f) such that (kæ (f) +a) € 7, i.e., 
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(1) X lkax(f) + al? < 00. 


k=0 
[Hint: Use an integration by parts in the computation of ax (f).] 


11. Conversely, assume that f € L?(0, 1) and that (1) holds for some a € R. Prove 
that f € H'(0, 1). 
(Hint: Set f = f + 5 and fax) = Yt) ax (fyex(x). Check that || Ê Ilz2 
remains bounded as n > oo.] 


8.29 | Set 


1 
a(u,v) = f (u'v' + uv) + (u(1) — u(0))(w(1) — v(0)) Yu, v € H! (0,1). 
0 


1. Check that a is a continuous coercive bilinear form on H!(0, 1). 


2. Deduce that for every f € L?(0, 1), there exists a unique u € H*(0, 1) satisfying 


1 
(1) aur) = f fv Ve H'(0, 1). 
0 


3. Check that u satisfies 


—u"+u=f on(0, 1), 
(2) u' (0) = u(0) — u (1), 
u'(1) = u(0) — u (1). 


Show that any solution u € H? (0, 1) of (2) satisfies (1). 


Let T: L?(0, 1) > L? (0, 1) be the operator defined by Tf = u. 
. Check that T is self-adjoint and compact. 
. Show that if f > 0 a.e. on (0, 1), then u = Tf > Oon (0, 1). 
. Check that (Tf, f);2 >0 Vf € L?(0, 1). 
. Determine EV(T). 


NY DH Nn Ff 


8.30 | Let k € R, k A 1, and consider the space 


V = {v € H'(0,1); vO) = kv(1)}, 


and the bilinear form 


1 1 1 
auo) = f (u'v' + uv) — (J n) (/ v) Vu, v € V. 
0 0 0 
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. Check that V is a closed subspace of H!(0, 1). In what follows, V is equipped 
with the Hilbert structure induced by the H! scalar product. 


. Prove that a is a continuous and coercive bilinear form on V. 


[Hint: Show that there exists a constant C such that ||v||z-0(0,1) < Cllu'Ilz200,1) 
Vue V.] 


. Deduce that for every f € L?(0, 1) there exists a unique solution of the problem 
1 
(1) uceV and auo) = f fv Yer. 
0 


. Show that the solution u of (1) belongs to H 2(0, 1) and satisfies 


a —u"+u-—fju=f on(,1), 
u(0) = ku(1) and u'(1) = ku’ (0). 


. Conversely, prove that any function u € H?(0, 1) satisfying (2) is a solution 
of (1). 


. Let kn € R, kn £ 1 Vn, be a sequence converging to k Æ 1. Set 
V, = {v € H'(0, 1); v0) = k,v())}. 
Given f € L?(0, 1), let un be the solution of 
1 
(ln) Un E Vn and a(uy, v) al fv YWevy. 
0 
Prove that un —> u in H!(0, 1) asn — oo, where u is the solution of (1). Deduce 
that un —> u in H2(0, 1) 
[Hint: Check that the function u™ defined by 


k-k 
u™ (x) = u(x) + HE i 


u(1) 


belongs to V, and converges to u in H+ (0, 1). Show thata (un —u™, un —u™) = 
(kn — k)u! (O) (un (1) — w™ (1)).] 


. What happens to the sequence (un) if kn converges to 1? 


. Consider the operator T : L? (0, 1) > L?(0, 1) defined by Tf = u, where u is 
the solution of (1). Show that T is self-adjoint and compact. Study EV (T). 


8.31 |Consider the Sturm—Liouville operator Au = —u” +u on (0, 1) with Neumann 


boundary condition u'(0) = u’(1) = 0. 
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1. Compute the eigenvalues of A and the corresponding eigenfunctions. 


2. Given f € L? with i f = 0, let u be the solution of 


—u"+u=f on(0,1), 
u’ (0) = u’(1) = 0. 
Prove that 
Il fllz2(0,1)- 


1 
By eS 
lullz20,) S EEA 


[Hint: Apply question 6 in Problem 49.] 
3. Let (un) be the sequence defined inductively by 


—ul + Un =Un—-1 on (0, 1), 
u,(0) = w,(1) = 0, 


starting with some ug € L?(0, 1). Prove that 
_ 1 _ 
lun — Yollz201) < C4 m2 lo —Uollr20,1) Y7, 


_ 1 
where uo = fọ uo. 


8.32 | Set 


V = {v € H'(0, 1); v(1) = 0}. 


Let 
H = {f is measurable on (0, 1) and xf (x) € L? (0, 1)}. 


1. Show that H equipped with the scalar product 


1 
(f, o=) f (x)g(x)x7dx 


is a Hilbert space. 


2. Given f € H and e > 0, check that there exists a unique u € V satisfying 


1 1 1 
/ went na? edx | u(x)v(x)x7dx =f fapa)? dx We V. 
0 0 0 


This u is denoted by ug. 


3. Prove that us € H? (0, 1) and satisfies 


(1) ee +e)ul,) + xus =x°f on(0, 1), 


u(0)=0 and us(1)= 0. 
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4. Deduce that 
(2) lus] < tf ro —u,(t)|dt Vx € [0,1]. 
x Jo 


5. Prove that xus (x) and u (x) remain bounded in L? (0, 1) ase > 0. 
[Hint: Use question 1 in Exercise 8.8.] 


6. Pass to the limit as € —> 0 and conclude that there exists a unique u € V satisfying 


1 1 
(3) I (u'(x)v' (x) + u(x)v(x))x?dx = f f (x)v(x)x?dx Vue V. 
0 0 
Consider the operator T : H — H defined by Tf = u, where u is the solution 
of (3). 
7. Check that T is a self-adjoint compact operator from H into itself. 
8. Determine all the eigenvalues of T. 


[Hint: Look for eigenfunctions of the form l sin kx with appropriate k.] 


8.33 | Simplicity of eigenvalues. 


Consider the Sturm—Liouville operator 
Au = —(pu') +qu onI=(0,1), 


where p € c!({0, 1]), p>=a>OonT,andq € C((0, 1]). (No further assumptions 
are made; in particular, the associated bilinear form a(u, v) = ie (pu'v' +quv) need 
not be coercive.) Set 


N = {u € H?(0, 1); au,v) =0 Yv € AAO, 1}. 


1. Prove that there exists a unique U € N satisfying U (0) = 1 and U’ (0) = 0. 


[Hint: Apply Theorem 7.3 (Cauchy—Lipschitz—Picard) to the equation Au = 0 
written as a first-order differential system.] 


2. Prove that dim N = 2. 


[Hint: Consider the unique V € N satisfying V(0) = 0 and V’(0) = 1. Then 
write any u € Nasu = u(0)U +u'(O)V.] 


3. Let No = {u € N; u(O) = 0}. Check that dim No = 1. 
4. Set Noo = {u € N; u(O) = u(1) = 0}. Prove that 
dim Noo = | <=> Ois an eigenvalue of A with zero Dirichlet condition. 


Otherwise, dim Noo = 0. 
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5. Deduce that all the eigenvalues of A with zero Dirichlet condition are simple. 
(By contrast, eigenvalues associated with periodic boundary conditions can have 
multiplicity 2; see Exercise 8.34.) 


6. Extend the above results to the case in which the condition p € C '({0, 1]) is 
replaced by p € C((0, 1]) and N is replaced by 


N = {u € H'(,1);a(u,v) =0 Vue Ad(0, D}. 


8.34 | Consider the problem 


—u" +u = f on(0,1), 


d) , , 
u(0)=u(1) and u'(1)— u’ (0) =k, 


where k € R and f(x) are given. 


1. Find the weak formulation of problem (1). 


2. Show that for every f € L?(0, 1) and every k € R there exists a unique weak 
solution u € H! (0, 1) of (1). What is the corresponding minimization problem? 


3. Show that the weak solution u belongs to H 200, 1) and satisfies (1). Check that 
u € C™([0, 1]) if f € C([0, 1]). 


4. Prove that u < 0O on (0, 1) if f < 0 on (0, 1) and k < 0. 


5. Take k = 0 and consider the operator T : L? (0, 1) > L?(0, 1) defined by Tf = 
u. Check that T is a self-adjoint compact operator. Compute the eigenvalues of T 
and prove that the multiplicity of each eigenvalue A is 2 (i.e., dim N (T —à I) = 2), 
except for the first one. 


Remark. Note that by contrast, each eigenvalue of a Sturm—Liouville operator with 
Dirichlet boundary condition (u(0) = u(1) = 0) is simple (1.e., the corresponding 
eigenspace has dimension 1). 


8.35 | Fix two functions a, b € C([0, 1]) and consider the problem 


a Poe =f on(0,1), 


u(0) = u(1) = 0, 


with f € L7(0, 1). 
Given g € L? (0, 1), let v € H? (0, 1) be the unique solution of 


(2) 


—v" =g on (0,1), 
v(0) = v(1) = 0. 


Set Sg = v, so that S : L? (0, 1) > H? (0, 1). 
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1. Check that problem (1) is equivalent to 


1 
(3) u € H (0, ee 
u = S(f — au’ — bu). 


Consider the operator T : H 1(0, 1) —> H!(0, 1) defined by 
Tu = —S(au' + bu), u € H'(0, 1). 


2. Show that T is a compact operator. 


3. Prove that problem (1) has a solution for every f € L?(0, 1) iff the only solution 
u of (1) with f = Ois u = 0. 

4. Assume that b > 0 on (0, 1). Prove that the only solution of (1) with f = 0 is 
u = 0. 


[Hint: Fix aconstantk > 0 suchthatk?—ka—b > Oon[0, 1]. Setus (x) = u(x)+ 
gef, ¢ > 0. Implement on us the “classical approach” to the maximum principle; 
see Remark 26 in Chapter 8. Deduce that u(x) < ce Vx e [0,1], VWe>0.] 


Conclude that for every f € L?(0,1) problem (1) admits a unique solution 
u € H*(0, 1). 

5. Check that in general (without any assumption on a or b), the space of solutions 
of problem (1) with f = 0 has dimension 0 or 1. If this dimension is 1 prove 


that problem (1) has a solution iff le fpo = 0 for some function gp Æ 0 to be 
determined. 


[Hint: Use Exercise 8.33 and the Fredholm alternative. | 


8.36 | Let J = (0, 1). Given two functions fi, f2 on I, consider the system 


—uj +u = fi on Í, 
—uy — Uy =f onl, 


a) 


where u1, u2 are the unknowns. 
-A- 


In this part we prescribe the Dirichlet condition 


(2) uı(0) = u2(0) = u1 (1) = u2(1) = 0. 


1. Define an appropriate concept of weak solution for the problem (1)-(2). Show 
that for every pair f = [fi, fo] € L*(/) x L?(I) there exists a unique weak 
solution 

u = [u1, u2] € H(I) x HÈ) of (1)-(2). 
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(3) 


1. 


. Check that u1, u2 € H?(J). 
. Prove that if f = [ f1, fo] € C(T) x C(T), then u = [u1, u2] € C? (T) x C?) 


and u is a classical solution of (1)—(2). 


. Consider the operator T from L? (I) x L? (I) into itself defined by Tf = u. Check 


that T is compact. 


. Prove that EV (T) = Ø. 
. Is T surjective? Deduce that o (T) = {0}. 


. Is T self-adjoint? Compute T*. 


-B- 


In this part we prescribe the Neumann condition 


u (0) =u, (1) = u% (0) = u4 (1) = 0. 


Define an appropriate concept of weak solution for the problem (1)—(3). Check 
that the Lax—Milgram theorem does not apply. 
Given € > 0, consider the system 


—uj +u + £u, = fi onl, 
A 
—U, — u; +E€u2 = fh onl. 


(e) 


. Show that for every f = [fi, fo] € L? (I) x L? (I) there exists a unique weak 


solution u° = [u§, u5] € H! (I) x H! (I) of the problem (1¢)—(3). 


. Prove that 


2 2 2 2 
lui lizz T LANN < Il fllz2cy ot Il fallz2cy: 


. Deduce that u° = [u], u$] remains bounded in H?(1) x H?(1) ase > 0. 


. Show that for every f = [ fi, fo] € L?(1) x L?(J) there exists a unique solution 


u = [u1, u2] € H2(1) x H?(J) of (1)-@B). 


8.37 


. Prove that the identity operator from H 10, 1) into L?(0, 1) is a Hilbert-Schmidt 


operator (see Problem 40). 


[Hint: Write u(x) = u(0) + te u’(t)dt and apply questions A3, A6, and B4 in 
Problem 40.] 


. Consider the eigenvalues (àn) of the Sturm—Liouville problem 


—(pu')’ +qu=du_ on (0, 1), 
u(0) = u(1) = 0. 
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Recall that under the asumptions of Theorem 8.22, An — +00. Thus, for some 
integer N, we have àn > 0 Yn > N. Prove that 


Remark. A much sharper estimate is described in Exercise 8.42. 


8.38 | Example of an operator with continuous spectrum. 


Given f € L?(R), let u € H! (R) be the unique (weak) solution of the problem 


—u"+u=f on R, 


[us [w= f to Vv € H! (R). 
R R R 


Set u = Tf and consider T as a bounded linear operator from H = L? (R) into 
itself. 


1. Check that T* = T (H is identified with its dual space) and that || T || < 1. 


in the sense that 


. Prove that EV (T) = Ø. Is T a compact operator? 

. Let à € (—oo, 0); check that à € p(T). 

. Let à € (1, +00); check that à € p(T). 

. Deduce that o (T) C [0, 1]. 

. Is T surjective? Deduce that 0 € o (T). 

. Is (T — I) surjective? Deduce that | € øo (T) and that ||T || = 1. 
. Let à € (0, 1). Is (T — AT) surjective? 

. Conclude that o (T) = [0, 1]. 


O oo U| Aoa A U N 


8.39 | Given f € L7(0, 1), consider the function p : H! (0, 1) > R defined by 


Ifa 1f 1 
ow =5 f v +i v- f fv, veH'(,1). 
0 0 0 


1. Check that gy is convex and continuous on H 1, 1). 


2. Show that g(v) > +00 as ||v|| 71 > oo. 


3. Deduce that there exits a unique u € H 1(0, 1) such that 


(1) glu)= min ọ(v). 
veH! (0,1) 
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4. Show that 
1 1 
(2) i (u'u! + uv) = i fv W e€ H'(0, 1). 
0 0 
[Hint: Write that y(u) < g(u+ev) Wv € H'(0, 1) and compute (u + £v) 


explicitly. ] 


5. Prove that u € H*(0, 1) and that u satisfies 


as ee +u? = f ae.on(0, 1), 


u'(0) = u'(1) = 0. 


6. Conversely, show that any solution of (3) satisfies (1). Deduce that (3) admits a 
unique solution. 


7. Show that if f > 0 a.e. on (0, 1), then u > 0 on (0, 1). 
[Hint: Use the same technique as in Section 8.5.] 


8. Prove that if f € L (0, 1) then 
lul}=o,9 < I llz~o,0- 


[Hint: Argue as in the proof of Theorem 8.19 using as test function G (u — K'/3), 
where K = || fllzæ.] 


9. What happens when (v) is replaced by 


1 1 2 1 1 
y(v) = J vo + =v (0) -f fv, ve H! (0, 1)? 
2 Jo 4 0 


8.40 |Let j € C!(R, R) be a convex function satisfying 


(1) j > |t|—C VteR, forsomeC €R, 
and 
(2) -1 < j'(t)<+1 YteR. 


[A good example to keep in mind is j (t) = (1 + t?)!/2] 
Given f € L7(0, 1), consider the function ø : H'(0, 1) > R defined by 


1 1 1 
pv) = al vaf jw- f fv, veH'(,1). 
2 Jo 0 0 


1. Prove that if | fj f| > 1, then 


inf g(v) = —oo. 
véeH!(0,1) 
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[Hint: Take v = const.] 


2. Show that if | fÈ f| < 1, then 


inf (v) > —oo. 
veH!(0,1) 


[Hint: Write i fv= i f(v—d)+ fd, where 0 = ie v f= fa f, and use the 
Poincaré—Wirtinger inequality; see Comment | on Chapter 8, and Problem 47.] 


3. Show that if | ff f| < 1, then 


p(v) = +00. 


lull 10,1 


Deduce that inf pey! (0,1) (v) is achieved, and that every minimizer u € H 10, 1) 


satisfies : i ‘ 
f uw +f j @w = f fw Yw e H!(0,1). 
0 0 0 


Show that u € H?(0, 1) is a solution of the problem 


is Li + ju) =f on@, 1), 


u'(0) = u'(1) = 0. 
4. Suppose that Lo f| = 1. Show that inf,,<771(9,1) g(v) is not achieved. 


[Hint: Argue by contradiction. If the infimum is achieved at some u, then u 
satisfies (3). Integrate (3) on (0, 1).] 
5. What happens to a minimizing sequence (un) of p when | ie fl=1? 


[Hint: Show that u, = Un + (Un — Up) with |u| > œ and ||un — unlg < C 
asn —> œ.] 


8.41 | Let q € C([0, 1]) and assume that the bilinear form 


1 
a(u, v) = if (u'v' + quv), u,v € HOO, 1), 
0 


is coercive on teh (0, 1). The space Hy (0, 1) is equipped with the scalar product 


a(u, v), now denoted by (u, v), and the norm |u|q7 = (u, We 


1. Prove that 
1 
(1) a= spl / lult; u € HÈ (0, D and lulu = 1) >0 
0 


is achieved by some uo. 
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[Hint: Consider a maximizing sequence (un) converging weakly in Hy (0, 1) to 
some uo. Check that a = te |uo|* and that |wo|77 < 1. Show that |uo|y = 1 by 
introducing ug/|Uol| y-] 


. Show that one can assume uo > 0 on [0,1]. 
[Hint: Replace uo by |uo| and apply Exercise 8.11.] 


. Prove that uo belongs to H 2(0, 1) and satisfies 


—u5 + quo = lug on (0, 1), 


(2) 

uo(0) = uo(1) = 0. 
[Hint: Write ||wellz40,1) < Ilwollz4(0,1), Where we = Se v € HO, 1), 
and £ > 0 is sufficiently small. Then use a Taylor expansion for || we l$, (0.1) and 


for |uo + evl as € —> 0.] 
. Deduce that uo(x) > 0 Yx e (0, 1). 
[Hint: Use the strong maximum principle; see Problem 45.] 


. Let u} be any maximizer in (1). Show that either u(x) > 0 Yx € (0,1) or 
uı(x) < 0 Yx € (0, 1). 


[Hint: Check that |u; (x)| > 0 Yx € (0, 1).] 
. Deduce that there exists a solution u € C?([0, 1]) of the problem 
—u" +qu =u? on (0,1), 


(3) u > Qon (0, 1), 
u(0) = u (1) = 0. 


[Hint: Take u = kuo for some appropriate constant k > 0.] 


. Assume now that a is not coercive and more precisely that there exists some 
vu E€ Hy (0, 1) such that vı Æ 0 and a(vj, v1) < 0. Prove that problem (3) has no 
solution. 


[Hint: Check that 4; < 0, where A, is the first eigenvalue of Au = —u" + qu 
and multiply (3) by the corresponding eigenfunctions ¢).] 


8.42 | Asymptotic behavior of Sturm—Liouville eigenvalues. 


Consider the operator Av = —v” + a(x)v on I = (0, L), with zero Dirichlet 


condition and a € C({0, L]). 


1. Let (àn) denote the sequence of eigenvalues of A. Prove that 


22 


L2 


An — < |lallz~o,1) Yn. 
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[Hint: Consider the eigenvalues of the operator Ag corresponding to a = 0 and 
use the Courant—Fischer min—max principle (see Problem 49).] 


Consider now the general Sturm—Liouville operator 
Bu = —(pu') +qu on (0, 1) 
with zero Dirichlet condition. Assume that p € C*({0, 1]), p Z «> 0on (0,1), 
and q € C([0, 1]). 
Set L = iy p(t)—'/*dt and introduce the new variable x = J p(t)—'/dt, so 
that 0 < x < L when0 < t < 1. Given a function u € C*({0, 1]), set 
vx) = p Out), 0<t<1. 
2. Prove that u satisfies —(pu’)’ + qu = ju on (0, 1) iff v satisfies —v” +av = uv 
on (0, L), where a € C([0, 1]) depends only on p and q. 
[Hint: Prove, after some tedious computations, that a(x) = q(t) + i p(t) — 


P)? J 
16p(t) * 


3. Deduce that the eigenvalues (un) of the operator B satisfy 


qn? 


T2 <C. 


Un — 


Chapter 9 

Sobolev Spaces and the Variational Formulation 
of Elliptic Boundary Value Problems in 

N Dimensions 


9.1 Definition and Elementary Properties of the Sobolev Spaces 
whe (Q) 


Let 2 C R” be an open set and let p € R with 1 < p < œœ. 


Definition. The Sobolev space W!:?(Q) is defined by! 


J81, 92,---, gn € L?(Q) such that 
wlPQ) = sue LPO a 
(2) (82) [ust =- f so Vp €C%(Q), Vi=1,2,...,N 
Q IX; Q 


We set 


H'(Q) = W!?(Q). 


For u € W!?(Q) we define * 2 = g;, and we write 


(= ðu ðu ) 
Vu = grad u = ; 


Ox, Ox?” OXN 


The space W!:?(Q) is equipped with the norm 


ðu 
Ox; 


N 
lll wie = llul + >> 
i=l 


p 


or sometimes with the equivalent norm (lulh + Y II au Eyl /P Gf 1 < p< œ). 
The space H! (Q) is equipped with the scalar product 


1 When there is no confusion we shall often write W|? instead of W}? (Q). 


? This definition makes sense: g; is unique (a.e.) by Corollary 4.24. 
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ðu dv ðu Ov 
aries noth re). fet “Dx; Ox 


a 1/2 
) 


e Proposition 9.1. WŁ? (Q) is a Banach space for every 1 < p < œ. W'?(Q) is 
reflexive for 1 < p < œ, and it is separable for 1 < p < oo. H! (Q) is a separable 
Hilbert space. 


The associated norm 


ou 
ax; 


N 
lela = (3 
1 


is equivalent to the W $? norm. 


Proof. Adapt the proof of Proposition 8.1 using the operator Tu = [u, Vu]. 


Remark 1. In the definition of W'? we could equally well have used C Z (Q) as set 
of test functions g (instead of C 1 (2)); to show this, use a sequence of mollifiers (pn). 


Remark 2. It is clear that if u € C!(Q) N L? (Q) and if 24 2e € LP (Q) for all i = 


1,2,..., N (here = “ means the usual partial derivative he i. then u € W!P(Q). 
Fürthemnoie. the usual partial derivatives coincide with the partial derivatives in 
the WLP sense, so that notation is consistent. In particular, if Q is bounded, then 
C!(Q) c W!P(Q) for all 1 < <p< ee Conversely, one can show that if u € 
W!-P(Q) for some 1 < p < œ and if 24 34; e€ C(Q) for alli = 1,2,..., N (here 
ze means the partial derivative in the W 1? sense), then u € C!(Q); more precisely, 


there exists a function ŭ € C!(Q) such that u = ŭ a.e. 


* nae 3. For every u € LL (Q), the theory of distributions gives a meaning to 
fu (#4 - is an element of the huge space of distributions D’(Q), a space that contains 
in sardelet L} (9)). Using the language of distributions one can sayi that W $P (Q) 


is the set of functions u € L? (Q) for which all the partial derivatives #4 ,1<i<N 
(in the sense of distributions), belong to L? (Q). 


When Q = R” and p = 2 one can also define the Sobolev spaces using the Four- 
ier transform; see, e.g., J.-L. Lions-E. Magenes [1], P. Malliavin [1], H. Triebel [1], 
L. Grafakos [1]. We do not take this point of view here. 


Remark 4. It is useful to keep in mind the following facts: 


(i) Let (un) be a sequence in W!'? such that un —> u in L? and (Vun) converges to 
some limit in(L?)%. Thenu € WŁ? and ||un —u|| wip > 0. When 1 < p < œ 
it suffices to know that un —> u in L? and that (Vun) is bounded in (L?)% to 
conclude that u € WLP (why?). 
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(ii) Given a function f defined on Q we denote by f its extension outside Q, that is, 


- _J/œ@ ifxeQ, 
TO= o tee RQ. 
Let u € WLP (Q) and let œ € C!(Q). Then 3 


ə ðu ð 
au eW’) ad Sma, 
OX; OX; OX; 


Indeed, let g € C 1 (RY); we have 
__ 09 ag a da 
au — au— = | u| —(ag) - —¢@ 
RN Ox; Q OX; Q Ox; Ox; 
| ðu i da f {e ðu p da 
a u = ——— ponis 
Q \ 0x; ? OX; ? RN anes ax) j 


The same conclusion holds if instead of assuming that a € C IQ), we take 
a € C!(RY)N LY (RY) with Va € L© (RY) and suppa c R*\(dQ). 


Here is a first density result that holds for general open sets Q2; we establish later 
(Corollary 9.8) a more precise result under additional assumptions on &2. We need 
the following. 


Definition. Let Q C R” be an open set. We say that an open set w in RY is strongly 
included in Q and we write w CC Q if © C Q and & is compact.4 


e Theorem 9.2 (Friedrichs). Let u € Wb? (Q) with 1 < p < oo. Then there exists 
a sequence (un) from CZ (RY) such that 


(1) Ungu in LP(Q) 
and 
(2) Vunjo > Vujo in LP” (@)™ for alla CC Q. 


In case Q = RY andu € W'P (RY) with 1 < p < œ, there exists a sequence (un) 
from CX (RY) such that 
Un > u_ in L?(RN) 


and 
Vun > Vu in LPR). 


In the proof we shall use the following lemma. 


3 Be careful: in general, u ¢ wrcR) (why?). 
4 © denotes the closure of w in R”. 
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Lemma 9.1. Let o € L'(R%) and let v e WLP (RY) with 1 < p < œ. Then 
a a 
pave Wh? Rm), und —(poxv)=px | Yi=1,2,..., N 
OX; Ox; 
Proof of Lemma 9.1. Adapt the proof of Lemma 8.4. 


Proof of Theorem 9.2. Set 


u(x) ifxe Q, 


HO = 10 ite ERX Q, 


and set vy = pn * u (where pn is a sequence of mollifiers). We know (see Section 
4.4) that vn € C®(R™) and vn > ü in L?(R%). We claim that Vunjo > Vujo 
in L?(w)% for all œ CC Q. Indeed, given w CC Q, fix a function a € C1(Q), 
0 < a < 1, such that a = 1 on a neighborhood of w. 

If n is large enough we have 


(3) Pn * (QU) = pneu Ona, 
since 


SUPP(Pn * XU — pn *U) = SUPP(Pn * (1 — &)u) 


1 
C supp Pn + suppl — &)u C B (0 z) + supp(1 — a) 
C (a) 


for n large enough. From Lemma 9.1 and Remark 4(ii) we have 
ð poa ðu da 
— (Pn * OU) = pn * |a— + —u |. 
OX; Xj ; 


It follows that 


f] 0 f] 
— (Pn * wu) > gan + sta in LP (RY) 
OX; Ox Xi Ox, Xj 
and in particular, 
ə = ðu 
— (Pn xwu) > — inL?(o). 
Ox; Ox; 
Because of (3) we have 
f] 
L loarn > E mE): 
Ox; Ox; 


Finally, we multiply the sequence (v,) by a sequence of cut-off functions (¢,) as 
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in the proof of Theorem 8.7.5 It is easily verified that the sequence un = fy Un has 
the desired properties, i.e., un € CHR): Un > u in L?’ (Q), and Vun —> Vu in 
(L?(w))% for every w CC Q. 

In case Q = RY the sequence un = n(n * u) has the desired properties. 


x Remark 5. It can be shown (Meyers-—Serrin’s theorem) that if u € W!-P(Q) with 
1 < p < œ then there exists a sequence (un) from C (9) N W!-P(Q) such that 
Un > uin W!P(Q); the proof of this result is fairly delicate (see, e.g., R. Adams [1] 
or A. Friedman [2]). In general, if Q is an arbitrary open set and if u € W!P(Q) 
there need not exist a sequence (un) in c (RY) such that UnjQ > u in W!P(Q). 
Compare the Meyers—Serrin theorem (which holds for any open set) to Corollary 9.8 
(which assumes that Q is regular). 


Here is a simple characterization of W}? functions: 


Proposition 9.3. Let u € LP (Q) with 1 < p < œ. The following properties are 
equivalent: 


G) ue WHP (Q), 
(ii) there exists a constant C such that 


jee 

u— 

Q Ix; 

(iii) there exists a constant C such that for all œ CC Q, and allh € RY with 
|h| < dist(w, dQ) we have 


< Chola Yee CRO), Wi=1,2,...,N, 


tau — ulle) < CIAl. 


(Note that thu(x) = u(x + h) makes sense for x € w and |h| < dist(@, 0&2).) 
Furthermore, we can take C = ||Vul]| Le (œ in Gi) and (iii). 


f= RY we have 
Thu — ull Lo RN) = lhl Vul oR). 


Proof. 
(i) => (ii). Obvious. 
(ii) > (i). Proceed as in the proof of Proposition 8.3. 
(i) > (iii). Assume first that u € C (RY). Let h € RY and set 


v(t) =u(x+th), teR. 


5 Throughout this chapter we denote systematically by (¢n) a sequence of cut-off functions, that is, 
we fix a function ¢ € C°(R") with O < ¢ < 1 and 


1 if |x| <1, 


EOS o Geir >2, 


and we set 6,(x) = €(x/n),n=1,2,.... 
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Then v’(t) = h - Vu(x + th) and thus 
1 1 
u(x +h) — u(x) = v(1) — vO) = i v (t)dt = f h-Vu(x + th)dt. 
0 0 
It then follows that for 1 < p < on, 
1 
[Tnu (x) — u(x)|? < mie f |Vu(x + th)|?dt 
0 
and 
1 
f |thu(x) — u(x)|Pdx < me f ax | |Vu(x + th)|?dt 
w w 0 


1 
= mie f ar | |Vu(x + th)|?dx 
0 w 


1 
= me f ar f IVu(y) Pay. 
0 w+th 


If |A| < dist(w AQ), there exists an open set w CC Q such that w + th C a’ for all 
t € [0, 1] and thus 


4) Ira — hry SIMI? f [Wu 
W 


This concludes the proof of (ii) for u € C% R` )and 1 < p < œœ. Assume now 
that u € WLP (Q) with 1 < p < œ. By Theorem 9.2 there exists a sequence (u,) 
in CX (RY) such that un > u in LP (Q) and Vun > Vu in LP (œ) Yæ CC Q. 
Applying (4) to (un) and passing to the limit, we obtain (iii) for every u € WEP(Q), 
1 < p < œ. When p = œ, apply the above (for p < œo) and let p > œœ. 


Gii) > (ii). Let g € C? (NQ) and consider an open set w such that supp p C w CC 
Q. Let h € RY with |h| < dist(@, dQ). Because of (iii) we have 


| i (thu — u)p 
Q 


On the other hand, since 


ES Clh| lelro: 


Í Guim- uE [ E E 


it follows that 


—h)— 
fu Ve ) E S 


[h| 


Choosing h = te;, t € R, and passing to the limit as t > 0, we obtain (ii). 
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x Remark 6. When p = 1 the following implications remain true: 
(i) > (ii) > (iii). 


The functions that satisfy (ii) (or Giii)) with p = 1 are called functions of bounded 
variation (in the language of distributions a function of bounded variation is an L! 
function such that all its first derivatives, in the sense of distributions, are bounded 
measures). This space plays an important role in many applications. One encounters 
functions of bounded variation (or with similar properties) in the theory of minimal 
surfaces (see, e.g., E. Giusti [1] and the works of E. DeGiorgi, M. Miranda, and 
others cited there), in questions of elasticity and plasticity (functions of bounded 
deformation, see, e.g., R. Temam-G. Strang [2] and the cited work of P. Suquet), 
in quasilinear equations of first order, the so-called conservation laws, which admit 
discontinuous solutions (see, e.g., A. I. Volpert [1] and A. Bressan [1]). On this vast 
subject, see also the book by L. Ambrosio—N. Fusco—D. Pallara [1] and Comment 16 
at the end of this chapter. 


Remark 7. Proposition 9.3 ((i) > (iii)) implies that any function u € w!-°(Q) has 
a continuous representative on Q. More precisely, if & is connected then 


(5) |u(x) — u(y)| < ||Vullze@) dist (x, y) Vx,yeQ 


(for this continuous representative u), where distg(x, y) denotes the geodesic dis- 
tance from x to y in Q; in particular, if Q is convex then distg (x, y) = |x — y|. From 
here one can also deduce that if u € W 1? (Q) for some 1 < p < œ (and some open 
set Q), and if Vu = 0 a.e. on Q, then u is constant on each connected component 
of Q. 


Proposition 9.4 (differentiation of a product). Let u, v € W'?(Q) NL™(Q) with 
1 < p < ©. Then uv € W!?(Q)N L®(Q) and 


Proof. As in the proof of Corollary 8.10, it suffices to consider the case 1 < p < ow. 
By Theorem 9.2 there exist sequences (un), (vn) in CX (R^) such that 


Un > U, Un > V in L? (Q) and a.e. on Q, 


Vun > Vu, Vun > Vv in L’(@) foralla CC 2. 
Checking the proof of Theorem 9.2, we see easily that we have further 
lunllæœy < lul» and llvnlrægry < lvl. 


On the other hand, 


ay dün dVn 1 
= — V C: (2). 
[on ME Un + Un a)y QE al ) 
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Passing to the limit, by the dominated convergence theorem, this becomes 


ð ð ð 
fw ae f “yh x o Yo € CEQ). 
Q Oxi o \ dx; Ox; 


Proposition 9.5 (differentiation of a composition). Let G € C!(R) be such that 
G(0) = Oand|G'(s)| < M Ys € R for some constant M. Let u € W':P(Q) with 
1 < p < œ. Then 


i a j ðu 
Goue W P(Q) and —(G ou) = (G o u)—, i=1,2,..., N. 
Ox; OX; 


Proof. Wehave|G(s)| < M|s| Ws € Rand thus |Gou| < M|u|; as aconsequence, 
G ou € L?(Q) and also (G’ o u) 24 € LP (Q). It remains to verify that 


(6) [cows - -fo oniy vp ec? (2). 


When 1 < p < œ, one chooses a sequence (un) in Coo (RY) such that un > u 
in L? (Q) and a.e. on Q, Vun —> Vu in L?(w)% Yæ CC Q (Theorem 9.2). We 


have 
[ComwZ =- fe 


But Gou, —> Gouin L?(Q) and a > (G' ou) #4 - in LP (w) Yæ CC Q 
(by dominated convergence), so that (6) follows. When p= an fix an open set Q’ 
such that suppgy C Q’ CC Q. Then u € WLP (QR) Yp < œ and (6) follows from 
the above. 


Proposition 9.6 (change of variables formula). Let Q and Q' be two open sets in 
RN and let H : QV > Q be a bijective map, x = H(y), such that H € C!(Q’), 
H! e C!(Q), Jac H € L™(Q’), Jac H7! € L™(Q).® Letu € W!P(Q) with 
1< p< œ. Thenu o H € WP (Q) and 


f] ðu 
ay, HOD = Dg oN. 


Proof. When 1 < p < œ, choose a sequence (un) in C?° (RY) such that un > u 
in LP (Q) and Vun > Vu in L? (@) Yæ CC Q. Thus un o H > uo H in LP (Q) 


and 

0 ð Hi 0 0H; 

( t aH -( 2 oH) L inL) Vol cc QQ’. 
OX; Oy; OX; Oyj 


Hi . thus it is a function in LOY (QAN N, 
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Given y € C!(Q’), we have 


dun 0H; 
saat a 
A \ 9x; ; 


In the limit we obtain the desired result. When p = on, proceed in the same way as 
at the end of the proof of Proposition 9.5. 


The spaces W™P (Q) 


Let m > 2 be an integer and let p be a real number with 1 < p < ow. We define by 
induction 


W™P (Q) = fuc wr PO: 5 —ew" PQ) Vi=1,2,. a, 


Alternatively, these sets could also be introduced as 


Va with |a| < m, 3ga € LP (Q) such that 


W™P (Q) = {u € L’ (Q) , lal x 
f Dg = (~1) EZ Vo € Ce (Q) 


where we use the standard multi-index notation a = (&œ1, œ2,..., ay) witha; > 0 


an integer, 
N 


la| = X ai and D°g= 
i=1 


alelo 


Qla A2 QN ` 
OX, 0X3 OXN 


We set D“”u = gy. The space W™P (Q) equipped with the norm 


lulw»» = $` |D%ullp 


O<|a|<m 


is a Banach space. 
The space H” (Q) = W™? (Q) equipped with the scalar product 


(u,v)um = J. (D%u, D*v);2 


O0<|a|<m 


is a Hilbert space. 


Remark 8. One can show that if Q is “smooth enough” with T = dQ bounded, then 
the norm on W™P (Q) is equivalent to the norm 


lulp + J` | D%ullp. 


ja|=m 
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More precisely, it is proved that for every multi-index œ with 0 < |a| < m and for 
every £ > 0 there exists a constant C (depending on Q, £, œ) such that 


|D%ullp<e X` |DPullp+Cllullp Yu € W™?(Q) 
|B|=m 


(see, e.g., R. Adams [1]). 


9.2 Extension Operators 


It is often convenient to establish properties of functions in W}? (Q) by beginning 
with the case Q = RY (see for example the results of Section 9.3). It is therefore 
useful to be able to extend a function u € W}? (Q) to a function @ € Wt? (RY). 
This is not always possible (in a general domain Q). However, if Q is “smooth,” 
such an extension can be constructed. Let us begin by making precise the notion of 
a smooth open set. 


Notation. Given x € RY, write 


x = (x', xy) with x’ € RYL, x’ = (X1, X2, ..., XN—1), 


N-1 1/2 
vl = (x «| 
i=1 


RY = {x = (x', xy); xn > 0}, 


and set 


We define 


Q = {x = (x', xn); |x"| < Land |xy] < 1}, 
Q+ =Q0NR], 
Qo = {x = x’, 0); x < 1}. 


Definition. We say that an open set Q is of class C! if for every x € OQ =T there 
exist a neighborhood U of x in R” and a bijective map H : Q —> U such that 


H e C!(Q), H`! ec!(U), H(Q4)=UNQ, and H(Qo) =UNT. 
The map H is called a local chart. 


Theorem 9.7. Suppose that Q is of class C! with T bounded (or else Q = RY). 
Then there exists a linear extension operator 


P:W!?Q) > wlP(R’) (< p< oœ) 


such that for allu € W':P(Q), 
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(i) Pug =u, 
(ii) || Pull; raany < Cllullze@), 
(iii) | Pullwircaaxy < Cllullwecay, 


where C depends only on Q. 


We shall begin by proving a simple but fundamental lemma concerning the ex- 
tension by reflection. 


Lemma 9.2. Given u € W!:?(Q4) with | < p < œ, one defines the function u* on 
Q to be the extension by reflection, that is, 


roar u(x’, xy)  ifxy > 0, 
u(x, xy) = 
u(x’, —xn) ifxn <0. 
Then u* € W'P(Q) and 


lu*lrec < 2Mlullzeco,), We" lwhecay < 2llullwrco,)- 


Proof. In fact, we shall prove that 


ou* ðu \* 
(7) <= (*) for 1<i<N-1 
Ox; Ox; 
and 
ðu* ðu 
8 pany peace 
®) OxN n 


where ea 1 )* denotes the extension by reflection of 24 y and where we set, whenever 
f is defined on Q+, 


PANE e if xy > 0, 


—f(x',-xy) ifxy <0. 
We shall use a sequence (ng) of functions in C% (R) defined by 
net) =n(kt), teR, k=1,2,..., 


where ņ is any fixed function, n € C° (R), such that 


0 ift < 1/2, 
A e 
nt) l ift>1. 


Proof of (7). Let g € c}(Q). For 1 <i < N — 1, we have 
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0 ð 
(9) [ues =f TA 
Q Ox; Q4 Ox; 


where W(x’, xv) = @(x', xy) + @(x’, —xy). The function y does not in general 
belong to C, 1 (Q+), and thus it cannot be used as a test function (in the definition of 
WLP), On the other hand, ng (xy) W(x’, xv) € CE(Q+) and thus 


0 ðu 
ua (nk) E FLAA 
Q+ OX Q+ OX; 


; a 
Since ae (mW) = mee we have 


ð ðu 
(10) fom = fo ny. 
Q+ Oxi Q, 9X; 
Passing to the limit in (10) as k — oo (by dominated convergence), we obtain 
f] f] 
(11) f oe i Yy 
Q, 9X; Q4 9X 


Combining (9) and (11), we are led to 


Í 3E Í ðu Í ( ðu ‘ 
u — y a 9, 
o oxi Q+ Xi o \9Xi 


from which (7) follows. 


Proof of (8). For every g € C} (Q) we have 


ə a 
(12) fJ e-f poe 
Q OxN Q4 OXN 
where x(x’, xy) = Q(x’, xn) — G(x’, —xy ). Note that x(x’, 0) = 0 and thus there 


exists a constant M such that |x (x’, xy)| < M|xy| on Q. Since nx € CHO), we 
have 


ð ðu 
(13) / ua (Kx) = -f > NkX. 
Q+ OXN Q4 ÔXN 
But 
0 OX 
(14) ape a kn (kxn) Xx. 
XN OXN 


We claim that 


(15) I uknņ'(kxyn)x > Oas k > œ. 
Q+ 
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Indeed, we have 


p ukn'(kxyn)X <mc f lulxndx <mc f |uldx 
Q+ O<xy <1/k 0<xy<1/k 


with C = SUP;¢[0,1] |n (t)|, from which (15) follows. 
We deduce from (13), (14), and (15) that 


f OX i; Ou 

u = X 
Q+ OXN Q+ OXN 
Finally, we have 


ðu ðu 
(16) L. ig [ (=) 


Combining (12) and (16), we obtain (8). This concludes the proof of Lemma 9.2. 


The conclusion of Lemma 9.2 remains valid if Q is replaced by RY (the proof 
is unchanged). This establishes Theorem 9.7 for Q = RY : 


x Remark 9. Lemma 9.2 gives a very simple construction of extension operators for 
certain open sets Q that are not of class C!. Consider, for example, the square 


Q= {x ER; 0< x, <1, O< x <1}. 


Let u € WLP (Q). By four successive reflections (see Figure 6) we obtain an exten- 
sion & € W}P (Q) of u in 


Q = {x € R*; -1 <x, <3, -1 < x2 < 3}. 


iene 
I 
1 
1 
I 
I 
| 
1 
1 
I 
I 
I 
1 
I 
| 
I 
I 
1 
1 


Fig. 6 
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Then fix any function wy € C l (Q) such that y = 1 on Q. Denote by Pu the 
function yi extended to R? by 0 outside Q. It is easily shown that the operator 
P : WLP (Q) > WLP (RÌ) satisfies (i), Gi), and (iii). 


The next lemma is very useful. 


Lemma 9.3 (partition of unity). Let I be a compact subset of RN and let U1, U2, 
..., Ux be an open covering of I, i.e., T C U% Ui. Then there exist functions 0o, 
O1, 02, ..., Ok € CO (RY) such that 


k 
(i) 0<6 <1 Wi=0,1,2,...,k and >> 6; =1onR’, 
i=0 
(ii) supp 6; is compact and supp@; C U; Vi =1,2,..., 
ii 
supp 6o C RY\T. 
If Q is an open bounded set and T = 3N, then bojo € CZ (Q). 


Proof. This lemma is classical; similar statements can be found, for example, in 
S. Agmon [1], R. Adams [1], G. Folland [1], P. Malliavin [1]. 


Proof of Theorem 9.7. We “rectify” T = dQ by local charts and use a partition of 
unity.’ More precisely, since I is compact and of class C!, there exist open sets 
(Uj) 1<i<k in RY such that r C UŽ; U; and bijective maps H; = Q — U; such 
that 


H; e C!(Q), H;'ecC'UŪ;), Hi(Q4)=U;NQ, and Hi(Qo) =U, AT. 


l 


Consider the functions 09, 01, 62,..., Og introduced in Lemma 9.3. Given u € 
W!-P(Q), write 


k k 
u = X oju = Xu; where u; = Qju. 
T 


i=0 
Now we extend each of the functions u; to RY, distinguishing uo and (u;)1<j<k. 


(a) Extension of uo. We define the extension of uo to RY by 


ug(x) ifx Ee Q, 


w= jo itv e RQ. 


7 In the following we shall often use this technique to transfer a result proved on RY (or Q+) to the 
same conclusion on a smooth open set Q. 
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Recall that 6o € C!(R) N LY (RY), Va € L® (RY), since Veo = — i, Ve; 
has compact support, and that supp 6) C R% \I. It follows (by Remark 4(ii)) that 


j = 
io € WP (RY) and —ūo = %—+—ui. 
Xi i 


Thus 
Moll wiecayy < Cllullwi.rc@)- 
(b) Extension of uj, 1 <i < k. 

Consider the restriction of u to U; N Q and “transfer” this function to Q+ with the 
help of H;. More precisely, set v; (y) = u( Hj (y)) for y E Q+. We know (Proposition 
9.6) that v; € W!P (Q+). Then define the extension on Q by reflection of v; (Lemma 
9.2); call it v*. We know that v7 € W!-P(Q). “Retransfer” v* to U; using H! and 
call it w;: 

wi(x) = vt [H7' (œx)] for x € Ui. 


Then w; € W!?(U;), wi = u on U; N Q, and 


willwiec,) < Clullwieung. 


Finally, set for x € RY, 


cS 6; (x) w; (Xx) if x € Uj, 
um 10 if x € RY\Y,, 


so that ĉ; € WLP (RY) (see Remark 4(ii)), û; = uj on Q, and 
i llwiraany < Cllullwiej,na- 


(c) Conclusion. The operator Pu = ug+ yj uj; possesses all the desired properties. 


e Corollary 9.8 (density). Assume that Q is of class C}, and let u € W!-P(Q) with 
1 < p < œ. Then there exists a sequence (un) from CX (RY) such that Ungo > U 
in W $P (Q). In other words, the restrictions to Q of CX RY) functions form a dense 
subspace of W}P (Q). 


Proof. Suppose first that I is bounded. Then there exists an extension operator P (by 
Theorem 9.7). The sequence® En (Pn x Pu) converges to Pu in W!-P (RY) and thus it 
answers the problem. When I is not bounded we start by considering the sequence 
nu. Given € > 0, fix no such that ||, )u — ull yi.e < £. One may then construct an 
extension v € W!:P(RY) of Eno (since this only involves the intersection of with 
a large ball). We finally pick any w € Co° (RY) such that || w — v|| whee’) < £. 


8 As usual, (Pn) is a sequence of mollifiers and (¢„) is a sequence of cut-off functions as in the proof 
of Theorem 9.2. 
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9.3 Sobolev Inequalities 


In Chapter 8 we saw that if Q has dimension 1, then WP (Q) C L™(Q) with 
continuous injection, for all 1 < p < oo. In dimension N > 2 this inclusion is true 
only for p > N; when p < N one may construct functions in W}? that do not 
belong to L (see Remark 16). Nevertheless, an important result, essentially due 
to Sobolev, asserts that if 1 < p < N then WP (Q) C L”* (Q) with continuous 
injection, for some p* € (p, +00). This result is often called the Sobolev embedding 
theorem. We begin by considering the following case: 


A. The case Q = R”. 


e Theorem 9.9 (Sobolev, Gagliardo, Nirenberg). Let 1 < p < N. Then 


x 1 1 
WEP(RY) cL? (RY), where p* is given by — = — — —, 
P p N 


and there exists a constan? C = C (p, N) such that 
(17) lulp < ClVulp Yue WPR”). 


Remark 10. The value p* can be obtained by a very simple scaling argument (scaling 
arguments, dear to the physicists, sometimes give useful information with a minimum 
of effort). Indeed, assume that there exist constants C and q (1 < q < œ) such that 


(18) lull < CI|Vullp Yu € CX (RY). 


Then necessarily q = p*. To see this, fix any function u € C9 (RY), and plug into 
(18) ua (x) = u (àx). We obtain 


N_N 
lulg < CAC a? Vulp VYA >O, 


which implies 1 + a — z = 0, i.e.,q = p* (provided u does not vanish identically). 
The proof of Theorem 9.9 relies on the following lemma: 


Lemma 9.4. Let N > 2 and let fi, fo,..., fy € LN~'(RN7!). For x € RY and 
1<i<WN set 


EA N-1 
Ki = (41, X2,---, 44-1, Xith e AN) ER", 
i.e., x; is omitted from the list. Then the function 
~ = ~ N 
f(x) = AEDA e fnn), x ER", 


belongs to L! (RY) and 


° We can take C(p, N) = (N — 1)p/(N — p), but this constant is not optimal. The best constant 
is known (but it is not simple!), see Th. Aubin [1], G. Talenti [1], and E. Lieb [1]. 
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N 
Ife < | [flre 


i=l 


Proof. The case N = 2 is trivial (why?). Let us consider the case N = 3. 
We have 


f Fa = herad | A021 ldx 


1/2 1/2 
<hen ( [ fils adna) ( Í fei 39) as) 


(by Cauchy—Schwarz). Applying Cauchy—Schwarz once more gives 


Í IFœldx < | Blees ll Allzzeazy Il fallz2(R2y- 


The general case is obtained by induction—assuming the result for N and then 
deducing it for N + 1. Fix xy+1 € R; because of Hélder’s inequality, 


I |f œ)ldxıdx2; -- dxy 
RN 


1/N' 
< fnll nR) ll fifo ful asda dy | 


(with N’ = N/(N — 1)). Applying the induction assumption to the functions 
LAY IAIN... Lfl™, we obtain 


N 


N’ N' N’ 
if fale ss slg dx,---dxy < | [Ifig 


i=l 


from which it follows that 


N 
f  If@ldxi -dan < I fwsilv@] [ifie 


i=l 


Now vary xy+1. Each of the functions xy+1 > || fillzyqav-1) belongs to LN (R), 
1 <i < N. As a consequence, their product fies Ifi llyg- belongs to L! (R) 
(see Remark 2 following Hölder’s inequality in Chapter 4) and 
N+1 
ie | f (x)|dxidx---dxndxny1 < I] Il fill LN apy): 
R i=l 


Proof of Theorem 9.9. We begin with the case p = 1 and u € C/(R%). We 
have 
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|u(x1,x2,...,xN)| = [= ma X2,...,xN)dt 


+00 
J on x2,...,xXN)|dt 


and similarly, foreach 1 <i < N, 


© | Ou def A 
ju (x1, x2, ..., XN)| < TO (X1, X2,- Xi—1; f, Xi+1, ---XN)|dt = fii). 
65. OXF 
Thus 
N 
ww < | [A G. 
ak 
We deduce from Lemma 9.4 that 
N N-D 1/(N—1) 
N/(N-1) : = 
u(x dx < š $ 
L uœ) s [isig = -jë =e 
As a consequence, we have 
au 1N 
(19) Ile ll nN-dDRN) < ; 
al axi L! (RY) 


This completes the proof of (17) when p = 1 and u € C z (R~). We turn now to the 
case 1 < p < N, still with u € C!(R%),. Let m > 1; apply (19) to |u|’"~!u instead 
of u. We obtain 


1/N 1/N 


O luli $ luj” < mju 


Then choose m such that mN/(N — 1) = p'(m — 1), which gives m = 
(N — 1)p*/N (m > I since 1 < p < N). We obtain 


1/N 
lull p* < 


’ 


and thus 
lull < CllVulp Yu € C'R”). 


To complete the proof let u € wie (RY ), and let (un) be a sequence from C 1 (RY ) 
such that u, —> u in W!?(IR%), One can also suppose, by extracting a subsequence 
if necesary, that u, —> u a.e. We have 


llun || p* = C||VYunllp. 
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It follows from Fatou’s lemma!’ that 
ueL? and Jull < CllVullp.' 
e Corollary 9.10. Let 1 < p < N. Then 
WEPRY) CLIR”) Yq € [p, p*] 
with continuous injection. 


Proof. Given q € [p, p*], we write 


1 a l-a 
— = — + —— forsome « € [0,1]. 


We know (see Remark 2 in Chapter 4) that 


l-a 
p* 


lulia < lulplul je” < lull + Melly 
(by Young’s inequality). Using Theorem 9.9, we conclude that 
lula < Cllullwip Yue WP R“). 
e Corollary 9.11 (the limiting case p = N). We have 
WEP(RY) c LIR) Yq € [N, +00). 
Proof. Assume u € C q (RY); applying (20) with p = N, we obtain 
lulan- < mulya- luly Ym >= 1, 
and thanks to Young’s inequality we have 
(21) lullansw—1) < C(llellam-payw-p +1Vully) Vn = 1. 
In (21) we choose first m = N; it becomes 
luly- < Cllullwoy, 
and by the interpolation inequality (see Remark 2 in Chapter 4) we have 


(22) lulla < Cllull yi 


for all q with N < q < N?/(N — 1). Reiterating this argument with m = N + 1, 
m = N + 2, etc., we arrive at 


(23) lulg < Clullwin Yu € C'R”) 


10 One can also conclude by noticing that (un) is a Cauchy sequence in L?”. 
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for all q € [N, +00), with a constant C depending on q and N.!! Inequality (23) 
extends by density to W!-%. 


e Theorem 9.12 (Morrey). Let p > N. Then 

(24) whee’) c LORY) 

with continuous injection. Furthermore, for allu € W':? (R“), we have 
(25) lu) = u(y) < Clx — y|“ Vullp ae x, y € RY, 
where a = 1 — (N/p) and C is a constant (depending only on p and N). 


Remark 11. Inequality (25) implies the existence of a function u € C (IR) such that 
u = ù a.e. on R”. (Indeed, let A C R be a set of measure zero such that (25) holds 
for x, y € R%\A; since R \ A is dense in RY, the function UjpN\ 4 admits a (unique) 
continuous extension to R%.) In other words, every function u € W!-?(R%) with 
p > N admits a continuous representative. When it is useful, we replace u by its 
continuous representative, and we also denote by u this continuous representative. 


Proof. We begin by establishing (25) for u € Cc! (RY). Let Q be an open cube, 
containing 0, whose sides—of length r—are parallel to the coordinate axes. For 
x € Q we have 


lq 
u(x) — u(0) =} qe 


and thus 

1 N Jü Nopi ðu 
26 —u(0)| < i|| (tx) |dt < —(tx)|dt. 
(26) = |u(x) — u( nsf dbl m aX ew 
Set 


u = = | u(x)dx = (mean of u on Q). 
|Q| Jo 


Integrating (26) on Q, we obtain 


F X. 1 
seua 
la osh E, 


L 


II 

i 

z| 4 
—, 

= 
eee ae? 
iM= 


1 f! A 
=e ar | 
ma | oy 


11 This constant “blows up” as q —> +00. 
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Then, from Hölder’s inequality, we have 


1/p 
Loli : a) a= (le ) Iro” 
Xi 


(since tQ C Q fort e (0, 1)). We deduce from this that 


1 , [1 NIP 1—(N/p) 
jū — u(0)| < raluro r" f ya : 
ra 1 — (N/p) 


By translation, this inequality remains true for all cubes Q whose sides—of length 
r—are parallel to the coordinate axes. Thus we have 


Vull Leco) 


r1-N/p) 

(27) [eee SG (N/p To Wp VO Vx € Q. 

By adding these (and using the triangle inequality) we obtain 
2r1—N/p) 

(28) lu) —uQ)| S 72 (N/p TW /p)|Vullzrc Vx, y €Q. 


Given any two points x, y € RY, there exists such a cube Q with side r = 2|x — y| 
containing x and y. This implies (25) when u € C q (RY). For a general function 
u € WLP (RY) we use a sequence (un) of CG} (RY) such that u, > u in WLP (RY) 
and un > u a.e. 


We now prove (24). Let u € c? (R`), x € RY, and let Q be a cube of side r = 1 
containing x. From (27) and Hölder’s inequality we have 


lu (x)| < |u| + CIlVulzeco) < Cllullwi.rcg) < Clulwieg). 
where C depends only on p and N. Thus 
lulzogy < Cllullwirany Vue CLR’). 
For a general function u € W!:? (IR) we use a standard density argument. 
Remark 12. We deduce from (24) that if u € WLP (RY) with N < p < ow, then 


lim u(x) = 0. 


|x| 00 


Indeed, there exists a sequence (un) in C! (RY) such that un —> u in WLP (RY). By 
(24), u is also the uniform limit on RY of the up’s 


e Corollary 9.13. Let m > 1 be an integer and let p € [1, +00). We have 


1 1 1 
WP RYN) c LIRY), where -=—--2= if--” >o, 
q p N p N 
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1 
W”-P(RN) C LIR) va € [p, +00) if —-— =0 
P 
m,D (TDN le) N . 1 m 
WP (RY) c LO (RY) fis <0, 
p N 


and all these injections are continuous. Moreover, ifm—(N/p) > Qis notan integer, 
set!? 
k=[m—(N/p)] and 0 =m-—(N/p)—k 0<90<1). 


We have, for all u € w™P (RY), 
|D*ulrory < Clullwmpgy Yæ with |æ| < k 
and'3 
|D°u(x) — D®u(y)| < Cllullwm pg lx — yl? aex,y ER, Va with |a| =k. 
In particular, W™P (RX) c C4(RY).!4 


Proof. All of these results are obtained by repeated applications of Theorem 9.9, 
Corollary 9.11, and Theorem 9.12. 


Remark 13. The case p = 1 and m = N is special. We have W^! C L”. (But 
it is not true, in general, that W™P C L” for p > 1 and m = N/p.) Indeed, for 
Ue CUR”); we have 


X1 x2 XN au 
uaran an) = f f -f —— (f, fn, ..., ty)dt\dt2---dtn 
—ood —00 —oo 0X1 0x2 ie OXN 


and thus 

(29) ella < Cllullywa Yu € CXR”). 

The case of a general function u € W™-! follows by density. 
Now let us turn to the following. 


B. The case Q c RY. 


We suppose here that Q is an open set of class C! with IT bounded or else that 
2=RY. 
+ 


e Corollary 9.14. Let 1 < p < œ. We have 


12 [ ] denotes the integer part. 
13 This implies that D” u is Lipschitz continuous for all œ with |a| < k, i.e., 

| Du(x) — Du) < Cllullwmr|x — y| ae. x, y € R”. 
14 This is to be understood modulo the choice of a continuous representative. 
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s j 1 1 1 ; 

W?(Q) C LP (Q), where — = — — —, if p <N, 
py» p N 

W'P(Q) CL4(Q) Yq € [p, +00), if p=N, 

WEP(Q) C L®(Q), if p>N, 


and all these injections are continuous. Moreover, if p > N we have, for all u € 
WhP(Q), 
ju(x) —u(y)| < Cllullwielx — y|” ae. x,y €Q, 


with æ = 1 — (N / p) and C depends only on Q, p, and N. In particular, W}P (Q) C 
c." 


Proof. Consider the extension operator 
P : WHP (Q) > WHP (RY) 
(see Theorem 9.7) and then apply Theorem 9.9, Corollary 9.11, and Theorem 9.12. 


e Corollary 9.15. The conclusion of Corollary 9.13 remains true if RN is replaced 
by 2.16 


Proof. By repeated application of Corollary 9.14.17 


e Theorem 9.16 (Rellich-Kondrachov). Suppose that Q is bounded and of class 
C!. Then we have the following compact injections: 


1 k 1 1 1 i 
We?(Q) C LIQ) Yq e[l, p*), where ~=-—-—, ifp<N, 
P p N 


WEP(Q) C LI(Q) Yq € [p, +00), if p=N, 
WEP) Cc CQ), if p>N. 


In particular, WP (Q) C LP (Q) with compact injection for all p (and all N). 


Proof. The case p > N follows from Corollary 9.14 and Ascoli—Arzelà’s theorem. 
The case p = N reduces to the case p < N. Therefore, we are left with the case 
p<N. 

Let H be the unit ball in W1? (Q). Let P be the extension operator of Theorem 
9.7. Set F = P (H), so that H = Fig. In order to show that H has compact closure 


15 Once more, this is modulo the choice of a continuous representative. 
16 To be precise, if m — (N/p) > 0 is not an integer, then 


WP (Q) c CEQ), where k = [m — (n/p)] 


and Ct (Q) = {u € C¥(Q); Du has a continuous extension on Q for all œ with |æ| < k}. 
17 Alternatively, one could apply Corollary 9.13 together with an extension operator P : 


W"P(Q) —> W™P(RY), but this would require an extra hypothesis: & would have to be of 
class C™ to construct this extension operator. 
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in L4(Q2) for q € [1, p*) we invoke Theorem 4.26. Since Q is bounded, we may 
always assume that q > p. Clearly, F is bounded in W!-? (RY) and thus it is also 
bounded in L1 (IR) by Corollary 9.10. We have to check that 


aes — f llan) = 0 uniformly in f € F. 


By Proposition 9.3 we have 


lta f — flire < IAY flere YLEF. 
Since p < q < p*, we may write 


1 a l-a 
— = — + —— forsome «€ (0, 1]. 


Thanks to the interpolation inequality (see Remark 2 in Chapter 4) we have 


laf- fln < laf- f iogmlaf — FG am 
< hI IY Flg CIF Ir gR) ° < CIh|*, 
where C is independent of F (since F is bounded in W 1P (RY)). The desired con- 
clusion follows. 
Remark 14. Theorem 9.16 is “almost optimal” in the following sense: 


(i) If Q is not bounded, the injection W}? (Q) C L? (Q) is, in general, not com- 
pact.!8 

(ii) The injection WP (Q) C LP” (Q) is never compact even if Q is bounded and 
smooth. 


x Remark 15. Let Q be a bounded open set of class C!. Then the norm 
llull = Vulp + lulla 
is equivalent to the W':? norm so long as 


l<qspifl<p<N, 
l<q<oifp=N, 
l<q<wifp>N. 


x Remark 16 (the limiting case p = N). Let & be a bounded open set of class C! 
and let u € W}N (Q). Then in general, u ¢ L (Q). For example, if 


Q= {x ER; |x| < 1/2}, 


the function 


'8 See the detailed discussion in R. Adams [1], p. 167 concerning the compactness of this injection 
for unbounded domains. 
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u(x) = (log 1/|x|)” with 0 <a <1—(1/N) 


belongs to WLY (Q), but it is not bounded because of the singularity at x = 0. 
Nevertheless, we have Trudinger’s inequality 


Í etA coo Yu e WIN (Q) 
Q 


(see, e.g., R. Adams [1] or D. Gilbarg—N. Trudinger [1]). 


9.4 The Space WÈ” (Q) 


Definition. Let 1 < p < œ; Wy? (Q) denotes the closure of C! (Q) in WP (Q). 
Set!’ 
HEQ) = WEP). 


The space Wy *P equipped with the W!:? norm, is a separable Banach space; it is 
reflexive if 1 < p < oo. Hd, equipped with the H! scalar product, is a Hilbert space. 


x Remark 17. Since G (RY) is dense in W1? (RY), we have 
Wy? RY) = WHP (RY). 


By contrast, if 2 C RY and Q # RY, then in general, Wy? (Q) A W!P(Q). 
However, if RY \Q is “sufficiently thin” and p < N, then Wy? (Q) = WLP (Q). For 
example, if Q = R\{0} and N > 2 one can show that Hy (Q) = H! (Q). 


Remark 18. Itis easy to check—using a sequence of mollifiers—that CO (Q) is dense 
in Wy P (Q). In other words, C ‘© (Q) could equally well have been used instead of 
cl (Q) in the definition of Wy? (Q). 


The functions in Wy P (Q) are “roughly” those of W!-P(Q) that “vanish on IT = 
ƏN.” It is delicate to make this precise, since a function u € W $P (Q) is defined only 
a.e. (and the measure of T is zero!) and u need not have a continuous representative.?? 
The following characterizations suggest that we “really” have functions that are “zero 
on T.” We begin with a simple fact: 


Lemma 9.5. Letu € W!:?(Q) with 1 < p < œo and assume that supp u is a compact 
subset of Q. Then u € Wy? (Q). 


Proof. Fix an open set w such that suppu C wœ CC Q and choose a € C l (œw) such 
that a = 1 on supp u; thus au = u. On the other hand (Theorem 9.2), there exists a 


19 When there is ambiguity we shall write we, ch instead of WEP), He (Q). 

20 Nevertheless, if u € W!:?(Q) one can give a meaning to ur (when Q is regular) and one can 
show, for example, that ujr € L? (T). This relies on the theory of traces (see the comments at the 
end of this chapter). 
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sequence (un) in CO? (R^) such that un > u in L? (Q) and Vun > Vu in L? (a). 
It follows that ~u, —> au in W}? (Q). Thus au belongs to WEP), and so does u. 


Theorem 9.17. Suppose that Q is of class C!. Let! 
u e W!P(Q)ACQ) with1 < p < œ. 


Then the following properties are equivalent: 


(i) u=0 onr. 
(ii) u € Wy’? (Q). 


Proof. 
(i) > (ii). Suppose first that supp u is bounded. 
Fix a function G € C! (R) such that 


0 ifjt| <1, 

coils werk and ggal? THIS 
t ifjt| > 2. 

Then un = (1/n)G(nu) belongs to WLP (by Proposition 9.5). It is easy to verify 

(using dominated convergence) that un —> u in W!P., On the other hand, 


Supp ün C {x € Q; |u(x)| > 1/n}, 


and thus supp un is a compact set contained in Q. From Lemma 9.5, un € Wy cae 
and it follows that u € Wy *P In the general case in which supp u is not bounded, 
consider the sequence (¢,u) (where (¢,) is a sequence of cut-off functions as in the 
proof of Theorem 9.2). From the above, nu € Wy”, and since ¢,u —> u in wie, 
we conclude that u € Wy A 


GD > (i). Using local charts this is reduced to the following problem. Let u € 
Wy’? (Q4) N C(Q,); prove that u = 0 on Qo. 

Let (un) be a sequence in C! (Q+) such that un > u in w!P(Q4). We have, for 
(x’, xn) E€ Q4, 


XN ð 
ERT E Í E G Dld 


and thus for 0 < e < 1, 


1 a 7 ; e| ðun , 
z jun (x , xyn)|dx' dxy < x,t) 
E€ J\x’|<1 JO |x’|<1 JO XN 


In the limit, when n —> œ (e > 0 fixed) we obtain 


1 E £ 
: / T lu(x', xw)|dx'dxw < f I 
E Jjx'|<1 JO Ix'|<1 J0 


21 Recall that if p > N, then u € W!:P(Q) > u € C(Q) (see Corollary 9.14). 


dx'dt. 


Q 


ð 
| x, tldx'dt. 


ðxXN 
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Finally, as € —> 0, we are led to 


f ju(x’, O)|dx’ =0 
PAESI 


eL} (Q+)). Thus u = 0 on Qo. 


Remark 19. In the proof of (i) > (ii) we have not used the smoothness of Q. However, 
the converse (ii) = (i) requires a smoothness hypothesis on Q (consider for example 
Q = RY \{0} with N > 2 and p < N). 


(since u € C(Q4) and ee 


s NEF? w 
Here is another characterization of W9 á 


Proposition 9.18. Suppose Q is of class C!. Letu € LP (Q) with 1 < p < œ. The 
following properties are equivalent: 


j l, 
(i) u € Wo” (Q), 
(ii) there exists a constant C such that 


<Cleli@ VEC R Vi=1,2,....N, 


(iii) the function 
ee u(x) ifx EQ., 
XE o fx ER®\Q, 


ðu 


1,p RN ‘ ; ðu — du 
belongs to WP (R* ), and in this case Be Te 


Proof. 
(i) > (ii). Let (un) be a sequence from Cc (Q) such that un > u in W!?. For 


ge CIRY) we have 
=| f ia 
Q Oxi” 


[heas 
Passing to the limit, we obtain (ii). 
(ii) > (iii). Let g € C)(R™); we have 
=| fos 


Thus a € W!-?(IR) (by Proposition 9.3). 


(iii) > (i). One can always assume that Q is bounded (if not, consider the sequence 
(¢,u)). By local charts and partition of unity this is reduced to the following problem. 
Let u € LP (Q) be such that the function 


< Clol pe = Cell pany: 


iz ive 


_ u(x) ifx€ Q, xy > 0, 
u(x) = ; 
0 ifx € Q, xn <0, 
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belongs to W!:?(Q); prove that 


au € WEP (Q4) Va € C!(Q). 


Let (pn) be a sequence of mollifiers such that 
ene a 
SUPP Pn C 4x ER"; — <xn <—7; 
2n 
one may choose, for example, 


pn(x) =n p(nx) and suppp C {x € RY; (1/2) < xy < 1}. 


Thus pn * (ai) > ai in WLP (RY) (note that wi extended by 0 outside Q belongs 
to W!-P(R%)). On the other hand, 


SUPP(Pn * u) C SUPP Pn + Supp(au) C Q+ 


for n large enough. It follows that 
Pn * (aii) € C (Q+) 
and thus au € Wy’? (Q4). 


Remark 20. The proof of Corollary 9.14 uses the extension operator, and because 
of this fact one must assume that Q is smooth. If W!:?(Q) is replaced by WEP (Q) 
one can use the canonical extension by 0 outside Q, which is valid for arbitrary 
domains Q (in the proof of Proposition 9.18, the implication (i) => (iii) does not 
use any smoothness hypothesis on (2). It follows, in particular, that the conclusion 
of Corollary 9.14 is true for wy? (Q) with an arbitrary open set Q. Similarly, the 
conclusion of Theorem 9.16 is true for Wo P (Q) with an arbitrary bounded open set 
Q. It can also be deduced from Theorem 9.9 that if Q is an arbitrary open set and 
1 < p < N, then 


1, 
(30) lulto < CCP. N)IVulleo Yu € Wy? (Q). 


e Corollary 9.19 (Poincaré’s inequality). Suppose that 1 < p < œ and Q is a 
bounded open set. Then there exists a constant C (depending on Q and p) such that 


1, 
lule < CliVullze Yu € Wy? (2). 


In particular, the expression ||Vul| L(g) is a norm on Wy’? (Q), and it is equivalent 


to the norm ||u||wi.p; on Hy (Q) the expression eS fo oe oe is a scalar product 
l l 


that induces the norm ||Vu||,2 and it is equivalent to the norm |\u|| y1. 


Remark 21. Poincaré’s inequality remains true if Q has finite measure and also if Q 
has a bounded projection on some axis. 
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Remark 22. For every integer m > 1 and 1 < p < œ one defines Wo. P (Q) as being 
the closure of C” (Q) in Wo? (Q). “Roughly,” a function u belongs to Wo? (Q) if 
u € W™P(Q) and if D°u = 0 on F for all multi-indices œ such that |a| < m — 1. 
It is important to notice the distinction between Wo’ P (Q) and W™P(Q)N Wy P(Q) 
form > 2. 


The Dual Space of wl P(Q) 


Notation. We denote by WLP (Q) the dual space of Wy’), 1 < p < œ, and 
by H`! (Q) the dual of H (Q). The dual of L? (Q) is identified with L? (Q), but 
we do not identify Hi} (Q) with its dual (see Remark 3 in Chapter 5). We have the 
inclusions 

Hj (Q) C L?’(Q) C HQ), 


where these injections are continuous and dense. 
If Q is bounded then 


WEP (Q) C LAQ) C WLP (Q) if 2N/(N +2) < p< o, 


with continuous and dense injections. If Q is not bounded, the same holds, but only 
for the range 2N/(N + 2) < p <2. 


The elements of W~!:”" are completely described by the following result: 


Proposition 9.20. Let F € WLP (Q). Then there exist functions fo, fi, f2,..., fN € 
LP (Q) such that 


N 
ðv 1 
(Fv) = f ov + | ;— Wve W,’?(Q), 
ae 2 aan i 
and 
IFI = max I filly 
If Q is bounded we can take fo = 0. 


Proof. Adapt the proof of Proposition 8.14. 


9.5 Variational Formulation of Some Boundary Value Problems 


We are now going to use the previous setting in the study of some elliptic partial 
differential equations (= PDEs) of second order. 


Example 1 (homogeneous Dirichlet problem for the Laplacian). Let & c RY be an 
open bounded set. We are looking for a function u : Q — R satisfying 
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(31) —Au+u=f inQ, 
u=0 onl =d0Q, 
where 
N 
a7u 
Au = — = Laplacian of u, 
2 ax? 


and f is a given function on Q. The boundary condition u = 0 on F is called the 
(homogeneous) Dirichlet condition. 


Definition. A classical solution of (31) is a function u € C? (Q) satisfying (31) (in 
the usual sense). A weak solution of (31) is a function u € Hy (Q) satisfying 


(32) f yuvi fuv= fi po Yv € Ad (Q), 
Q 2 Q 
where Vu - Vv = boar ju ov 


We carry out the program described in Chapter 8. 


Step A: Every classical solution is a weak solution. 
Indeed, u € H! (Q) N C(Q) and u = 0 on T, so that u € HA (2) by Theorem 9.17 
(see also Remark 19). On the other hand, if v € C a (2) we have 


f vu vw+ f w= f fo, 
2 Q Q 


and by density this remains true for all v € HÉ (Q). 


Step B: Existence and uniqueness of a weak solution. 
This is the content of the following basic result. 


e Theorem 9.21 (Dirichlet, Riemann, Poincaré, Hilbert). Given any f € L? (Q), 
there exists a unique weak solution u € HÈ (Q) of (31). Furthermore, u is obtained by 


1 
min {5 [oee f fol. 
verl) (2 Ja Q 


This is Dirichlet’s principle. 


Proof. Apply Lax—Milgram in the Hilbert space H = Hy (Q) with the bilinear form 
a(u, v) = f (Vu -Vv +uv) 
2 


and the linear functional g : v œ> Jo fv. 


Step C: Regularity of the weak solution. 
This question is delicate. We shall address it in Section 9.6. 
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Step D: Recovery of a classical solution. 

Assume that the weak solution u € Hj (Q) of (31) belongs to C 2(Q), and assume 
that Q is of class C!. Then u = 0 on T (by Theorem 9.17). On the other hand, 
we have 


[cautwo= f fo Yv € C1(Q) 
2 2 


and thus —Au + u = f a.e. on Q (by Corollary 4.24). In fact, —Au +u = f 
everywhere on Q, since u € C 2 (Q); thus u is a classical solution. 


We describe now some other examples. In each case it is essential to specify 
precisely the function space and the appropriate weak formulation. 


Example 2 (inhomogeneous Dirichlet condition). Let Q C RY be a bounded open 
set. We look for a function u : Q > R satisfying 


—Au+u=f inQ, 


33 
Aa u=g onl, 


where f is given on Q and g is given on I’. Suppose that there exists a function 
& € H'(Q)NC(Q) such that? g = g on T and consider the set 


K = {v € H! (Q); v—% € HA (Q)}. 


It follows from Theorem 9.17 that K is independent of the choice of g and depends 
only on g. K is anonempty closed convex set in H!(Q). 


Definition. A classical solution of (33) is a function u € C?(Q) satisfying (33). A 
weak solution of (33) is a function u € K satisfying 


(34) [vu-vo ru = f fu Vue HEQ). 
Q Q 
As above, any classical solution is a weak solution. 


e Proposition 9.22. Given any f € L?(Q), there exists a unique weak solution 
u € K of (33). Furthermore, u is obtained by 


min {5 [aver +0) - [ pol. 
veK | 2 Q Q 


Proof. We claim that u € K is a weak solution of (33) if and only if we have 


(35) [veo +f ww-we f few Wek. 
Q Q 2 


22 This assumption is satisfied, for example, if Q is of class C! and g € C! (T). If Q is regular enough 
it is not necessary to suppose that g € C (Q). Applying the theory of traces (see the comments at 
the end of this chapter), it suffices to know that g € H! (Q), i.e., g € H!/2(L). 
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Indeed, if u is a weak solution of (33) it is clear that (35) holds even with equality. 
Conversely, ifu € K satisfies (35) we choose v = u+w in (35) with w € HÈ (2), and 
(34) follows. We may then apply Stampacchia’s theorem (Theorem 5.6) to conclude 
the proof. 


The study of regularity and recovery of a classical solution follows the same pattern 
as in Example 1. 


Example 3 (general elliptic equations of second order). Let 2 C R” be an open 
bounded set. We are given functions ajj(x) € C 1(Q), 1 < i, j < N, satisfying the 
ellipticity condition 


N 
(36) XO aij (EE) > alg, Vx EQ, VE ER witha > 0. 
i,j=l 


A function ag € C(Q) is also given. We look for a function u : Q — R satisfying 
N 


ə ðu 
.. = inQ 
(37) 2 ax; (as x) te, ye tee 


ij=l 


u=0 onr. 


A classical solution of (37) is a function u € C? (Q) satisfying (37) in the usual 
sense. A weak solution of (37) is a function u € Hy (Q) satisfying 


du Ov 1 
(38) fe ye d T +f aww =f fo Yv € H (9). 


As above, any classical solution is a weak solution. If aọ(x) > 0 on Q then for all 
f € L?(Q) there exists a unique weak solution u € Hy : just apply Lax—Milgram in 
the space H = Hy with the continuous bilinear form 


du Ov 
a(u, v) = i ye hae Ox; + f couv. 


The coerciveness of a( , ) comes from the ellipticity assumption, the assumption 
ao = 0, and Poincaré’s inequality. If the matrix (a;;) is also symmetric, then the form 
a( , ) is symmetric and u is obtained by 


1 2 ðv ðv 
: 2 
min 4 — J aij =— ~—— + aov )-f v 
veHd “Ane " Ax; Ox; 


We now consider a more general problem: find a function u : Q > R satisfying 
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(39) 


where the functions (a;;) € L% (Q) satisfy the ellipticity condition and the functions 
(ai)o<i<n are given in L (Q). A weak solution of (39) is a function u € Hh such 
that 


du ðv 
(40) J mae aR; Eat [aw = f fv Vu € Hd. 
The associated continuous bilinear form is 
du Ov ðu 
(41) alu, »=f ye ree + [ages [om 


In general this form is not symmetric;” in certain cases it is coercive: one may then 


use Lax—Milgram to obtain the existence and uniqueness of a weak solution. In the 
general case—even without coerciveness—one still has the following. 


Theorem 9.23. If f = 0, then the set of solutions u € Hy of (40) is a finite- 
dimensional vector space, say of dimension d. Moreover, there exists a subspace 
F c LUQ) of dimension d such that^ 


[(40) has a solution] ==> p fv=0 We r| ; 
Q 


Remark 23. Suppose that the homogeneous equation associated to (40), i.e., with 
f = 0, has u = 0 as its unique solution. Then for every f € L? there exists a 
unique solution u € Hy of (40). In particular, if a9 > 0 on Q one can show, by 
a maximum-principle-type method, that f = 0 = u = 0. We thus deduce, under 
only the hypothesis ag > 0 on Q (and no assumption on a;, 1 < i < N), that for 
every f € L? there exists a unique solution u € Hy of (40); see, e.g., D. Gilbarg— 
N. Trudinger [1]. 


Proof. Fix à > 0, large enough that the bilinear form 


auva f uv 
Q 


is coercive on H. For every f € L? there exists a unique u € Hy satisfying 


23 In dimension N there is no known device, as there is in one dimension, to reduce it to the 
symmetric case. 


24 Tn other words, (40) has a solution iff f satisfies d orthogonality conditions. 


25 Note the close relationship between existence and uniqueness of solutions in elliptic problems. 
This remarkable relationship is a consequence of Fredholm’s alternative (Theorem 6.6). 
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aug) +> | w= | foe Yọ € Hd. 
Q Q 


Set u = Tf, so that T : L? > L? is a compact linear operator (since Q is bounded, 
the injection HÉ C L? is compact; see Theorem 9.16 and Remark 20). Equation (40) 
is equivalent to 


(42) u =T(f + ìu). 
Set v = f + àu as a new unknown, and (42) becomes 
(43) v—ìTv=f. 

The conclusion follows from Fredholm’s alternative. 


Example 4 (homogeneous Neumann problem). Let Q C RY be a bounded domain 
of class C!. We look for a function u : Q > R satisfying 


—Au+u=f inQ, 


(44) ðu 
—=0 otr, 
on 
where f is given on Q; ge denotes the outward normal derivative of u, i.e., gu = 


Vu -n, where n is the unit normal vector to I’, pointing outward. The boundary 
condition i = 0 on T is called the (homogeneous) Neumann condition. 


Definition. A classical solution of (44) is a function u € C?(Q) satisfying (44). A 
weak solution of (44) is a function u € H!(Q) satisfying 


(45) f vu wwf w=] f Yv € H! (Q). 
Q Q Q 


Step A: Every classical solution is a weak solution. 
Recall that by Green’s formula we have 


ə = = 
(46) faw | dido- f Vu-Vv Yuce CQ, wec! ®©, 
2 r on 2 


where do is the surface measure on I. If u is a classical solution of (44), then 
u € H! (Q), and we have 


f vuv f w=] fo vv e C!(Q). 
Q Q Q 


We conclude by density (Corollary 9.8) that 


f vu wwf w=] fo Yv € H! (Q). 
Q Q Q 
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Step B: Existence and uniqueness of the weak solution. 


Proposition 9.24. For every f € L? (Q), there exists a unique weak solution u € H! (Q) 
of (44). Furthermore, u is obtained by 


n lt 213 
min (|Vv|* + v7) fur. 
veH!(Q) [2 Ja Q 


Proof. Apply Lax—Milgram in H = H! (Q). 


Step C: Regularity of the weak solution. 
This will be discussed in Section 9.6. 


Step D: Recovery of a classical solution. 
If u € C*(Q) is a weak solution of (44), we have from (46) 


ð = 
(47) fontov f “ ido =f fv wec'@). 
Q r on Q 
In (47) first choose v € Ç! (2) to deduce 
—Au+u=f inQ. 

Then return to (47) with v € C!(Q); one obtains 

ðu i= 

—vdo =0 WeEC (Q) 

r on 


and therefore i =0onr. 


Example 5 (unbounded domains). In the case that Q is an unbounded open set in RY 
one imposes—in addition to the usual boundary conditions on T = 3 Q—a boundary 
condition at infinity, for example u(x) —> 0 as |x| —> oo. This “translates,” at the 
level of a weak solution, by the condition u € H!. Of course, one must first prove 
that if u is a classical solution such that u(x) — 0 as |x| —> oo, then u must belong to 
H! (see the discussion in Example 8 of Chapter 8). Here are a few typical examples: 


(a) Q = RY; given f € L? (RY) the equation 
—Au+u=f inR” 
has a unique weak solution in the following sense: 


ue H'(R%) and f vu vo+ f w= f fu WweH'R”). 
RY RN RY 


(b) Q = RX; given f € L? (RY ) the problem 
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—Au+u= f in RY, 
u(x’, 0) =0 forx’ e RY-!, 


has a unique weak solution in the following sense: 
u € Hj(Q) and / Vu- vo+ | uv =) fu Yve HED). 
Q Q Q 
(c) Q = RY ; given f € L? (RY ) the problem 
—Au+tu=f in RY, 

0 

=" (',0)=0 forx’ e RN“, 

OxN 
has a unique weak solution in the following sense: 


u € H'(Q) and f yuv f w=] fo Vu € H! (Q). 
Q Q Q 


9.6 Regularity of Weak Solutions 


Definition. We say that an open set Q is of class C™, m > 1 an integer, if for every 
x € T there exist a neighborhood U of x in RY anda bijective mapping H : Q > U 
such that 


Hec™@), H tec"), H(Q4)=UNQ, H(Qo)=UNT 
We say that Q is of class C™ if it is of class C” for all m. 


The main regularity results are the following. 


e Theorem 9.25 (regularity for the Dirichlet problem). Let Q be an open set of 
class C? with T bounded (or else Q = RY). Let f € L? (Q) and let u € HY (Q) 
satisfy 


(48) [sures f w= | fo Vo € HA(Q). 
Q Q Q 


Then u € H?(Q) and lull a2 < Cll fllz2, where C is a constant depending only on 
Q. Furthermore, if Q is of class C”? and f € H” (Q), then 


u € H™*?(Q) and |\ullyms2 < Cll filam. 


In particular, if f € H™ (Q) withm > N/2, thenu € C?(Q). Finally, if Q is of class 
C™® and if f € CY (Q), then u € C” (Q). 
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Theorem 9.26 (regularity for the Neumann problem). With the same assumptions 
as in Theorem 9.25 one obtains the same conclusions for the solution of the Neumann 
problem, i.e., for u € H! (Q) such that 


(49) J vu- vor [w= f fo Vo € H! (Q). 
Q Q Q 


Remark 24. One would obtain the same conclusions for the solution of the Dirichlet 
(or Neumann) problem associated to a general second-order elliptic operator, i.e., if 
u € H} (2) is such that 


du Og f ðu f f 1 
ijzz + aiz— 9 + | aouo = g Ve € Hy (8); 
[ 3 I Ox; Ox; Q 2 Ox; 2 2 f ° 


then?® 
[f Ee LQ), ajec'@Q) and a, € C(@]> u e HQ), 
and for m > 1, 
[f € H” (Q), aij e C”! Q) and a; € C”(@)] > u € H”? (Q). 


We shall prove only Theorem 9.25; the proof of Theorem 9.26 is entirely analo- 
gous. The main idea of the proof is the following. We consider first the case Q = R”, 
then the case Q = RY . For a general domain Q we proceed in two steps: 


1. Interior regularity, i.e., u is regular on every domain w CC Q. Here, the proof 
follows the same pattern as Q = RY. 

2. Boundary regularity, i.e., u is regular on some neighborhood of the boundary. 
Here, the proof resembles, in local charts, the case Q = RY 3 


We recommend that the reader study well the cases Q = R” and Q = RY before 
tackling the general case. The plan of this section is the following: 


A. The case Q = RY. 
B. The case Q = RY : 
C. The general case: 

Cı. Interior estimates. 

C2. Estimates near the boundary. 


The essential ingredient of the proof is the method of translations?’ due to 
L. Nirenberg. 


A. The case Q = R”. 


Notation. Given h € RY, h Æ 0, set 


26 If Q is not bounded we must also assume that D”aij € LO (Q) Vee, |æ| < m + 1 and D“ai € 
LS (Q) Væ, |a| < m. 
27 Also called the technique of difference quotients. 
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1 h) — 
Dau = Foci =u), ies D(x) = —— 


a OS) take p = D-—p(Dpu). This is possible, since g € H! (RY) (since u € 
H (R )); we obtain 


Jivani? + fioru = f foao 


(50) Diu llga < Wf ll2l|D-n(Daw) ll. 


and thus 


On the other hand, recall (Proposition 9.3) that 
(51) |D_pvllz <[|Vullz Vue Ht. 
Using this with v = Dnu, we obtain 

lDrullĝa < Wf l2 V (Drw), 


and consequently 
|Daullat < If ll2- 


In particular, 
ðu : 
(52) Diz] <ifll2 Vi =1,2,...,N. 
OX; 5 
Applying Proposition 9.3 once more, we see that pe € H! and thus u € H?. 
We now prove that f € H! > u € H?. We denote by Du any of the derivatives 


ju, 1 <i < N. We already know that Du € H!. We have to prove that Du € H°. 
For this it suffices to verify that 


(53) [vow Vo + [owe = [ene Vo € H! 


(and then we may apply to Du the preceding analysis, which gives Du € H°). 
If p € CX (R`) we may replace by D¢ in (48); it becomes 


[vvo [uve = f foe, 


f V(Du)- Vo + i: (Duy = f (Df)o Yo € CRM). 


and thus 
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This implies (53), since C° (RY) is dense in H1 (RY) (Proposition 9.2). 


To show that f € H” = u € H’*? it suffices to argue by induction on m and 
to apply (53). 


B. The case 2 = RY. 

We use again translations, but only in the tangential directions, i.e., in a direction 
h e RNT! x {0}: we say that h is parallel to the boundary, and denote this by h || T. 
It is essential to observe that 


u € Hg(Q) > tru € Hi (Q) ifh |T. 


In other words, HÈ (Q) is invariant under tangential translations. 
We choose hi || T and insert = D-a (Dnu) in (48); we obtain 


f ono f ibru = f f D-ro, 
i.e., 
(54) Diwllir < lf lll D-r (Drw l2. 
We use now the the following lemma. 
Lemma 9.6. We have 
lDrvll e2 s Volo Vue H'(Q), Vh IT. 
Proof. Start with v € C i (RY) and follow the proof of Proposition 9.3 (note that 


Q + th = Q for all t and all h || T). For a general v € H! (Q) argue by density. 
Combining (54) and Lemma 9.6, we obtain 


(55) |Daulla < Ifl Yh || T. 


Let1<j<N,1<k<N-—1,h = |h|egz, and g € CX (N2). We have 
ðu OXO 
D, | — =— D-n | — 
f(s )o=- Sal) 
0 
feaa) 
Ox; 


Passing to the limit as h — 0, this becomes 


and thanks to (55), 
< Ifill llelle- 


32 
(56) fe f |= 1a lvl Vi<j<N, VI<k<N-1. 
OX j OX, 


Finally, we claim that 
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2 
(57) J go’ 
Oxy 


To prove (57) we return to equation (48) and deduce that 


32 
I= Dj. |+| fur-we 
9x3 |— 


from (56). Combining (56) and (57), we end up with 


ice 
u 
OX j OX, 


As a consequence, u € H ?(Q), since there exist functions Sik € L?(Q) such that 


— Vv CX (Q 
[ete | fn QE (Q) 


(as in the proof of Proposition 8.3). 


< Ife lgll2 Yee CP). 


<C\lfille elle 


=1 


<Cilfil2 lgl Vee CR@, VISik SN. 


We show finally that f € H” (Q) m u € H™*?(Q). By Du we mean any one 
of the tangential derivatives Du = 1 < j < N — 1. We first establish the 


on 3 
following result. 


Lemma 9.7. Let u € H?(Q) N Hİ (Q) satisfying (48). Then Du € Hj(Q) and, 
moreover, 


(58) / vipa wee f Dips J (Df)p Vy € HUO). 


Proof. The only delicate point consists in proving that Du € HÈ (2), since (58) is 
derived from (48) by choosing Dg instead of p (with € CX (Q)) and then arguing 
by density. Let h = |hle;, 1 < j < N — 1, so that Dhu € Hy (since Hy is invariant 
under tangential translations). By Lemma 9.6 we have 


Diwllat < llull g2- 


Thus there exists a sequence h, — O such that Dp„u converges weakly to some g 
in HÈ (since HY is a Hilbert space). In particular, Dh,u — g weakly in L?. For 


g E€ Co°(Q) we have 
[ome =f upro 


and in the limit, as h, — 0, we obtain 


a 
[= fe Pvp € CQ). 
Ox j 
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Therefore, a =ge Hy (Q). 
Proof of f € H™ => u € H"*?, This is by induction on m. Assume the claim up 
to order m, and let f € H”+!, We already know that u € H’*?; also Du (any 
tangential derivative) belongs to Hy (Q2) and satisfies (58). Applying the induction 
assumption to Du and Df, we see that Du € H+. To conclude it suffices, for 
example, to check that Zu € H™”+!, For this purpose we return once more to 


equation (48), which we write 


a? 3? 
i — > ay f Het, 


C. The general case. 

We prove only that f € L7(Q) > u € H*(Q); the implication f € H” => u € 
H™*? is done by induction on m as in Cases A and B. To simplify the presentation 
we assume that Q is bounded. We use a partition of unity and write u = ar Oiu 
as in the proof of Theorem 9.7. 


Cı. Interior estimates. 

We claim that Ogu € H?(Q). Since foj € C2°(Q), the function 6ou extended by 0 
outside Q belongs to H 'aR) (see Remark 4(ii)). It is easy to verify that ou is a 
weak solution in RY of the equation 


— A (00u) + bou = bo f — 2V 0o 2 Vu = CO) È g, 
with g € L? (R^). We deduce from Case A that 691 € H? (R”) and 
loull? < CF l2 + lula) < C'I fl 


(since ||u|l 71 < Il fll2 by (48)). 


C2. Estimates near the boundary. 
We claim that 6;u € H 2(Q) for 1 < i < k. Recall that we have a bijective map 
H : Q — U; such that 


H € C?(Q), J= H! € C?(U, H(Q4)=QNU;, and H(Qo)=TNU;. 


We write x = H (y) and y = H! (x) = J (x). It is easy to verify that v = Oju € 
Hy (Q N U;) and that v is a weak solution in Q N U; of the equation 


—Av = 0; f = Oiu — 2V9; - Vu = (Abe È g, 


with g € L? (QN U;) and |jigll2 < CII f ll2. More precisely, we have 


(59) f Vu: Vodx = | godx Yọ € HÈ(QNU;). 
QU; QNU; 
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We now transfer vignu; to Q+. Set 
w(y) = v(A(y)) for y € Q4, 


i.e., 
w(Jx) = v(x) for x € QN Ui. 


The following lemma—which is fundamental—shows that equation (59) becomes 
a second-order elliptic equation for w on Q4.78 


Lemma 9.8. With the above notation, w belongs to Hy (Q) and satisfies 
Ow oy n 
(60) D f ae ay =f gydy wre HOW, 
Q+ 


kt=1? Q+ dyk Oye 


where? g = (g o H)|detJac H| € L? (Q+) and the functions axe € c'(Q,) satisfy 
the ellipticity condition (36). 


Proof. Let y € Hy (O+) and set g(x) = wW(Jx) for x € Q N Ui. Then ọ € 
Hj (Q2 U;) and 


dv D ðw ð Jk dp aw IJe 
Ox; 7 OVE Oxy Ox; 7 Oye ax; 


Thus 
OJ, OJ¢ Ow ð 
| Vv: Vods = | D AA e Y gy 
QNU; QNU; jke Xj OX} OVk OVE 
a Jk aJe ðw ow 


=) XO = — —_|detJac H |dy 
Q+ j,k,£ Ox; Ox} OYk Oye 


from the usual change-of-variables formulas in an integral. As a consequence, 


dw a 
(61) j. Vv: Vods = | Yaw Uae iy 
QANU; 


KOR ’ 
ogr OWN 


with axe = D j 52 ge [detJac H|. 


We note that aze € C! (Q4) and that the ellipticity condition is satisfied, since for 
all £ € R“, we have 


28 More generally, if we start with an elliptic equation for v we end up with an elliptic equation for 
w: the ellipticity condition is preserved under change of variables. 


29 detJac H denotes the Jacobian determinant, i.e., the determinant of the Jacobian matrix Jac H = 


aH, 
Cy; i 
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a Jk 2 
Š arbre = |detJac H| È` | D kg] > all? 
ke Fae J 


with a > 0, since the Jacobian matrices Jac H and Jac J are not singular. 
On the other hand, we have 


(62) T godx al (g o H)y\detJac H|dy. 
QNU; Q+ 


Combining (59), (61), and (62) we obtain (60). This completes the proof of 
Lemma 9.8. 


We now return to the proof of the boundary estimates and show that w € H? (Q+) 
with?? llwla2 < Cllgll2. This will imply, by returning to Q N Uj, that 6;u belongs 
to H7(QN U;) and thus, in fact, to H? (Q) with |]6;ul| 72 < Cll f ll2. 


As in Case B (Q = RY), we use tangential translations. In (60) choose Y = 
D-n(Dnw) with h || Qo, and |h| small enough that y € Hj (Q4).3! We obtain 


0 s 
63) 2 p (aus) =oD pw) = f 8D- 


But 
(64) / &D-r(Drw) < |8\l2|| D-n(Daw)|l2 < WgllalV Dawlle 
Q+ 


(by Lemma 9.6). 
On the other hand, write 


0 0 
Dn (us) O) = aey +) 5 Drw) + (Drar) ae 


and as a consequence we have 
ð 
(65) D Dn (« us) Fy (RO) = all V (Daw) lx — Clwl g IY Da wll. 
e 


Combining (64) and (65), we obtain 
(66) IY Dwl < C(llwilzn + Wgll2) < Cligil2 


(noting that because of (60) and Poincaré’s inequality, || w|| 71 < C|lg|l2). We deduce 
from (66)—as in Case B—that 


30 Tn the following we denote by C various constants depending only on axe. 
31 Recall that supp w C {(x’, xv); |x’| < 1—6 and 0 < xy < 1 — ô} for some ô > 0. 
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(67) J = <Cllall2 Illa Yy € Ci(Q+), Wk, O Æ (N, N). 

0, Yk mr 
To conclude that w € H? (Q) (and lwlly2 < Cllg|l2) it remains to show that 


0 0 
(68) p) w OY) <Clélle Ive Wen O 
Q+ ayn ayy 


For this purpose we return to the equation where we replace Y by (1/ann)W 
(Y e C!(Q4)); this is possible, since avy € C'(Q,) and ayy > a > 0.It 
becomes 


Z(E) é- four? (+) 
[evn OYN (=) a = dyke Oye Nann)” 


(k,L)A(N.N) 
aw ay _ i -jay \ OW S 
[ona A aan) a a 
dyn dyn ann \ dyn / IYN ANN 
dw dake y 
P ses 
(93) > dyk \ Oye J ANN 


(k, OEN, N) 


Ss dw oO (=£) 
EOAN,N) yx Oye \ ANN 


that is, 


Combining (67)** and (69), we obtain 


Ow ow 1 
/ <C(lwlai + iglvivls Vw ¢C.(Q+). 
Q+ ayy ayn 


This establishes (68) and completes the estimates near the boundary. 


Remark 25. Let Q be an arbitrary open set and let u € H! (Q) be such that 
i vu Vo= | fo Woe Ce (Q). 
Q Q 
We suppose that f € H’(Q). Then 0u € H’+?(Q) for every 0 € Cee (Q): we say 
that u € hee ?(Q). To prove this it suffices to proceed as in Case Cı and to argue 


by induction on m. In particular, f € C°(Q) > u € C” (Q). 


The same conclusion holds for a very weak solution in the sense that u € L?(Q) 
is such that 


32 We use (67) with (ageann)W instead of y. 


33 But in general, we cannot say that, for example, u € C(Q) (even if Q and f are very smooth), 
since no boundary condition has been prescribed. 
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- f uae=f fo Vo € CX (Q). 
2 2 


(The proof is a little more delicate; see, e.g., S. Agmon [1].) We emphasize the local 
nature of the regularity results in elliptic problems. More precisely, let f € L? (Q) 
and let u € HÈ (Q) be the unique weak solution of 


[vu-vo+ [w= f re Vo € Hi (Q). 
Q Q Q 


Fix œ CC Q; then ujo depends on the values of f in all of Q—and not only the 
values of f in w.*+ By contrast, the regularity of uio depends only on the regularity 
of fio. For example, f € CY (w) => u E€ C% (w) even if f is very irregular outside 
æ. This property is called hypoellipticity. 


Remark 26. From a certain point of view, the regularity results are a little surprising. 
; : at a 2 
Indeed, an assumption made on Au, i.e., on the sum of the derivatives ` k 4 , forces 
k 


32u 


a conclusion of the same nature for all the derivatives Ee 
l J 


individually. 


9.7 The Maximum Principle 
The maximum principle is a very useful tool, and it admits a number of formulations. 


We present here some simple forms. 
Let Q be a general open subset of RY. 


e Theorem 9.27 (maximum principle for the Dirichlet problem). Assume ** that 

feEeL(Q) and ue HQ)NCR) 
satisfy 
(70) [vu-vor [w= f fo Vo € Hg(Q). 

Q Q Q 
Then for all x € Q, 
min{ inf u, inf f} < u(x) < max | sup u, sup] : 
r Q r Q 


(Here and in the following, sup = essential sup and inf = essential inf.) 


Proof. We use Stampacchia’s truncation method. Fix a function G € C!(R) such 
that 


34 For example, if f > 0in Q, f = 0 in æ, and f > 0 in some open subset of Q, then u > 0 in Q 
(and thus on w); see the strong maximum principle in the comments at the end of this chapter. 

35 If Q is of class C! one can remove the assumption u € C(Q) by invoking the theory of traces, 
which gives a meaning to ujp (see comments at the end of this chapter); also if u € Hy (Q) the 
assumption u € C(Q) can be removed. 
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(i) IC) <M VseR, 
(ii) G is strictly increasing on (0, +00), 
(iii) G(s) =O Vs <0. 


Set 
K = max | sup u, sup /} 
r Q 
and assume K < oo (otherwise there is nothing to prove). Let v = Glu — K). 
We distinguish two cases: 
(a) The case |Q| < oo. 


Then v € H!(Q) (from Proposition 9.5 applied to the function th Git-— K)— 
G(—K)). On the other hand, v € Hy (Q), since v € C(Q) and v = 0 on F (see 
Theorem 9.17). Plug this v into (70) and proceed as in the proof of Theorem 8.18. 


(b) The case |Q2| = oo. 


We have then K > 0 (since f(x) < K a.e. in Q and f € L? imply K > 0). Fix 
K' > K. By Proposition 9.5 applied to the function tf œ> G(t — K’) we see that 
v = G(u — K’) € H! (Q). Moreover, v € C(Q) and v = 0 on I; thus v € Hj (Q). 
Plugging this v into (70) we have 


(71) / |Vuļ?G' (u — K’) +f uG(u — K’) = f fG(u-— K’). 
Q Q Q 
On the other hand, G(u — K’) € L!(Q), since*® 


0 < G(u — K’) < Mļul, 


and on the set [u > K’] = {x € Q; u(x) > K'} we have 


K' lu| < f u? < oo. 
[u>K'] 2 


We conclude from (71) that 
fu- K Gu =x < | F- KCU- K’) <0. 
2 Q 


It follows thatu < K’ a.e. in Q and thus u < K a.e. in Q (since K’ > K is arbitrary). 
e Corollary 9.28. Let f € L? (Q) andu € H! (Q) N C(Q)?” satisfy (70). We have 


(12) [u > O onT and f > 0 in Q] > [u > 0 in QJ, 


(73) lulz < max{|lu||z~cr), Ifl} 


36 Because G (u — K’) — G(—K') < M|u| and G(—K') = 0 as —K’ < 0. 
37 As above, the assumption u € C (Q) can be removed in certain cases. 
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In particular, 
(74) if f =0 in Q, then ||u||L(Q) < lulle), 
(75) ifu =OonT, then ull < Ifl. 


Remark 27. If Q is bounded and u is a classical solution of the equation 
(76) —Au+u=finQ 


one can give another proof of Theorem 9.27. Indeed, let x9 € Q be a point such that 
u(xo) = maxg u. 


G) If xo € I, then u(xo) < suppu < K. 
Gi) If x9 € Q, then Vu(xo) = O and u (x9) < 0 for all 1 < i < N, so that 


Au(xg) < 0. From this, using equation (76) we have 


u(xo) = f (xo) + Au(xo) < f(xo) < K. 


This method has the advantage that it applies to general second-order elliptic 
equations. For example, the conclusion of Theorem 9.27 holds for 


ð du) Sy ðu 
(77) 2 T (oa) + Legg tees in Q. 


Note that if x9 € Q, then 


N 2 


ou 
Y= aajao) a &® S 0 
i j=1 bee 


indeed, by a change of coordinates (depending on xg) one can reduce this to the case 
in which the matrix a;;(xo) is diagonal. The conclusion of Theorem 9.27 remains 
true for weak solutions of (77), but the proof is more delicate; see D. Gilbarg— 
N. Trudinger [1]. 


Proposition 9.29. Suppose that the functions aij € L®(Q) satisfy the ellipticity 


condition (36), and that aj, ag € LO (Q) with ay > 0 in Q. Let f € L?(Q) and 
u € H! (Q) N CQ)’ be such that 


ðu dy ðu f 
(78) f TE ai — +f agu =f Vo € M (2). 
n> 1a Bx) pe gg tf coue= | fe Vee Ho 


Then 


(79) [u > 0 onT and f > 0 in Q] > [u > 0 in Q]. 


38 As above, the assumption u € C (Q) can be removed in certain cases. 
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Suppose that ag = 0 and that Q is bounded. Then 


(80) If = Oin Q] = [u = infu no] 

and 

(81) [f = 0 in Q] > int <supu in J A 
r 


Proof. We prove this result in the case a; = 0, 1 <i < N; the general case is more 
delicate (see D. Gilbarg—N. Trudinger [1], Theorem 8.1). To establish (79) is the 
same as showing that 


(79) [u <OonT and f < 0 in Q] > [u < 0 in Q]. 
We choose o = G (u) in (78) with G as in the proof of Theorem 9.27; we thus obtain 
du a 
/ Ya E 
25 OX; OX; 
and so 
i: |Vul7?G'(u) < 0. 
Q 
Set H(t) = Jj[G'(s)]!/2ds, so that 
H(u) € H(Q) and |VA(u)|? = |Vul?G'(u) = 0. 
It follows?’ that H (u) = 0 in Q and hence u < 0 in Q. 


We now prove (80) in the following form: 


(80’) L < Oin 2} > (u = supu ing], 
f 


Set K = supp u; then (u — K) satisfies (78), since ag = 0 and (u — K) € H'(Q), 


since Q is bounded. Applying (79’), we obtain u — K < 0 in Q, i.e., (80’). Finally, 
(81) follows from (80) and (80’). 


Proposition 9.30 (maximum principle for the Neumann problem). Let f € 
L?(Q) and u € H! (Q) be such that 


J vuot | w=] fo Yo € H! (Q). 
Q Q Q 


39 Note that if f € Wo’? (Q) with 1 < p < œ and Vf =0inQ, then f = 0 in Q. Indeed, let f be 
the extension of f by 0 outside £2; then f €e WDP (RY) and vi =Vf= 0 (see Proposition 9.18). 
As a consequence, f is constant (see Remark 7), and since f € LP(RY), f =0. 
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Then we have, for a.e. x € Q, 


inf f < u(x) < sup f. 
Q 2 


Proof. Analogous to the proof of Theorem 9.27. 


9.8 Eigenfunctions and Spectral Decomposition 


In this section we assume that Q is a bounded open set. 


e Theorem 9.31. There exist a Hilbert basis (€n)n>1 of L?(Q) and a sequence 
On)n>1 of reals with àn > 0 Yn and àn > +00 such that 


(82) en € HEQ) N C”(2), 
(83) — Aen =Anen inQ. 


We say that the àn ’s are the eigenvalues of — A (with Dirichlet boundary condition) 
and that the en’s are the associated eigenfunctions. 


Proof. Given f € L?°(Q) let u = Tf be the unique solution u € H$ (Q) of the 
problem 


(84) [vu-vo= | fo Yo € HÈ). 
Q Q 


We consider T as an operator from L?(Q) into L?(Q). Then T is a self-adjoint 
compact operator (repeat the proof of Theorem 8.21 and use the fact that Hy (Q) c 
L? (Q) with compact injection). On the other hand, N (T) = {0} and (Tf, Pre z0 
Yf € L?. We conclude (applying Theorem 6.11) that L? admits a Hilbert basis (en) 
consisting of eigenfunctions of T associated to eigenvalues (un) with un > 0 Yn 
and un — 0. Thus we have en € HÉ (Q) and 


1 
[ve-vo=— f eve Vo € Hy(Q). 
Q HUn JQ 


In other words, en is a weak solution of (83) with A, = 1/un. From the regularity 
results of Section 9.6 (see Remark 25) we know thate, € H? (w) for everyw CC Q.It 
follows thate, € H*(w) for every @ CC Qandthene, € H ®(@) for every @ CC Q, 
etc. Thus e, E€ Nm>1 H” (w) for all œ CC Q. As a consequence, en E€ C% (w) for 
all w CC Q, i.e., €n E€ C™(Q). 


Remark 28. Under the assumptions of Theorem 9.31, the sequence (€)/./An) 
is a Hilbert basis of HE (Q) equipped with the scalar product Ja Vu - Vv, 
and (€n//An + D) is a Hilbert basis of Hy (Q) equipped with the scalar product 
Jo (Vu - Vv + uv). Indeed, it is clear that the sequence (e, /./A,) is orthonormal 
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in Hy (Q) (use (83)). It remains to verify that the vector space spanned by the eņ’s 
is dense in Hd (Q). So, let f € Hi (Q) be such that (f, en) Ha = 0 Yn. We have to 
prove that f = 0. From (83) we have Ay f enf = 0 Vn and consequently f = 0 
(since (en) is a Hilbert basis of L2(Q)). 


Remark 29. Under the hypotheses of Theorem 9.31 (for a general bounded domain 
<2) it can be proved that en € L® (2). On the other hand, if Q is of class C° then 
en E€ C~(Q); this results easily from Theorem 9.25. 


Remark 30. Let ajj € L° (Q) be functions satisfying the ellipticity condition (36) 
and let aọ € L® (Q). Then there exists a Hilbert basis (en) of L? (Q) and there exists 
a sequence (àn) of reals with à, — +00 such that e, € Hy (Q) and 


den OD i 
joe Cres a5 ax; + f arene =n | env Vo € Hy (Q). 


Comments on Chapter 9 


This chapter is an introduction to the theory of Sobolev spaces and elliptic equations. 
The reader who wishes to dig deeper into this vast subject can consult an extensive 
bibliography; we cite among others, S. Agmon [1], L. Bers—F. John—M. Schechter [1], 
J.-L. Lions [1], J.-L. Lions—E. Magenes [1], A. Friedman [2], M. Miranda [1], G. Fol- 
land [1], F. Treves [4], R. Adams [1], D. Gilbarg—N. Trudinger [1], G. Stampac- 
chia [1], R. Courant—D. Hilbert [1] Vol. 2, H. Weinberger [1], L. Nirenberg [1], 
E. Giusti [2], L. C. Evans [1], M. Giaquinta [1], E. Lieb—M. Loss [1], M. Taylor [1], 
W. Ziemer [1], O. Ladyzhenskaya-N. Uraltseva [1], N. Krylov [1], [2], V. Maz’ja [1], 
C. Morrey [1], Y. Z. Chen—L. C. Wu [1], E. DiBenedetto [1], Q. Han-F. H. Lin [1], 
J. Jost [1], W. Strauss [1], and the references in these texts. 


1. In Chapter 9 we have often supposed that Q is of class C!; this excludes, for 
example, the domains with “corners.” In various situations one can weaken this 
hypothesis and replace it by somewhat “exotic” conditions: Q is piecewise of class 
C!, Q is Lipschitz, Q has the cone property, Q has the segment property, etc.; see, 
for example, R. Adams [1] and S. Agmon [1]. 


2. Theorem 9.7 (existence of an extension operator) can be adapted to the spaces 
W”P(Q) (Q of class C™) with the help of a suitable generalization of the technique 
of extension by reflection; see, e.g., R. Adams [1] and S. Agmon [1]. 


3. Some very useful inequalities involving the Sobolev norms. 


e A. Poincaré—Wirtinger’s inequality. Let Q be a connected open set of class C! 
and let | < p < oo. Then there exists a constant C such that 


lu —illp < CllVullp Yu € W)?(Q), where ū = a fe 
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From this is deduced, because of the Sobolev inequality, that if p < N, 


lu — fill» < CI|Vulp Yu € W™P (9). 


e B. Hardy’s inequality. Let & be a bounded open set of class C! and let 1 < p 
< oo. Set d(x) = dist(x, T). There exists a constant C such that 


u lp 
H <C|lVullp Yu € W” (Q). 
d 

P 
Conversely, 


[u € WHP (Q) and (u/d) € L?(Q)] = [u € Wy? (QI; 


see J. L. Lions—E. Magenes [1]. 


e C. Interpolation inequalities of Gagliardo—Nirenberg. We mention only some 
examples that are encountered frequently in the applications. For the general case 
see L. Nirenberg [1] or A. Friedman [2]. 


To fix ideas, let Q C R” be a regular bounded open set. 


Example 1. Letu € LP (Q) N W?” (Q) with 1 < p < œ and 1 < r < œ. Then 
u € W!-4(Q), where q is the harmonic mean of p andr, i.e., 7 = 3G + 1, and 
1/2 1/2 
Dulles < Clhuhya, lulz. 


Particular cases: 
(a) p = œ, and thus q = 2r. We have 


1/2 1/2 
lDullza < Culiya lulz. 


This inequality can be used, among other things, to show that W2” N L® is an 
algebra, that is to say, 


u,v € W° AL? > uv e W NAL” 


(this property remains true for W”™” N L with m an integer, m > 2). 
(b) p = q = r. We have 


1/2 1/2 


[Dulle < Cllull yp lulz » 


from which one deduces in particular that 
l Dulit? < ell|D°ullze + Cellullze Ye > 0. 
Example 2. Let 1 < q < p < œœ. Then 


(85) flullze < Chuli “lull Yu € WN (Q), where a= 1- (q/p). 
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We note the particular case that is used frequently 
N=2, p=4, q=2, and a= 1/2, 


that is to say, 
1/2 
L2 


1/2 


gi Yue H'(Q). 


lullza < Chull zz lull 


We remark, in this connection, that we have also the usual interpolation inequality 
(Remark 2 of Chapter 4) 


= ; 
lulze < lulz lulz with a= 1- (4/p), 


but it does not imply (85), since W!-" is not contained in L®. 


Example 3. Let 1 < q < p < œ andr > N. Then 


(86) lullze < Chuli lulla, Yu € WQ), 


1 K a Ea Ll 
where a = (7 DG +wp) 
e 4. The following property is sometimes useful. Letu € WLP (Q) with 1 < p < œo 
and Q any open set. Then Vu = 0 a.e. on the set {x € Q; u(x) = k}, where k is any 
constant. 


x 5. The functions in W}? (Q) are differentiable in the usual sense a.e. in Q when 
p > N. More precisely, letu € WLP (Q) with p > N. Then there exists a set A C Q 
of measure zero such that 

u(x +h) — u(x) —h- Vu(x) 


li =0 Yx € QA. 
od i Missa) 


This property is not valid when u € W!:?(Q) and p < N(N > 1). On this question 
consult E. Stein [1] (Chapter 8). 


6. Fractional Sobolev spaces. 
One can define a family of spaces intermediate between L? (Q) and W!-P(Q). More 
precisely, if0 < s < 1 (s € R) and 1 < p < œ, set 


|u(x) — u(y)| 


S,p es p y 
W*?(Q) = fu € L?(Q): ey PPO 


E LP(Qx 2} 


equipped with the natural norm. Set H° (2) = W**(Q). For studies of these spaces, 
see, e.g., R. Adams [1], J.-L. Lions—E. Magenes [1], P. Malliavin [1], H. Triebel [1], 
and L. Grafakos [1]. The spaces W*’? (Q) can also be defined as interpolation spaces 
between WŁ? and LP, and also using the Fourier transform if p = 2 and Q = R”. 

We define finally W®?P (Q) for s real, s not an integer, s > 1 as follows. Write 
s =m-+o with m = the integer part of s, and set 


WEP (Q) = {u e W™P (Q); D*“u e€ WP (Q) Væ with |a| = m}. 
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By local charts one also defines W*’? (T), where F is a smooth manifold (for example 
the boundary of a regular open set). These spaces play an important role in the theory 
of traces (see Comment 7). 


e 7. Theory of traces. 
Let 1 < p < œœ. We begin with a fundamental lemma. 


Lemma 9.9. Let Q = RY . There exists a constant C such that 


1/p 
kx jux’, oras’) <Cllullwioca) Yu € CAR”). 


Proof. Let G(t) = |t|?~'t and let u € C1(RY). We have 


+00 


0 
cuwo =~ f Guo, sw ))den 
0 XN 


TN 1 £ ðu k 
=— G' (u(x, XxN))——(, Xn )dxy. 
0 OxXN 
Thus 


OO 
lu(x’, 0)|P < pf lux’, xy)?! dxy 
0 


o0 ; Olay, 
Z C f |u(x Lan)Paaw + | —— (x , XN) 
0 o |dxNn 


and the conclusion follows by integration in x’ € RN~!. 


0 
sy xy) 
OXN 


p 
dy) : 


It can be deduced from Lemma 9.9 that the map u +> upr with T = 0Q = 
R^! x {0} defined from c} (RY) into L? (T) extends, by density, to a bounded 
linear operator of W!-P(Q) into L? (T). This operator is, by definition, the trace of 
u on [; it is also denoted by ujr. 

We remark that there is a fundamental difference between L? (RY) and WIP (RY ): 
the functions in LP RY ) do not have a trace on T. One can easily imagine—using 
local charts—how to define the trace on T = 0Q for a function u € W |P (Q) when 
Q is a regular open set in RY (for example, Q of class C! with I bounded). In this 
case ujr € LP (T) (for the surface measure do). The most important properties of 
the trace are the following: 


(i) If u € WHP (Q), then in fact wp € W!70/P)P (T) and 
lur lwia) < Clulwipo Yu € WPO. 
Furthermore, the trace operator u +> wp is surjective from W!-P(Q) onto 
W!-C/P).P (T). 


(ii) The kernel of the trace operator is Wy P(Q), i.e., 


Wy? (Q) = {u € WEP (Q); ur = 0}. 
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(iii) We have Green’s formula 


f ðu f ðv | > > 1 
v= u + | uv(n-e)do Vu,veH (Q), 
Q OX; Q IX; r 


where 7i is the outward unit normal vector to I’. Note that the surface integral has a 
meaning, since u, v € L? T). 

In the same way we can speak of bu for a function u € W®P (Q): set it = 
(Vu)ir - n, which has a meaning since (Vu))r € L? (T)”, and gu € LP (T) (in fact 
ge e W!-(/P).P(T)). Also Green’s formula holds: 


ə 
- f awe= f vu vv- f “odo Yu, v € H2(Q). 
2 2 r on 


(iv) The operator u +> {ujr, guy is bounded, linear, and surjective from WP(Q) 


onto W2-“!/P).P(P) x W!-(/P)-P (T). On these questions, see J.-L. Lions—E. Ma- 
genes [1] for the case p = 2 (and the references cited therein for the case p Æ 2). 


8. Operators of order 2m and elliptic systems. 

The existence and regularity results proved in Chapter 9 extend to elliptic operators 
of order 2m and to elliptic systems.4° One of the essential ingredients is Gård- 
ing’s inequality. On these questions, see S. Agmon [1], J.-L. Lions—E. Magenes [1], 
S. Agmon-A. Douglis—L. Nirenberg [1]. The operators of order 2m and certain sys- 
tems play an important role in mechanics and physics. We point out, in particular, the 
biharmonic operator A? (theory of plates), the system of elasticity, and the Stokes 
system (fluid mechanics); see for example Ph. Ciarlet [1], G. Duvaut—J.-L. Lions [1], 
R. Temam [1], J. Ne¢éas—L. Hlavacek [1], M. Gurtin [1]. 


9. Regularity in L? and C°” spaces. 
The regularity theorems proved in Chapter 9 for p = 2 extend to the case p # 2. 


e Theorem 9.32 (Agmon-Douglis—Nirenberg). Suppose that Q is of class C? with 
T bounded. Let 1 < p < œ. Then for all f € LP (Q), there exists a unique solution 
u € W>P(Q)N wè” (Q) of the equation 


(87) —Au+u=f inQ. 
Moreover, if Q is of class C"*? and if f € W™P (Q) (m > 1 an integer), then 
u € W”T>P(Q) and |lullynm+2p < CI f llwm. 


There is an analogous result if (87) is replaced by a second-order elliptic equation 
with smooth coefficients. The proof of Theorem 9.32 is considerably more compli- 
cated than the case p = 2 (Theorem 9.25). The “classical” approach rests essentially 
on two ingredients: 


40 But the maximum principle does not, except in very special cases. 
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(a) A formula for an explicit representation of u using the fundamental solution. 


For example, if 2 = R3, then the solution of (87) is given by u = G » f, where 
» 8G 


OX; Ox; does 


2 2 
G(x) = pe" So that formally, AEN = P x f; “unfortunately 


not belong to L!(R3),*! because of the singularity at x = 0, and one cannot apply 
elementary estimates on convolution products (such as Theorem 4.15). 


(b) To overcome this difficulty one uses the theory of singular integrals in LP 
due to Calderén—Zygmund (see, for example, E. Stein [1] and L. Bers—F. John- 
M. Schechter [1]). 


Warning: the conclusion of Theorem 9.32 is false for p = 1 and p = œ. 


Another basic regularity result, in the framework Holder spaces,’” is the following. 


e Theorem 9.33 (Schauder). Suppose that Q is bounded and of class C>% with 
0 <a < 1. Then for every f € C% (Q) there exists a unique solution u € C**(Q) 
of the problem 


(88) —Aut+u=f in, 
u=0 onl. 


Furthermore, if Q is of class C™*?™ (m > 1 an integer) and if f € C'™*(Q), then 
u € C” (Q) with lullem+2a < Cll fllome. 


An analogous result holds if (88) is replaced by a second-order elliptic oper- 
ator with smooth coefficients. The proof of Theorem 9.33 rests—as does that of 
Theorem 9.32—on an explicit representation of u and on the theory of singular 
integrals in C 0,a spaces due to Hölder, Korn, Lichtenstein, Giraud. On this sub- 
ject, see S. Agmon—A. Douglis—L. Nirenberg [1], L. Bers—F. John—M. Schechter [1], 
C. Morrey [1], D. Gilbarg—N. Trudinger [1]. A different approach, which avoids the 
theory of singular integrals, has been devised by Campanato and Stampacchia (see, 
e.g., Y. Z. Chen-L. C. Wu [1] and E. Giusti [2]). Other elementary techniques have 
been developed by A. Brandt [1] (based solely on the maximum principle) and by 
L. Simon [2]. 

Let Q be a bounded regular open set and let f € C(Q). From Theorem 9.32 
there exists u € WP (Q) N Wy? (Q) (for all 1 < p < œœ) that is the unique 
solution of (87). In particular, u € C La (Q) for all 0 < a < 1 (from Morrey’s 


4l But almost! 


42 Recall that with 0 < œ < 1 and m an integer, 


CG =bwec@: sup O 
x,yeQ |x — yl“ 
x#y 


and CQ) = {u € C(Q); Du € CQ) VB with |8| = m}. 
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theorem (Theorem 9.12)). In general, u does not belong to C 2 or even to W*™. 
This explains why one often avoids working in the spaces L!(Q), L” (2), and C(Q), 
spaces for which we do not have optimal regularity results. 

Theorems 9.32 and 9.33 extend to elliptic operators of order 2m and to elliptic 
systems; see S. Agmon—A. Douglis—L. Nirenberg [1]. We finally point out, in a dif- 
ferent direction, that second-order elliptic equations with discontinuous coefficients 
are the subject of much work. We cite, for example, the following celebrated result. 


e Theorem 9.34 (De Giorgi, Nash, Stampacchia). Let Q C RY, with N > 2, be 
a bounded regular open set. Suppose that the functions ajj € L°(Q) satisfy the 
ellipticity condition (36). Let f € LP (Q) with p > N/2 and letu € Ay (Q) be such 


that au 8 
u op 
f DSi a =, fo Vo € Hj (9). 
QF Xj OX; Q 
Then u € C° (Q) for a certain 0 < œ < 1 (which depends on Q, aij and p). 


On these questions, see G. Stampacchia [1], D. Gilbarg—N. Trudinger [1], O. Lady- 
zhenskaya—-N. Uraltseva [1], and E. Giusti [2]. 


10. Some drawbacks of the variational method and how to get around them! 
The variational method gives the existence of a weak solution very easily. It is not 
always applicable, but it can be completed. We indicate two examples. Let Q c RY 
be a bounded regular open set. 


(a) Duality method. Let f € L'(Q)—or even f a (Radon) measure on Q—and 
look for a solution of the problem 


(89) —-Aut+u=f mQ, 

u=0 onl. 
As soon as N > 1, the linear functional ọ => Jo fọ is not defined for every 
ge Ay (2), and as a consequence the variational method is ineffective. On the other 
hand, one can use the following technique. We denote by T : L? (Q) > L?(Q) the 
operator f > u (where u is the solution of (89), which exists for f € L?(Q)). 
We know that T is self-adjoint. On the other hand (Theorem 9.32), T : LP (Q) > 
WP (Q) for 2 < p < œ, and because of the theorems of Sobolev and Morrey, 
T : L?(Q) > Co(Q) if p > N/2. By duality we deduce that 


T* : M(Q) = Co(®)* > L” (Q) if p > N/2. 


Since T is self-adjoint in L?, T* is an extension of T: thus one can consider u = T* f 
as a generalized solution of (89). In fact, if f € L'(Q), then u = T* f € L4(Q) for 
allg < N/(N — 2); u is the unique (very) weak solution of (89) in the following 
sense: 


- f uses f u= | fo Yo € C, g =Oon!. 
Q Q Q 
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In the same spirit, one can study (89) for f given in H~’"({2); see J.-L. Lions— 
E. Magenes [1]. 


(b) Density method. Let g € C(I) and look for a solution of the problem 


—Aut+u=0 inQ 


90 
OY) u=g onl. 


In general, if g € C(I’), there does not exist a function g € H '(Q) such that 
gir = g (see Comment 7 and note that C(I’) is not contained in H'/2(L)). It is 
thus not possible to look for a solution of (90) in H 1(Q): the variational method is 
ineffective. Nevertheless, we have the following result. 


e Theorem 9.35. There exists a unique solution u € C(A) N CL) of (90). 


Proof. Fix @ € Ce(R™) such that gir = 8; g exists by the Tietze—Urysohn theorem 
(see, e.g., J. Dieudonné [1], J. Dugundyji [1], J. Munkres [1]). Let (g,) be a sequence 
in CX (RY) such that g&n —> g uniformly on RY. We set gn = &nir- Applying the 
variational method and regularity results, we see that there exists a classical solution 
Un € C*(Q) of the problem 


—Au, +u, =O inQ, 
Un = gnr r. 


From the maximum principle (Corollary 9.28) we have 


lum — unl < Wm — Salle). 


As a consequence, (un) is a Cauchy sequence in C(Q) and u, —> u in C(Q). It is 
clear that we have 


J aoto weer 
Q 


and therefore u € C% (Q) (see Remark 25). Thus u € C (Q) N C™(Q) satisfies (90). 
The uniqueness of the solution of (90) follows from the maximum principle (see 
Remark 27). 


x Remark 31. It is essential in Theorem 9.35 to suppose that & is smooth enough. 
When Q has a “pathological” boundary we run into questions of potential theory 
(regular points, Wiener criterion, etc.). 


Another approach to solving (90) is the Perron method, which is classical in 
potential theory. Define 


u(x) = sup {v(x); v € CQ)N CA), —A^Av +v <0inQandv < gonT}, 


and prove (directly) that u satisfies (90). A function v such that —Av + v < Oin Q 
and v < g on T is called a subsolution of (90). 
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11. The strong maximum principle. 

We can strengthen the conclusion of Proposition 9.29 when u is a classical solution. 
More precisely, let Q be a connected, bounded, regular open set. Let ajj € C 'Q) 
satisfy the ellipticity condition (36), aj, ag € C(Q) with aj > 0 on Q. 


Theorem 9.36 (Hopf). Let u € C(Q) N C?(Q) satisfy 
a 
(91) 2 Bx] (a a) 4 Es oo agu = f ind. 


Suppose that f > 0 in Q. If there exists x9 € Q such that u(xo) = ming u and if 
u(xo) < 0,® then u is constant in Q (and furthermore f = Q in Q). 


For the proof, see, e.g., L. Bers—F. John—M. Schechter [1], D. Gilbarg—N. Tru- 
dinger [1], M. Protter-H. Weinberger [1], and P. Pucci—J. Serrin [1]. 


Corollary 9.37. Let u € C(Q) N C? (Q) satisfy (91) with f > 0 in Q. Suppose that 
u > Oon T. Then 


e eitheru > O in Q, 
© oru=O0inQ. 


For other results connected to the maximum principle (Harnack’s inequality etc.), 
see, e.g., G. Stampacchia [1], D. Gilbarg—N. Trudinger [1], M. Protter-H. Wein- 
berger [1], R. Sperb [1], and P. Pucci-J. Serrin [1]. 


12. Laplace—Beltrami operators. 

Elliptic operators defined on Riemannian manifolds (with or without boundary) and 
in particular the Laplace—Beltrami operator play an important role in differential 
geometry and physics; see, for example, Y. Choquet—C. Dewitt—M. Dillard [1]. 


13. Spectral properties. Inverse problems. 

Eigenvalues and eigenfunctions of second-order elliptic operators enjoy a number 
of remarkable properties. Here we cite some of them. Let 2 C RY be a connected, 
bounded, open regular set. Let aj; € C '(Q) satisfy the ellipticity condition (36) and 
ap € C(Q). Let A be the operator 


0 ðu 
Au = x x; (a x) + agu 
lJ 


with homogeneous Dirichlet conditions (u = 0 on I’). We denote by (A,,) the se- 
quence of eigenvalues of A arranged in increasing order, with A, — +00 when 
n — oo. Then the first eigenvalue 4; has multiplicity 1 (one says that À; is a simple 
eigenvalue),** and we can choose the associated eigenfunction e1 to have e; > 0 in 
Q; this follows from the Krein—Rutman theorem (see the comments on Chapter 6 


43 The hypothesis u(xo) < 0 is unnecessary if ap = 0. 
44 In dimension N > 2 the other eigenvalues can have multiplicity > 1. 
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and Problem 41). Additionally, one can show that à„ ~ cn2/N when n —> oo with 
c > 0; see S. Agmon [1]. 

The relations that exist between the geometric properties* of Q and the spectrum 
of A are the subject of intensive research; see, e.g., M. Kac [1], Marcel Berger [1], 
R. Osserman [1], I. M. Singer [1], P. Bérard [1], I. Chavel [1]. The objective of 
spectral geometry is to “recover” the maximum amount of information about Q. 
purely from the knowledge of the spectrum (àn). 

A strikingly simple question is the following. Let Qı and Q2 be two bounded 
domains in R?; suppose that the eigenvalues of the operator —A (with Dirichlet 
boundary conditions) are the same for Qı and Q2. Are Qı and Qz isometric? This 
problem has been nicknamed by M. Kac: “Can one hear the shape of a drum?”*® 
One knows that the answer is positive if Q; is a disk. In 1991, C. Gordon—L. Webb- 
S. Wolpert [1] gave a negative answer for domains with corners. The problem of Kac 
is still open for smooth domains. 

Another important class of “inverse problems” involves the determination of the 
coefficients and parameters in a PDE, or the shape and characteristics of an internal 
object, solely from measurements at the boundary (e.g., Dirichlet-to- Neumann map) 
or at “infinity” (inverse scattering). These problems arise in many areas (medical 
imaging, seismology, etc.); see, e.g., G. Uhlmann [1], C. B. Croke et al. [1]. 


14. Degenerate elliptic problems. 
Consider problems of the form 


0 ou ðu 
ij + i — + = in Q 
3 Bx) (a a) 2 di a aju=f in 


+ boundary conditions on I, or on part of I, 


where the functions a;; do not satisfy the ellipticity condition (36) but only 


(36’) So ajta Vee Q, VEER". 

ij 
Consult for example the works of J. Kohn—L. Nirenberg [1], M. S. Baouendi- 
C. Goulaouic [1], O. Oleinik-E. Radkevitch [1]. 


15. Nonlinear elliptic problems. 

This is an immense field of research motivated by innumerable questions in geometry, 
mechanics, physics, optimal control, probability theory, etc. It has had some spec- 
tacular development since the early work of Leray and Schauder at the beginning of 
the 1930s. We distinguish some categories: 


(a) Semilinear problems. This consists, for example, of problems of the form 


45 Particularly when Q is a Riemannian manifold without boundary and A is the Laplace-Beltrami 
operator. 

46 Because the harmonics of the vibration of a membrane attached to the boundary T are the func- 
tions en (x) sin V Ant, where (An, en) are the eigenvalues and eigenfunctions of — A with Dirichlet 
boundary conditions. 
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oh ie = f(x,u) ing, 


u=0 onl, 


where f(x, u) is a given function. 
This category includes, among others, bifurcation problems, in which one studies 
the structure of the set of solutions (A, u) of the problem 
(i fea in Q, 
u=0 onI, 


with à a variable parameter. 


(b) Quasilinear problems. Consider problems of the form 


a a 
= (ase u, vw) = f(x,u,Vu) inQ, 
(93) 7 Ox; Ox; 


u=0 onT, 


where the functions a;j(x, u, p) are elliptic, but possibly degenerate; we have for 
example 


X > aij(x, u, p&itj > alu, pig? Vx eQ, YeR”, YweR, YpeR”, 
ij 


witha(u, p) > 0Yu € R,Yp € RY, but a(u, p) is not uniformly bounded below by 
a constant œ > 0. In particular, the celebrated equation of minimal surfaces falls in 
this category with a;j (x, u, p) = ĉi; (1 + | p|*)~!/2. More generally, one considers 
fully nonlinear elliptic problems of the form 


(94) F(x,u, Du, D*u) = 0, 


where the matrix E(x, u, p,q) is elliptic (possibly degenerate). For example, the 
Monge—Ampére equation fits into this category. 

(c) Free boundary problems. It is a question of solving a linear elliptic equation 
in an open set Q that is not given a priori. The fact that Q is unknown is often 
“compensated for” by having two boundary conditions on T; for example Dirichlet 
and Neumann. The problem consists in finding simultaneously an open set Q and a 
function u such that.... 


Techniques: 
(a) There are several techniques used for the problems (92) or (92’): 


e Monotonicity methods, see F. Browder [1] and J. L. Lions [3]. 

e Topological methods (Schauder’s fixed-point theorem, Leray—Schauder de- 
gree theory, etc.); see J. T. Schwartz [1], M. Krasnoselskii [1], and L. Niren- 
berg [2], [3]. 
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e Variational methods (critical point theory, min-max techniques, Morse the- 
ory, etc.); see P. Rabinowitz [1], [2], Melvyn Berger [1], M. Krasnoselskii [1], 
L. Nirenberg [3], J. Mawhin—M. Willem [1], M. Willem [1], M. Struwe [1]. 


For a general survey, see, e.g., the books of A. Ambrosetti-G. Prodi [1] and 

E. Zeidler [1]. 

Solving problems of type (93) may involve elaborate techniques of estimates;*’ 

see the works of E. De Giorgi, O. Ladyzhenskaya-N. Uraltseva [1], J. Serrin [1], 

E. Bombieri [1] and D. Gilbarg—N. Trudinger [1]. Important progress on the 

fully nonlinear equations and in particular on the Monge—Ampeére equation has 

also been made recently; see, e.g., S. T. Yau [1], L. Caffarelli-L. Nirenberg- 

J. Spruck [1] and X. Cabré-L. Caffarelli [1]. 

(c) On the free boundary problems many new results have appeared in recent 
years, often in connection with the theory of variational inequalities; see, e.g., 
D. Kinderlehrer—-G. Stampacchia [1], C. Baiocchi-A. Capelo [1], A. Fried- 
man [4], J. Crank [1] and L. Caffarelli-S. Salsa [1]. 


(b 


wm 


16. Geometric measure theory. 

At the interface between geometry and PDE, this area has been extensively devel- 
oped since the 1960s, starting with basic contributions by H. Federer, E. De Giorgi, 
A. I. Volpert, and F. Almgren, in connection with questions arising in the calculus 
of variations, isoperimetric inequalities, etc. It has numerous applications to phys- 
ical problems, such as phase transitions, fractures in mechanics, edge detection in 
image processing, line vortices in liquid crystals, superconductors and superfluids. 
The space BV (functions of bounded variation) plays a distinguished role in these 
questions. We refer, e.g., to L. Ambrosio—N. Fusco—D. Pallara [1], L. Simon [1], 
L. C. Evans-R. Gariepy [1], and F. H. Lin—X. P. Yang [1]. 


47 This is the case, for example, for the minimal surface equation. 


Chapter 10 
Evolution Problems: The Heat Equation and the 
Wave Equation 


10.1 The Heat Equation: Existence, Uniqueness, and Regularity 
Notation. Let Q C R be an open set with boundary I. Set 


Q = Q x (0, +00) 
x =T x (0, +00); 


È is called the lateral boundary of the cylinder Q. See Figure 7. 


Consider the following problem: find a function u(x,t) : Q x [0, +00) > R 
such that 


(1) Tai in Q 
— — ^u = in Q, 
ot 
(2) u=0 ond, 
(3) u(x, 0) =uo(x) on &, 
4 EER ii 
C 2 
Q 2 
| | > 
| Q | x 
Fig. 7 
H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, 325 


DOI 10.1007/978-0-387-70914-7_10, © Springer Science+Business Media, LLC 2011 


326 10 Evolution Problems: The Heat Equation and the Wave Equation 


2 : 4 
where A = A 2 denotes the Laplacian in the space variables x, t is the time 


variable, and uo(x) is a given function called the initial (or Cauchy) data. 
Equation (1) is called the heat equation because it models the temperature dis- 
tribution u in the domain Q at time ¢. The heat equation and its variants occur in 
many diffusion phenomena! (see the comments at the end of this chapter). The heat 
equation is the simplest example of a parabolic equation.” 
Equation (2) is the (homogeneous) Dirichlet boundary condition; it could be 
replaced by the Neumann condition 


(2’) ay =0 on È 
on 

(n is the outward unit normal vector to I) or any of the boundary conditions en- 
countered in Chapters 8 and 9. Condition (2) corresponds to the assumption that the 
boundary I is kept at zero temperature; condition (2’) corresponds to the assump- 
tion that the heat flux across I is zero. We solve problem (1), (2), (3) by viewing 
u(x,t) as a function defined on [0, +00) with values in a space H, where H is a 
space of functions depending only on x: for example H = L?(Q), or H = Hy (Q). 
When we write just u(t), we mean that u(t) is an element of H, namely the function 
x |> u(x,t). This viewpoint allows us to solve very easily problem (1), (2), (3) by 
combining the theorem of Hille—Yosida with the results of Chapters 8 and 9. 

To simplify matters, we assume throughout Chapter 10 that Q is of class C” with 
T bounded (but this assumption may be considerably weakened if we are interested 
only in weak solutions). 


e Theorem 10.1. Assume ug € L?(Q). Then there exists a unique function u(x, t) 
satisfying (1), (2), (3) and 


(4) u € C([0, 00); L7(Q)) N C(O, œ); H?) N Hy (Q)), 
(5) u € C! ((0, 00); L7(Q)). 
Moreover, 


u € CY(Q x [e,00)) Ye > 0. 
Finally, u € L? (0, 00; HE (Q)) and? 


1 T 1 
(6) ACIES + f (VUO odt = 5 Holz 240) VT > 0. 


Proof. We apply the Hille-Yosida theory in H = L*(Q) (but other choices 
are possible; see the proof of Theorem 10.2). Consider the unbounded operator 


' The diffusion of heat is only one example among many others. 
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2 Regarding the traditional classification of PDE into three categories, “elliptic,” “parabolic,” “hy- 
perbolic,” see, e.g., R. Courant—D. Hilbert [1]. 
3 In line with the above discussion we use the following notation: |u(T)|72(9) = Io |u(x, T)|?dx 


N 0 
and |Vu(t) IF oq) = Diet Jol RO. OP dx. 
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A: D(A) C H — H defined by 


D(A) = H?7(Q)N HG (Q), 
Au = —Au. 

It is important to note that the boundary condition (2) has been incorporated in the 

definition of the domain of A. We claim that A is a self-adjoint maximal monotone 


operator. We may then apply Theorem 7.7 and deduce the existence of a unique 
solution of (1), (2), (3) satisfying (4) and (5). 


(i) A is monotone. For every u € D(A) we have 
(Au, u) 72 = f cau =f |Vuļ? > 0. 
Q Q 


(ii) A is maximal monotone. We have to check that R([ + A) = H = L?. But we 
already know (see Theorem 9.25) that for every f € L? there exists a unique 
solution u € H? N Hy of the equation u — Au = f. 

(iii) A is self-adjoint. In view of Proposition 7.6 it suffices to verify that A is sym- 
metric. For every u, v € D(A) we have 


(Au v2 = f awe = f Vu- Vu 
Q Q 


and 


(u, Av) 72 a! u(—Av) =o) Vu- Vv, 
Q Q 
so that (Au, v) = (u, Av). 


Next, it follows from Theorem 9.25 that D(A) C H” (Q), for every integer £, 
with continuous injection. More precisely, 


D(A‘) = {u € H” (Q); u = Au=---=A'u=0 onr}. 
We know by Theorem 7.7 that the solution u of (1), (2), (3) satisfies 
u € C*((0,œ); D(A‘)) Yk, Ve 


and therefore 
u € C¥((0, 00); H (Q)) Yk, VE. 


It follows (thanks to Corollary 9.15) that 
u e C*((0, 00); CQ) Yk. 


We now turn to the proof of (6). Formally, we multiply (1) by u and integrate on 
Q x (0, T). However, one has to be careful, since u(t) is differentiable on (0, co) 


but not on [0, oo). Consider the function g(t) = ALLOA It is of class C! on 
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(0, co) (by (5)) and, for t > 0, 
1 du 2 
p (t) = | u(t), TO = (u(t), Ault) =— | Vu. 
t L2 Q 
Therefore, for 0 < € < T < œo, we obtain 


T E 
p(T) - pe) = | gdt =— | [Vu (t) Pode. 


b & 


Finally we let e > 0. Since g(¢) > 5 |uol? (because u € C([0, co]; L?(Q))), we 
find that u € L?(0, 00; Ht (Q)) and that (6) holds. 


If we make additional assumptions on uo the solution u becomes more regular 
up to t = 0 (recall that away from t = 0, Theorem 10.1 always guarantees that u is 
smooth, i.e., u € C% (Q x [e, 00)) Ve > 0). 


Theorem 10.2. 
(a) If uo € Hy (Q) then the solution u of (1), (2), (3) satisfies 


u € C([0, 00); Hg (Q)) N L7(0, œ; H?(Q)) 


and 5 
= € L2(0, 00; LQ). 


Moreover, we have 


T 
(7) i 
0 


(b) Ifuo € H?(Q) N HA(Q), then 


2 


ðu 
ae) 


1 1 
dt + ~|VulT) [2 2,0, = =V uolo. 
1X9) 2 LZ (2) 2 LZ(Q) 


u € C([0, œ); H2) N L7(0, œ; H3(Q)) 


and 9 
= € 120, 00; HE (Q)). 


(c) If uo € H K(Q) Vk and satisfies the so-called compatibility conditions 


(8) ug = Auo =-+: = Auo =---=0 onT 


for every integer j, then u € C~(Q x [0, c)). 
Proof of (a). We work here in the space Hı = Hy (QQ) equipped with the scalar 


product 
(u, v)A, a vu-vo+ f uv. 
2 2 


In H; consider the unbounded operator A; : D(A1) C Hı —> H; defined by 
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D(A1) = {u € H3(Q)N HE (Q); Au € HEDY, 
Aju = — Au. 


We claim that A; is maximal monotone and self-adjoint. 


(i) A, is monotone. For every u € D(A1) we have 


(Aiu, v) H; =f VAn: Tut | aw = f jau + f |Vul* > 0. 
Q Q Q Q 


(11) A, is maximal monotone. We know (by Theorem 9.25) that for every f € H '(Q) 
the solution u € Hy (Q) of the problem 
u—Au=f inQ, 
u=0 onl, 
belongs to H3(Q). If, in addition, f € Hj(&) then Au € Hj(Q), and so 


u € D(A)). 
(iii) Ay is symmetric. For every u, v € D(A1) we have 


(Aiu, v) A, = VOAN: Vv+ | Auv 
2 2 
=} au avt | Vu : Vv = (u, Av). 
2 2 


Applying Theorem 7.7, we see that if uo € HÈ (2) there exists a solution u of 
(1), (2), (3) (which coincides with the one obtained in Theorem 10.1 because of 
uniqueness) such that 

u € C([0, co); Hg (Q)). 


Finally, set g(t) = VU) zo This function is C® on (0, co) and 


du 2 


= Ni ee ee ae 
y= (vue Y o), = ( Au, = w) Wo 


L2 | p 


It follows that for 0 < £ < T < œ, we have 


T du 2, 
pT) - oe) + | Tof ar=o. 
E t L2 


2 


As £ > 0, y(e) > 5|Vuoly>» 


and we conclude easily. 


Proof of (b). We work here in the space Hy = H? (Q) N Hj (Q) equipped with the 
scalar product 
(u, Vv) Ho = (Au, Av) 72 + (u, v)72 
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(the corresponding norm is equivalent to the usual H? norm; why?). In H> consider 
the unbounded operator A2 : D(A2) C H2 —> Hp defined by 


D(A2) = {u € H4(Q); u € H$ (Q) and Au € Hy (Q)}, 
Agu = —Au. 


It is easy to show that A2 is a self-adjoint maximal monotone operator in Hz.4 We 
may therefore apply Theorem 7.7 to A2 in H2. Finally, we set g(t) = 5|Au(t)|7>. 
This function is C® on (0, co) and 


1 du 2 2 
g (t) = (auo, ac) Pa (Au(t), A*u(t));2 = —|VAu(t)|7>- 
L 


Thus, for 0 < € < T < œ, we have 
1 2 1 2 T 2 
SIAU) Ga = Aua + | IVAu@|z2dt = 0. 
E 
In the limit, as € —> 0, we see that u € L? (0, 00; H3(Q)) (why?) and (because of 
equation (1)), 44 € L? (0, o0; H'(Q)). 
Proof of (c). In the space H = L? (Q), consider the operator A: D(A) C H > H 


defined by 


D(A) = H7(Q) N Hi (9), 
Au = —Au. 


Applying Theorem 7.5, we know that if uy € D(A‘), k > 1, then 
u € CJ ((0, 00); D(A’)) Vj =0,1,...,k. 


Assumption (8) says precisely that uo € D(A*) for every integer k > 1. Therefore 
we have 


u e C*J((0,00); D(A!) Yk>1, Wj =0,1,...,k. 


It follows (as in the proof of Theorem 10.1) that u € C (Q x [0, 00)). 


e Remark 1. Theorem 10.1 shows that the heat equation has a strong smoothing effect 
on the initial data uo. Note that the solution u(x, t) is C° in x for every t > 0 even 
if the initial data is discontinuous. This effect implies, in particular, that the heat 
equation is time irreversible. In general one cannot solve the problem 


ou 3 
(9) ap ALSO in Q x (0, T), 


4 More generally, if A: D(A) C H > H isa self-adjoint maximal monotone operator one may 
consider the Hilbert space H= D(A) equipped with the scalar product (u, v)q = (Au, Av) + 
(u, v). Then the operator A: D(A) c H > H defined by D(A) = D(A?) and Au = Au isa 
self-adjoint maximal monotone operator in H. 
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(10) u=0 onl x (0, T), 
with “final” data 
(11) u(x, T) =ur(x) onQ. 
We would necessarily have to assume that 
ure C®”(@) and Alup =Oonl Vj>0. 


But even with this assumption there need not be a solution of the backward problem 
(9), (10), (11). This problem should not be confused with the problem (9’), (10), 
(11), where 


; SOW ogaao h 
(9°) P Au =0 inQ x (0,T), 


which always has a unique solution for any data ur € L? (Q) (change t into T — t 


and apply Theorem 10.1). 


Remark 2. The preceding results are also true—with some slight modifications—if 
we replace the Dirichlet condition by the Neumann condition. 


Remark 3. When Q is bounded, problem (1), (2), (3) can also be solved by a decom- 
position in a Hilbert basis of L*(Q). For this purpose it is very convenient to choose 
a basis (e;(x))i>1 Of L?(Q) composed of eigenfunctions of — A (with zero Dirichlet 
condition), i.e., 
—Ae; = hje; in Q, 
e; = 0 on I 


(see Section 9.8). We seek a solution u of (1), (2), (3) in the form of a series > 


(12) u(x,t) = D> aj(tej(x). 


i=l 
We see immediately that the functions a; (t) must satisfy 
a; (t) + àiai (t) = 0, 


so that a; (t) = a; (0)e™^i*. The constants a; (0) are determined by the relation 


CO 


(13) u(x) = ` a; O)e;(x). 


i=1 


In other words, the solution u of (1), (2), (3) is given by 


5 For obvious reasons this method is also called the method of “separation of variables,’ or Fourier 
method. In fact, Fourier discovered the Fourier series while studying the heat equation in one space 
variable. 
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CO 


(14) u(x,t) = $ ai (O) e™™ e; (x), 


i=l 


where the constants a; (0) are the components of uo (x) in the basis (e;), i.e., a; (0) = 
JS Q Uoêi. 


For the study of the convergence of this series (and also the regularity of u obtained 
in this way) we refer to H. Weinberger [1]. Note the analogy between this method 
and the standard technique used in solving the linear system of differential equations 


d A ani 
dt aa 


where u(t) takes its values in a finite-dimensional vector space, and M is asymmetric 
matrix. Of course, the main difference comes from the fact that problem (1), (2), (3) 
is associated with an infinite-dimensional system. 


Remark 4. The compatibility conditions (8) look perhaps mysterious, but in fact they 
are natural. These are necessary conditions in order to have a solution u of (1), (2), (3) 
that is smooth up to t = 0, i.e., u € C (Q x [0, 00) (the assumption uo € C% (Q) 
with uo = 0 on dQ does not guarantee smoothness up to t = 0). Indeed, suppose 
u € C®(Q x [0, 00)) satisfies (1), (2), (3). Then clearly, 

au 


(15) ao oe onT x (0,00) Vj, 


and by continuity, we also have 


a re [0,00) Vj 
— = onT x [0, co ; 
atl 4 
On the other hand, 
au ðu 2 
a (5) Se G 
and by induction, 
ai 
ST =Aju inQ Vj 
By continuity once more we have 
asu re ay 
(16) a A'u in Q x [0, 00). 


Comparing (15) and (16) on T x {0}, we obtain (8). 


Remark 5. Of course, there are many variants of the regularity results for u near 
t = 0 if we make assumptions that are intermediate between the cases (b) and (c) of 
Theorem 10.2. 
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10.2 The Maximum Principle 
The main result is the following. 
e Theorem 10.3. Assume ug € L*(Q) and let u be the solution of (1), (2), (3). Then 
we have, for all (x,t) € Q, 
min fo, inf uo) < u(x, t) < max fo, sup uo) ; 
2 
Proof. As in the elliptic case we use Stampacchia’s truncation method. Set 
K = max fo, sup uo) 
Q 
and assume that K < +00. Fix a function G as in the proof of Theorem 9.27 and let 
AY 
A(s) = f G(o)do, seR. 
0 
It easily checked that the function g defined by 
g(t) = i H(u(x,t) — K)dx 
Q 


has the following properties: 


(17) p € C([0, œ); R), g(0)=0, gO on[0,ov), 
(18) p € C'((0, 00); R), 
and 


gy (t)h= J G(u(x,t)— pa, t)dx = f G(u(x,t)— K)Au(x, t)dx 
2 ot 2 
= -f G'(u — K)|Vu|?dx < 0, 
Q 


since G(u(x,t)— K) € Hy (Q) for every t > 0. It follows that g = 0 and thus, for 
every t > 0, u(x,t) < K a.e. on Q. 


Corollary 10.4. Let ug € L?(Q). The solution u of (1), (2), (3) has the following 
properties: 


Gi) fuo => Oae. on Q, then u > Oin Q. 
Gi) If uo € LO (Q), then u € LY (Q) and 


(19) lullzæco) < luol re. 
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Corollary 10.5. Let uo € C(Q) N L?(Q) with uo = 0 on T. Then the solution u of 
(1), (2), (3) belongs to C(Q). 


Proof of Corollary 10.5. Let (uon) be a sequence of functions in C9 (Q) such that 
uon —> Uo in L®(Q) and in L2(Q) (the existence of such a sequence is easily 
established). By Theorem 10.2 the solution un of (1), (2), (3) corresponding to the 
initial data uon belongs to C °(Q). On the other hand (Theorem 7.7), we know that 


|Un(t) — ult) Lo < |uon — uol r9) Vt > 0. 
Because of (19) we have 
lün — ümllLæco) < luon — uomll L2). 
Therefore, the sequence (un) converges to u uniformly on Ọ, and so u € C(Q). 


As in the elliptic case, there is another approach to the maximum principle. For 
simplicity we assume here that Q is bounded. Let u(x, t) be a function satisfying’ 


(20) u € C(Q x [0, T]), 

(21) u is of class C! in ¢ and of class C? in x in Q x (0, T), 
a 

(22) S 7 Au s0 in Q x (0, T). 


Theorem 10.6. Assume (20), (21), and (22). Then 


(23) max u = maxu, 
&x[0,T] P 


where P = (Q x {0}) U (T x [0, T]) is called the “parabolic boundary” of the 
cylinder Q x (0, T). 


Proof. Set v(x, t) = u(x, t) + €|x|* with ¢ > 0, so that 


f] 
(24) > —~Av<—2eN <0 inQx (0,7). 
We claim that 
max v = maxv. 

Qx[0,7] P 
Suppose not. Then there is some point (xo, fo) € Q x [0, T] such that (xo, to) ¢ P 
and 

max v = v(xo, to). 

2x[0,T] 


Since x9 € Q and 0 < tọ < T, we have 


6 If Q is not bounded we also assume that uo (x) —> 0 as |x| > œ. 
7 Note that we do not prescribe any boundary condition or any initial data. 
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(25) 


and 


(26) 


Av(xo, to) < 0 


du 
— (x0, to) > 0 
pp œ 0) = 


(if fto < T we have (xo, to) = 0, and if fo = T we have *¥(x0,%) > 0).8 
Combining (25) and (26), we obtain (2 — Av) (xo, to) > 0, a contradiction with 
(24). Therefore we have 


_max v= maxv < maxu + €C, 
Qx[0,7] P P 


where C = sup,¢g |x|*. Since u < v, we conclude that 


_max u<maxu+eC Ve>0. 
Qx [0,7] P 


This completes the proof of (23). 


10.3 The Wave Equation 


Let 2 c RY be an open set. As above, we set 


Q =Q x (0,œ) and £ =T x (0,00). 


Consider the following problem: find a function u(x, t) : Q x [0, 00) > R satisfying 


(27) 


(28) 


(29) 


(30) 


32 
Sz- Au =0 in Q, 


u=0 ond, 


u(x,0) =uo(x) onQ, 


ðu 
aa 0) = v(x) ong, 


2 : . 
where A = ae 2 denotes the Laplacian in the space variables x, t is the time 
i 


variable, and ug, vo are given functions. 


Equation (27) is called the wave equation. The operator C — A) is often denoted 


by 


and is called the d’Alembertian. The wave equation is a typical example of a 


hyperbolic equation. 


8 To be safe one should work in Q x (0, T’) with T’ < T and then let T’ —> T, since v is of class 
Clint only in Q x (0, T). 
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When N = 1 and Q = (0, 1), equation (27) models the small? vibrations of 
a string in the absence of any exterior force. For each t, the graph of the function 
x E€ Q |> u(x, t) represents the configuration of the string at time t. When N = 2 
equation (27) models the small vibrations of an elastic membrane. For each t, the 
graph of the function x € Q > u(x, t) represents the configuration of the membrane 
at time t. More generally, equation (27) models the propagation of a wave (acoustic, 
electromagnetic, etc.) in some homogeneous elastic medium Q C R”. 

Equation (28) is the (homogeneous) Dirichlet boundary condition; it could be 
replaced by the Neumann condition or any of the boundary conditions encountered 
in Chapter 8 or 9. The condition u = 0 on © means that the string (or the membrane) 
is fixed on T, while the Neumann condition says that the string is free at its endpoints. 

Equations (29) and (30) represent the initial state of the system: the initial config- 
uration (one also says initial displacement) is described by uo, and the initial velocity 
is described by vo. The data (uo, vo) are usually called the Cauchy data. 

To simplify matters we assume throughout this section that Q is of class C°’, with 
T bounded. 


e Theorem 10.7 (existence and uniqueness). Assume ug € H? (Q) N Hy (Q) and 
vo € Hy (Q). Then there exists a unique solution u of (27), (28), (29), (30) satisfying 
(31) u € C([0, 00); H7(Q)N Hy (Q))NC! O, 00); Hy (ANCO, 00); L7(Q)). 


Moreover, 10 


du |? 
(32) Fo 


2 we, 2 2 
12(0) oF [Vu Olio) — lvol72 (a) + [Vuolio vt = 0. 


Remark 6. Equation (32) is a conservation law that asserts that the energy of the 
system is invariant in time. 


Before proving Theorem 10.7 let us mention a regularity result. 
Theorem 10.8 (regularity). Assume that the initial data satisfy 
uo € H*(Q), vo € H*(Q) Yk, 
and the compatibility conditions 


Auo =0 on! Vj >O, j integer, 
Aivo=0 onT Vj > 0, j integer. 


Then the solution u of (27), (28), (29), (30) belongs to C®(Q x [0, œ0)). 


° The full equation is a very difficult nonlinear equation; equation (27) is a linearized version of 
this near an equilibrium. 


` F . ; . 2 2 
10 We use the same notation as in the preceding sections, that is, oe (t) ee = fe | a (x, t)| dx, 


TR AE 
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Proof of Theorem 10.7. As in Section 10.1 we consider u(x, t) as a vector-valued 
function defined on [0, 00); more precisely, for each t > 0, u(t) denotes the map 
x > u(x, t). We write (27) in the form of a system of first-order equations: !! 


ə 

S -vs in Q, 
(33) 

ðv oe , 

I u= in Q, 


and we set U = (%), so that (33) becomes 


dU 
34 — +AU =0, 
(34) Ti + 


where 


0 -I 0 —-I\ (u —v 
0 w(K LAO- 
We now apply the Hille—Yosida theory in the space H = Hy (Q) x L?(Q) equipped 
with the scalar product 


(U,, ur = | Vu Vand + f nds + | vj v2dx, 
Q Q Q 


where U1 = (b! ) and U2 = (%2). 
Consider the unbounded operator A : D(A) C H — H defined by (35) with 


D(A) = (H? (Q) N Hg (Q)) x Ho (9). 


Note that the boundary condition (28) has been incorporated in the space H. The 
condition v = 24 = O on © is a direct consequence of (28). 


Ot 
We claim that A + J is maximal monotone in H: 
(i) A + I is monotone; indeed, if U = (4) € D(A) we have 


(AU, U)y + [Ul 


=- | vv-Vu— | uv+ f auwe f ut f vub fv 
Q Q Q Q Q Q 
=- f uwt furs f+ f var zo. 

Q Q Q Q 


Gii) A+ J is maximal monotone. This amounts to proving that A + 2/ is surjective. 
Given F = G ) € H, we must solve the equation AU + 2U = F, i.e., the system 


11 This is the standard device, which consists in writing a differential equation of order k as a system 
of k first-order equations. 
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—v+2u=f mQ, 


(36) f 
—Au+2v=g ing, 


with 

u € H? (Q)N HÈ(Q) and ve HiQ). 
It follows from (36) that 
(37) —Aut+4u=2f +g. 


Equation (37) has a unique solution u € H QNA ios (Q) (by Theorem 9.25). Then 
we obtain v € Hy (2) simply by taking v = 2u — f. This solves (36). 


Applying Hille—Yosida’s theorem (Theorem 7.4) and Remark 7.7, we see that 
there exists a unique solution of the problem 


dU 
(38) wore ss on [0, oo), 
U(0) = Uo, 
with 
(39) U €C'({0, œ); H)NC([0, œ); D(A)), 


since Up = (e) € D(A). From (39) we deduce (31). 


In order to prove (32) it suffices to multiply (27) by 3u and to integrate on Q. 
Note that 
| udu 19 f du, ga 
o I oF T at Jol or O N T 
and 


[i ies =fv ê? Ywa = 56 f Vula 
3 ary, ee ag ae K deme u x. 


Remark 7. When Q is bounded we may use on Hy (Q2) the scalar product f Vui: Vu2 
(see Corollary 9.19), and on H = HY (Q) x L?(Q) the scalar product 


(U1, U2) =f Vu, : Vu2 +f viv2, where U| = ("") and U2 = () ; 
Q Q VI v2 


With this scalar product we have 


(AU, v=-f Vu: Vut f awe =0 YU = (‘) € D(A). 
Q Q v 


It is easy to check that: 


(i) A and — A are maximal monotone, 
(ii) A* = —A. 
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As a consequence we may also solve the problem 


dU 
crea AU =0on[0,+00), U(0) = Up, 


or equivalently 


dU 
PA + AU = 0 on (—œ, 0], U(0)= Uo 


) 12 


(just change f into —t). ^ Relation (32) may be written as 


IUl =|Uol~ VteR. 


One says that the one-parameter family {U(t)};eR is a group of isometries on H. 


e Remark 8. The wave equation has no smoothing effect on the initial data, in contrast 
with the heat equation. To convince oneself of this it suffices consider the case Q = R. 
Then there is a very simple explicit solution of (27), (28), (29), (30), namely 


1 1 x+t 
(40) u(x,t) = 7 uo +t) +uo(x —t)) + z / vo(s)ds. 
x-t 


In particular, if vp = 0, we have 


u(x,t) = Tuo +t) + uo(x — t)). 


Clearly u is not more regular than uo. We can be even more precise. Assume ug € 
C™(R\{xo}). Then u(x, t) is C on R x R, except on the lines x + t = xg and 
x — t = xg. These are called the characteristics passing through the point (x9, 0). 
One says that singularities propagate along the characteristics. 


Remark 9. When Q is bounded, problem (27), (28), (29), (30) can be solved by de- 
composition in a Hilbert basis, as was done for the heat equation. It is very convenient 
to work in the basis (e;) of L? (Q) composed of eigenfunctions of — A (with Dirich- 
let condition), i.e., —Ae; = Aje; in Q, e; = 0 on T; recall that A; > 0. We seek a 
solution of (27), (28), (29), (30) in the form of a series 


(41) u(x,t) = D> a; (tei). 


L 


We see immediately that the functions a; (t) must satisfy 
a; (t) + àia; (t) = 0, 


so that 


/ 
a;(O) . 
aj(t) = a; (0) cos(y Àit) + T sin(y Ajt). 
i 
12 In other words, time is reversible; from this viewpoint there is a basic difference between the 
wave equation and the heat equation (for which time is not reversible). 
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The constants a; (0) and a; (0) are determined by the relations 
u(x) =X a Oei) and voa) = Y a Oei x). 
i i 


In other words, a; (0) and a; (0) are the components of uo and vo in the basis (e;). 
For the study of the convergence of this series see, e.g., H. Weinberger [1]. 


Proof of Theorem 10.8. We use the same notation as in the proof of Theorem 10.7. 
It is easy to see, by induction on k, that 


va- [C 


In particular, D(A‘) C H! (Q) x H*(Q) with continuous injection. Applying 
Theorem 7.5, we see that if Up = Ge € D(A‘), then the solution U of (38) 
satisfies 


u € H**!(Q) and Aju =OonT Vj, 0< j < [k/2] 
v € H*(Q) and Av = 0 onr Yj, 0< j <[K+)/2]—-1] 


U e CI ([0, 00); D(A/)) Yj=0,1,...,k. 


Thus u € C% ([0, 00); H/+!(Q)) Vj =0,1,..., k. We conclude with the help of 
Corollary 9.15 that under the assumptions of Theorem 10.8 (i.e., Uo € D(A‘) Vk), 
u € CK(Q x [0,00)) Vk. 


Remark 10. The compatibility conditions introduced in Theorem 10.8 are necessary 
and sufficient in order to have a solution u € C% (Q x [0, 00)) of the problem (27), 
(28), (29), (30). The proof is the same as in Remark 4. 


Remark 11. The techniques presented in Section 10.3 may also be used for solving 
the Klein—Gordon equation 

j 3?u 2 i 
(27) ap Oie m ae m >Q. 
Note that (27^) cannot be reduced to (27) by a change of unknown such as v(x, t) = 
eM u(x,t). 


Comments on Chapter 10 


Comments on the heat equation 


1. The approach of J.-L. Lions. 

The following result allows us to prove, in a very general framework, the existence 
and uniqueness of a weak solution for parabolic problems. This theorem can be 
viewed as a parabolic counterpart of the Lax—Milgram theorem. Let H be a Hilbert 
space with scalar product ( , ) and norm | |. The dual space H* is identified with H. 
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Let V be another Hilbert space with norm || ||. We assume that V C H with dense 
and continuous injection, so that 


VcHcV* 


(see Remark 5.1). 
Let T > 0 be fixed; for a.e. t € [0, T] we are given a bilinear form a(t; u, v) : 
V x V > R satisfying the following properties: 


(i) For every u, v € V the function t > a(t; u, v) is measurable, 
(ii) |a(t; u, v)| < M|lul||lv|| for a.e. t € [0, T], Vu, v E€ V, 
Gii) a(t; v, v) > alv]? — Clu? for a.e. t € [0, T], Vu € V, 


where œ > 0, M and C are constants. 


Theorem 10.9 (J.-L. Lions). Given f € L? (0, T; V*) and uo € H, there exists a 
unique function u satisfying 


2 g s du 2 . yx 
u € L^(0,T; V)NA C([0, T]; H), Ti e L*(0, T; V*) 


(žo, v) + at u@), o) = (fF), ») foraete OT) Wwe, 


and 
u(O) = uo. 


For a proof see, e.g., J.-L. Lions—-E. Magenes [1]. 
Application. H = L?(Q), V = Hd (Q) and 


du ðv ðu 
aude D f eda i t E ha aae dx 


with ij, Ai, a0 € L® (2 x (0, T)) and 


(42) ay Gs ng E; > alé? fora.e. (x,t) € Qx O,T), VEERY, a> 0. 
ij 


In this way we obtain a weak solution of the problem 


ðu f] ðu ðu } 
F D (oa) Ea tans in Q x (0, T), 


u=0 onI x (0, T), 
u(x,0) =uo(x) onQ. 


Under additional assumptions on the data, the solution of (43) has greater regularity; 
see the following comments. 
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2. C%- regularity. E 
We assume here that 9 is bounded and of class C™. Let a; j, aj, ao € C (Q x [0, T]) 
satisfy (42). 


Theorem 10.10. Assume uo € L? (Q) and f € C®(Q x [0, T]). Then the solution 
u of (43) belongs to C (Q x [e, T]) for every e > 0. If in addition uo € C® (Q) 
and { f, uo} satisfy the appropriate compatibility conditions? onT x {0}, then u € 
C?(Q x [0, T]). 


For a proof, see, e.g., J.-L. Lions-E. Magenes [1], A. Friedman [1], [2], and 
O. Ladyzhenskaya-V. Solonnikov-N. Uraltseva [1]; it is based on estimates very 
similar to those presented in Chapter 7 and in Section 10.1. 


Let us mention that there is also an abstract theory that extends the Hille-Yosida 
theory to problems of the form U(t) + A(t)u(t) = f(t), where for each t, A(t) isa 
maximal monotone operator. This theory has been developed by T. Kato, H. Tanabe, 
P. E. Sobolevski, and others. It is technically more complicated to handle than the 
Hille—Yosida theory; see A. Friedman [2], H. Tanabe [1], and K. Yosida [1]. 

3. LP and C®-“-regularity. 
Consider the problem!* 
ð 
-Auf in Q x (0, T), 
(44) u=0 onT x (0, T), 


u(x, 0) =uo(x) on Q&Q. 


Assume, for convenience, that Q is bounded and of class C®. Let us start with a 
simple result. 


Theorem 10.11 (L?-regularity). Given f € L?(Q x (0,T)) and uo € H4(Q), 
there is a unique solution of (44) satisfying 


u € C([0, T]; Hd (Q))NL2(0, T; HI N HEQ) 


and 9 
a € 12(0,T; LAQ). 


The proof is easy; see, e.g., J.-L. Lions-E. Magenes [1]. More generally, in L? 


spaces, we have the following. 


Theorem 10.12 (L?-regularity). Given f € LP (Q x (0, T)) with 1 < p < œ and 
uo = 0,) there exists a unique solution of (44) satisfying 


13 We do not write down explicitly these relations; they are the natural extensions of (8) (see also 
Remark 4). 


14 Of course, we could also prescribe an inhomogeneous Dirichlet condition u(x, t) = g(x, t) on 
T x (0, T), but for simplicity we deal only with the case g = 0. 
15 To simplify matters. 
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ðu ðu 3u 
* at? Əxi OX; OX; 


u L” (Q x (0, T)) Vi, j. 


Theorem 10.13 (Hölder regularity). Let0 < a < 1. Assume that! f € C%%/?(Qx 
[0, T]) and uo € C? (Q) satisfy the natural compatibility conditions 

ug =OonT and —Aug = f(x,0) onr. 
Then (44) has a unique solution u such that 


ðu ou 3u 


— cw? x [0,T) Vi, j. 
at’ ax; Ox0x; onan Med 


> 


The proofs of Theorems 10.12 and 10.13 are delicate, except for the case p = 2 
of Theorem 10.12. As in the elliptic case (see the comments at the end of Chapter 9) 
they rely on the following: 


(i) an explicit representation formula for u involving the fundamental solution of 
2 — A. For example, if Q = RY and f = 0 then 


(45) u(x,t) = Í E(x — y, t)uo(y)dy = E «uo, 
RY 


where x refers to convolution solely in the space variables x, and E is the heat 
kernel, E(x, t) = (4nt)~§/2e-BV/41; see, e.g., G. Folland [1]. 
(ii) a technique of singular integrals. 
On this topic see, e.g., O. Ladyzhenskaya—V. Solonnikov-N. Uraltseva [1], A. Fried- 
man [1], N. Krylov [1], [2], P. Grisvard [1] (Section 9), D. Stroock—S. Varadhan [1]. 
A. Brandt [2], B. Knerr [1], and L. Simon [2] have devised more elementary argu- 
ments for the Hélder regularity. 


The general “philosophy” to keep in mind is the following: if u is the solution of 
(44) with uo = 0 then 3u and Au both have the same regularity as f. 


Finally, we mention that the conclusions of Theorems 10.11, 10.12, and 10.13 
still hold if A is replaced by 


ð ðu ðu 
ij ’ t i ’ t 3 t 
3 dx; (a; (x ax ) + 2 aj (x, t) 3x; + a(x, thu 


with smooth coefficients such that 


(46) Yo aij, NEE; > VIE? x,t, YEER“, v>0. 
ij 


16 That is, | f (1, t1) — f 2, 2)| < Cay — x2? + Iti — H/)%/? Yxi, x2, ti, t2. 
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In the case of irregular coefficients (i.e., aij € L°(Q x (0, T)) satisfying (46)) a 
difficult t result of Nash—Moser asserts that there exists some a > O such that u € 
C%/2(Q x [0, T]); see, e.g., O. Ladyzhenskaya—V. Solonnikov-N. Uraltseva [1]. 


4. Some examples of parabolic equations. 

Linear and nonlinear parabolic equations (and systems) occur in many fields: me- 
chanics, physics, chemistry, biology, optimal control, probability, finance, image 
processing etc. Let us mention some examples: 


(i) The Navier-Stokes system: 


Ou; Ou; 0 A ; 
(47) Sh Aw + uy potas inQx (0,T),1<i<N, 


ð Ox; 
N 
f Ou; 
(48) divu = —=0 on Q x (0, T), 
a OX; 
(49) u = onT x (0, T), 
(50) u(x, 0) = ug(x) on Q, 


plays acentral role in fluid mechanics; see, e.g., R. Temam [1] and its references. 
(ii) Reaction—diffusion systems. These are nonlinear parabolic equations or systems 
of the form 
ðu 


37 7 MAu= fu) in Q x (0, T) 


+ boundary conditions and initial data, 


where u(x, t) takes its values in R”, M is an m x m (diagonal) matrix, and f is 
a nonlinear map from R” into R” . These systems are used to model phenomena 
occurring in various fields: chemistry, biology, neurophysiology, epidemiology, 
combustion, population genetics, ecology, geology, etc.; see, e.g., P. Fife [1] and 
its numerous references. The solutions of reaction—diffusion equations display 
a wide range of behaviors, including the formation of traveling waves and self- 
organized patterns. 

(iii) Free boundary problems. For example, the Stefan problem describes the evo- 
lution of a mixture of ice and water; see, e.g., the expository paper of E. Ma- 
genes [1] and the book of A. Friedman [4]. 

(iv) Diffusion equations play a central role in probability (Brownian motion, Markov 
processes, diffusion processes, stochastic differential equations, etc.); see, e.g., 
D. Stroock—S. Varadhan [1]. 

(v) Many other examples of semilinear parabolic problems are presented in D. D. 
Henry [1], Th. Cazenave—A. Haraux [1]. 

(vi) An interesting use of the heat equation has been made in connection with the 
Atiyah—Singer index; see, e.g., P. Gilkey [1]. 

(vii) More sophisticated nonlinear diffusion equations are used in image processing 
(variants of the Perona—Malik model). The recent solution by G. Perelman of 
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the celebrated Poincaré conjecture relies on R. Hamilton’s careful study of the 
Ricci flow, which is a kind of nonlinear heat equation. 


5. For further results concerning the maximum principle for parabolic equations, 
see, e.g., A. Friedman [1], M. Protter-H. Weinberger-[1], R. Sperb [1]. For example, 
if u is the solution of (1), (2), (3) with ug > O and up Æ 0, then u(x,t) > 0 
Vx € Q, Yt > 0. When Q = RN this follows easily from the explicit representation 
formula (45). 


Comments on the wave equation 


6. Weak solutions of the wave equation. 

There is a general abstract setting for the existence and uniqueness of a weak solution 
of the wave equation. Let V and H be two Hilbert spaces such that V C H C V* (as 
in Comment 1). For each ż € [0, T] we are given a symmetric continuous bilinear 
form a(t; u,v): V x V — R such that 


(i) the function t > a(t; u, v) is of class C! Vu, v € V, 
(ii) a(t; v, v) > aljvl|? — Clv|? Yt € [0, T], Vue Via>0. 
Theorem 10.14 (J.-L. Lions). Given f € L?(0,T; H), uo € V, and vg € H, there 


exists a unique function u satisfying 


2 


du d'u 
a T]: H sot 
T CUO. TH). S3 


2 
(TO. | + a(t; u(t), v) = (f(t), v) forae.te(0,T), WweV, 


u € C([0, T]; V), € L? (0, T; V*), 


d 
u(0) =ug and TO = vo. 
For a proof, see, e.g., J.-L. Lions—-E. Magenes [1]. 
Application. Let H = L?(Q), V = Hj(Q), 
du dv 
a(t; u,v) = Í 2i Ae + [coe t) uvdx 
with (42) and 


ddi; ða 
Yay, — E L”(Q2x(0,T)), aj=aji Vi, j. 


di js 
o at at 


Then there is a unique weak solution of the problem 


2 
su >B ~( re) + ao =f in Q x (0, T), 


ai; 
are — Ox j nt OX; 
i,j : 


(28), (29), (30). 
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Note that the assumptions on the initial data (uo € HE (Q) and vg € L?(Q)) are 
weaker than those made in Theorem 10.7. Under additional assumptions on f, uo, and 
vo (regularity and compatibility conditions) as well as on a;;, ao one gains regularity 
on u. 


7. The L?-theory for the wave equation is delicate and had been extensively studied 
over the past 30 years. The Strichartz estimates are an important tool; see, e.g., 
S. Klainerman [1]. 


8. Maximum principle. 

Some very special forms of the maximum principle hold for the wave equation; see, 
e.g., M. Protter-H. Weinberger [1]. For example, let u be the solution of (27), (28), 
(29), (30). 


(i) If Q = R, ug > 0 and vp > O, then u > 0. 
(ii) If Q = R?, uo = 0 and vg > 0, then u > 0. 


Assertion (i) follows from the representation formula (40). A similar but more com- 
plicated formula holds in RY; see, e.g., S. Mizohata [1], G. Folland [1], H. Wein- 
berger [1], R. Courant—D. Hilbert [1], and S. Mikhlin [1]. It implies (ii). 


However, the reader is warned of the following: 


Gii) If Q = (0, 1), uo > 0, and vo = O, then in general one cannot infer that u > 0. 
(iv) If Q= R?, uo > 0, and vo = 0, then in general one cannot infer that u > 0. 


An unusual form of maximum principle for the telegraph equation (which re- 
sembles the wave equation) has recently been devised by J. Mawhin-R. Ortega- 
A. M. Robles—Perez [1]. 


9. Domain of dependence. Wave propagation. Huygens’ principle. 
There is a fundamental difference between the heat equation and the wave equation: 


(i) For the heat equation, a small perturbation" of the initial data is immediately 
felt everywhere, i.e., Vx € Q, Vt > 0. For example, we have seen that if ug > 0 
and ug Æ 0, then u(x, t) > 0 Vx € Q,Vt > 0. One says that the heat propagates 
at infinite speed. '® 

(ii) For the wave equation, the situation is completely different. Assume for example 
Q = R. The explicit formula (40) shows that u(x, t) depends solely on the values 
of uo and vo in the interval [x — f, x + t]; see Figure 8. 


One says that the interval [x — t, x +f] on the x-axis is the domain of dependence 
of the point (x, f). The same holds for Q = RY (N > 2) : u(x, f) depends only 
on the values of up and vg in the ball {x € RY; |x — x| < t}. This ball in the 
hyperplane RY x {0} is called the domain of dependence of the point (x, f). 
Geometrically it is the intersection of the cone 


17 That is, localized in a small region. 

18 Physically this is not realistic! However, the representation formula (45) shows that a perturbation 
on the initial data localized near x = xo has negligible effects at the point (x, t) if t is small and 
|x — xo| is large. 
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A 


t 


Fig. 8 


{(x,t) e RY xR; |x —x| <7 —tandt < î} 


with the hyperplane R x {0}. The physical interpretation is that waves propagate 
at speed less than 1.!? A signal localized in the domain” D at time t = 0 is felt at 
the point x € RY only after time t > dist(x, D)(u(x, t) = Ofort < dist(x, D)). 


When N > 1 is odd, for example N = 3, there is an even more striking effect: 
u(x,t) depends only on the values of ug and vo! on the sphere {x € RY; 
|x —x| = t}. This is Huygens’ principle. Physically, it says that a signal localized 
in the domain D at time t = 0 is observed at the point x € R^ only during the 
time [ż, t2] with 4) = infyep dist(x, y) and t2 = supp dist(x, y). After the 
time fz the signal is not felt at the point x. 


On the other hand, if the dimension N is even (for example N = 2) the signal 
persists at x for all time t > t1.” 


An application to music. A listener placed in R? at distance d from a musical 
intrument?’ hears at time ¢ the note played at time (t — d) and nothing else!** 
For more details on Huygens’ principle the reader may consult R. Courant- 
D. Hilbert [1], G. Folland [1], P. Garabedian [1], and S. Mikhlin [1]. 


19 The speed 1 comes in because we have normalized the wave equation. Some readers may prefer 


to work with the equation eu —c*Au=0. 

20 That is, uo and vo have their supports in D. 

21 And of some of their derivatives. 

22 The effect is damped out with time but it does not vanish completely. 
23 Of small dimension. 


24 While in R? he would hear a weighted average of all notes played during the time [0, t — d]. 


Chapter 11 
Miscellaneous Complements 


This chapter contains various complements that have not been incorporated in the 
main body of the book in order to keep the presentation more compact. They are 
connected to Chapters 1-7. Some of the proofs are very sketchy. Several proofs have 
been omitted, and the interested reader is invited to consult the references. 


11.1 Finite-Dimensional and Finite-Codimensional Spaces 


As is well known, every finite-dimensional space X of dimension p is isomorphic to 
R?. In particular, X is complete, all norms on X are equivalent, and the closed unit 
ball By is compact. 


Proposition 11.1. Let E be a Banach space and let X C E be a finite-dimensional 
space. Then X is closed. 


Proof. Assume that (x,) is a sequence in X such that x, — x in E. Then (xy) is a 
Cauchy sequence in X and thus (xn) converges to a limit in X. Hence x € X. 


Proposition 11.2. Assume that X is finite-dimensional and F is a Banach space. 
Then every linear operator T : X —> F must be bounded. 


Proof. Let (e;) be a basis in X and write x = yr xje;. Then Tx = Ya XxiTei, 
so that ||7x|| < X? lxil Teill < (max; Te ZE lx: < Clix. 


In particular, all linear functionals on X are continuous. The dual space X* of a 
finite-dimensional space X is also finite-dimensional, and dim X* = dim X. More 
precisely, if (e;) is a basis of X then write x € E as x = Yr xie; and set f; (x) = 
xi, i = 1,2,..., p. Clearly the functionals (f;) are linearly independent in X* and 
they generate X*. Thus they form a basis of X*. What is less obvious is the following: 


Proposition 11.3. Assume that X is a Banach space (with dim X < oo) such that 
X* is finite-dimensional. Then X is finite-dimensional and dim X = dim X*. 
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Proof. We need Hahn—Banach, or more precisely Corollary 1.4. Let J : X — X*™* 
be the canonical injection defined in Section 1.3. Since dim X* < oo, we deduce 
from the above discussion that dim X** < oo. But X is isomorphic to J (X) C X**, 
and thus dim X < dim X** = dim X*. Therefore dim X < oo, and we deduce (again 
from the above discussion) that dim X* = dim X. 


Proposition 11.4. Let E be a Banach space and let M C E be a closed subspace. 
Assume that X C E is a finite-dimensional subspace. Then (M + X) is closed. 
Moreover, (M + X) admits a complement in E if and only if M does. 


[Warning: Recall that in general, the sum of two closed subspaces need not be 
closed; see, e.g., Exercise 1.14.] 


Proof. First, assume in addition that MN X = {0}. Write un = Xn + yn with x, € X, 
yn € M, and un — u in E. We claim that (xn) is bounded. If not, then ||xn, || > oo 
for some subsequence ng — oo. Passing to a further subsequence, we may assume 
that -= > €E in X, with ||é|| = 1 (here we use the fact that dim X < oo). 


Teng 


Thus Thy 


Ixan ll ~~ Weng xn; I 
EEM A X and ce must have &€ = 0. Impossible. Hence we have shown that (xn) 
is bounded. Passing to a subsequence, we may assume that x,, — x in X. Then 
Yn —> u — x € M (since M is closed). Therefore u € (M + X), and this completes 
the proof that (M + X) is closed when M N X = {0}. 

In the general case, let X be a complement of (M N X) in X (this is finite- 
dimensional stuff). Clearly X is finite- dimensional, M N X = {0}, and M + x= 
M + X. We have already proved that (M + X)i is closed, and so is (M + X). 


ie ay > —&; moreover, € € M (since M is closed). Thus 


Suppose now that M admits a complement, say N, in E. Let Py and Py be the 
projections onto M and N. Since Py (X) has finite dimension, it has a complement, 
say N , in N (see Section 2.4). We claim that Nisa complement of (M + X) in E. 

First we have 2 

(M+ X)ON = {0}. 


Indeed, if ñ = m + x witha € Ñ, m € M, and x € X, then 
n= Pyn= Py(m+x)= Pyx € Py(X), 


and thus ñ € Ñ N Py(X) = {0} 
Next, we have A 
(M+X)+N=E. 


Indeed, any € € E may be written as 
& = Pué + Pné, 
and Pyé may be further decomposed as 


Pyé = Pyx + ñ, 
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for some x € X and some ñ € Ñ. But x = Pyx + Pyx, so that 
Pp = (x — Pux) +ñ, 


and therefore 7 
E = Puyt +x — Pyxtne(M+X)+N. 


Conversely, assume that (M + X) admits a complement, say W, in E. Let X be, 
as above, a complement of (M N X) in X. We claim that (W + X ) is a complement 
of M. 

First we have 2 

(W+X)NM = {0}. 


Indeed, if m € M can be written asm = w+ x with w € W and x e xX, then 
w = m—x,sothatw € (M+X)NW = {0}. Thereforem = x € (MNX)NX = {0}. 
Finally, we verify that z 
(W+X)+M=E. 


Indeed, it suffices to check that 
(M+ X)=(M+X) 


(since W + (M + X) = E). Clearly M + X C M + X (since X C X). Conversely, 
any x € X can be written as x = x1 + x with x} € M N X and x € X. Therefore 
M+XCM+X. 


Let M be a subspace of a Banach space E. Recall that M has finite codimension 
if there exists a finite-dimensional space X C E such that M + X = E. We may 
always assume that M N X = {0} (otherwise choose a complement of M N X in 
X). The codimension M, codim M, is by definition the dimension of such X (and is 
independent of the special choice of X); it coincides with dim(E/M). 


[Warning: A subspace of finite codimension need not be closed. For example, if 
dim E = œ, take any linear functional f on E that is not continuous (see Exer- 
cise 1.5). Then M = f —1({0}) has codimension 1 but M is not closed (by Proposi- 
tion 1.5); in fact, M is dense in E.] 


Proposition 11.5. Let E be a Banach space and let M be a closed subspace of E of 
finite codimension. Then any subspace M of E containing M must be closed. 


Proof. The space M admits an algebraic complement in M, say X. Clearly dim X < 
oo, and M = X + M. Applying Proposition 11.4, we see that M is closed. 


Proposition 11.6. Let E be a Banach space and let M be a closed subspace of E of 
finite codimension. Let D be a dense subspace of E. Then there exists a complement 
X ofM with X C D. 


Proof. Let d be the codimension of M in E. If d = 0, we have M = E and we may 
take X = {0}. Hence we may assume that d > 1. Fix any xı € D with xı ¢ M; this 
is possible, for otherwise D C M implies E = D C M # E; a contradiction. Let 
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Mı = M + Rx,. Then M; is closed (by Proposition 11.4) and codim M, = d — 1. 
Repeating this construction (d — 1) times yields a subspace X C D, of dimension 
d, such that M + X = E and MN X = {0}. 


Proposition 11.7. Let E be a Banach space and let G, L C E be closed subspaces. 
Assume that there exist finite-dimensional spaces X1, X2 C E such that 


(1) G+L+X,=E, 
(2) GALC X. 


Then G (resp. L) admits a complement. 
Proof. We divide the proof into two steps. 


Step 1: The conclusion of Proposition 11.7 holds when X2 = {0}. 
Let X 1 be a complement of (G + L) A X, in X1. We already know by Proposition 
11.4 that (L + x) is closed. We claim that (L + Xi) is acomplement of G. 
First, we have n 
G+(L+Xı) =E. 


Indeed, any £ € E may be written as £ = g +£ +h with g € G, £ € L,h € Xj, and 
h may be further decomposed as h = hy + h2 with hı € (G + L) A X; and hz € Ki 
Hence é € G+L+ Xj. 
Next we have ee 
GN (L + X1) = {0}. 


Indeed, suppose that g = £ + x, with g € G, £ € L, and x; € X1. Then x; = g — £, 
so that x) € (G+ L) A Xi = {0}. Hence g = £ € G N L = {0} (this is assumed in 
Step 1). 
Step 2: The general case. 2, 
Let G be a complement of (G N L) in G and let L be a complement of (G N L) 
in L (note that G and L exist, since G N L is finite-dimensional; see Section 2.4). 
We claim that 


(3) (G+E)+(Xit+X)=E 
and 
(4) (GAL) = {0}. 


This will complete the proof of the proposition. Indeed, from Step 1 we deduce that 
G admits a complement. Therefore G = G+ (GML) also admits a complement by 
Proposition 11.4. 

Verification of (3). Any € € E may be written as 


E=g+l+x, with geG, EL, andx € X,. 


But g = ğ + hı with 2 € G and hy € GN L; similarly £ = Ë + h2 with @ € L and 
hy € GOL. Therefore 
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E = (+ Õ + xı + (hı tho) € (G + D) + (X1 + X2). 


Verification of (4). Assume that g € GN L. Then g € (GN L)NŽ (since G C G 
and L c L). But (GN L) N È = {0}. 


11.2 Quotient Spaces 


Let E be a Banach space and let M be a closed subspace. We consider an equivalence 
relation on E defined by x ~ y if x — y € M. The set of all equivalence classes is a 
vector space, denoted by E/M, and is called the quotient space of E (mod M). The 
canonical map that associates to every x € E its equivalence class [x] is denoted by 
ma: E — E/M. Clearly z is a surjective linear operator. The quotient space E/M 
is equipped with the quotient norm 


x = |r (x = inf = inf ||x — ml]. 
lixIle/m = lOe = inf Myl = inf, lx — m 
yelx] 


It is clear that ||[x]|lz/ is a norm on E/M (to check that ||[x]||z;/m = 0 implies 
[x] = 0, one uses the fact that M is closed). Moreover, x : E —> E/M is a bounded 
operator and ||z || < 1. When there is no confusion we simply write || || instead of 
ll lleva. 

Proposition 11.8. The quotient space E/M equipped with the norm || |lz;m is a 


Banach space. 


Proof. Let (7z (xg)) be a Cauchy sequence in E/M. We have to show that (7 (xx)) 
converges, and since (z(xx)) is Cauchy, it suffices to prove that a subsequence 
converges. Passing to a subsequence (still denoted by (xg)), we may assume that 
|r (xk+1) — W(xK) I < nd Vk (see the proof of Theorem 4.8). Hence there exists a 
sequence (mg) in M such that ||xz+1 — xk —mx|| < x Write mg = uk+1 — Uk With 
uı =Oand ug E€ M_ Vk. Since (x, — ug) is a Cauchy sequence in E, it converges 
to a limit £ in E. Therefore 2 (xp) = 7 (xg — up) also converges (to x (£)) in E/M. 


Proposition 11.9. Let M be a closed subspace of E and let x* : (E/M)* — E* 
be the adjoint of n : E — E/M. Then R(x*) = M+, and more precisely, 1* is 
bijective from (E/M)* onto M+, with 


Ilr" (E)llex = lélegum VE € (E/M)". 
In particular, (E/M)* is isomorphic and isometric to M+. 
Proof. With £ € (E/M)* and x € E, write 
(1*(&), x) = (£, w(x). 


If x € M we have x(x) = 0 and thus (1*(€),x) =0 Vx € M,i.e., a*(é) € Mt. 


Conversely, let f € M+; we need to show that f = 2*(&) for some £ € (E/M)*. 
Given y € E/M, write y = n(x) for some x € E and then define &(y) = (f, x). 
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Note that this definition does not depend on the special choice of x, since f € M+. 
Clearly £ is linear in y and we have |&(y)| < || f\lz*||x — m|| Wm e M. Taking 
the inf over all m € M gives |€(y)| < Il fllz*ll7(@)lleym = If llesllylleya. Hence 
& € (E/M)*, and clearly, (z*(€), x) = (£, m(x)) = (f, x) Vx € E,ie., a*(é) = f. 
Moreover, ||&||(z/my+ < Il flle* = ll7* lex. 


On the other hand, we know that 


lrt < Elem 


since ||z*|| = |x || < 1. Consequently, 


I*r = lléle;m VE € (E/M)*. 


Let F, G be Banach spaces and let T € L(F, G). Consider the closed subspace 
N(T) of F, the quotient space F/N (T), and the canonical map x : F > F/N(T). 
The operator T can be factored as T = T o x, where T : F/N(T) — G; indeed, 
given y € F/N(T), write y = (x) for some x € F and set Ty = Tx. Clearly T 
is well defined independently of the choice of x, and bijective from F/N (T) onto 
R(T); moreover, ||T || = IIT |]. 


Consider now a special case of this setting. Let M be a closed subspace of a 
Banach space E. Let T : E* —> M* be defined by 


T(f)= fim Yf e E*. 


Then N(T) = M+ and (by Hahn-Banach) R(T) = = M*. Applying the above to 
F = E* and G = M*, we obtain an operator T : E* /M+ — M* that is bijective, 
and such that Toa = T. 


Proposition 11.10. For any Banach space E and any closed subspace M of E, the 
operator T is a bijective isometry from E*/M* onto M*. 


Proof. We have only to show that T is an isometry. Given any f € E*, consider 
the functional fiy on M. By Corollary 1.2 we know that there exists a functional 


f € E* such that fim = fim and || f lex = lI fimlle = IIT (Alle. 
Since f — f € M+, we have 


Iz Alles = dist(f, MH) < If- Of — Dle = Ifl = Tf lle. 


Hence we have proved that 
Iz Aleem STS lure Yf EE. 
But T= To zr, so that 


Iz Miles SIT Pure Vf € Et, 
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lyleymi < ITO Vy € E*/M*. 
On the other hand, it is clear that 


I(T o mlm = IT < Ifl Vf € E*. 


Replacing f by (f — g) with g € M+ and taking the infimum over g € M+ yields 


ITAA < Ilem Yf € E*, 


i.e., 
ITO) Ile < lyleymt Yy € E*/M+. 


We conclude that T is an isometry. 


The quotient space E/M inherits many of the properties of the space E, e.g., 
reflexivity and uniform convexity. 


Proposition 11.11. Assume that E is a reflexive Banach space and M is a closed 
subspace. Then E/M is reflexive. 


Proof. We know that E* is reflexive (see Corollary 3.21) and thus M+ is also reflexive 
(being a closed subspace of E*; see Proposition 3.20). On the other hand, M+ is 
isomorphic to (E/M)* (by Proposition 11.9). Therefore (E /M)* is reflexive, and so 
is E/M, again by Corollary 3.21. 


Proposition 11.12. Assume that E is a uniformly convex Banach space and M is a 
closed subspace. Then E/M is uniformly convex. 


Proof. Let r(x), z(y) € E/M be such that ||z(x)|| < 1, |z (y)|| < 1, and || (x) — 
(y)|| > £. Since E is reflexive, we know (see Corollary 3.23) that there exist 
mı E€ M and m E€ M such that |x — mı|| < 1 and ||x — m2|| < 1. Moreover, 
|(x — y) —m|| >£ Ym € M.The uniform convexity of E yields 


(x — mı) + (y — m) | sian 
2 
and thus 
m(x) +r(y) 
5 <1-6. 


Proposition 11.13. Let E be a Banach space and let M C E be a closed subspace. 
Then 


(a) dim M < œ if and only if codim M+ < ox, and in that case 
dim M = codim M+, 
(b) codim M < œ if and only if dim M+ < 00, and in that case 


codim M = dim M+. 
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Proof. 


(a) We know by Proposition 11.10 that E*/M+ is always isomorphic to M*. Thus 
dim M* < œ © dim(E*/M+) < oo. By Proposition 11.3 we know that 
dim M < œ © dim M* < œ and then dim M = dim M*. On the other hand, 
dim(E*/M+) < œ & codim M+ < oo. Hence dim M < œo & codim M+ < 
oo and dim M = dim M* = dim(E*/M+) = codim M+. 

(b) Proposition 11.9 yields that dim M+ < co & dim(E/M)* < oo. Using once 
more Proposition 11.3, this is equivalent to dim(E/M) < oo, i.e., codim M < 
oo. Then dim M+ = dim(E/M)* = dim(E/M) = codim M. 


A “dual” statement is partially true. 


Proposition 11.14. Let N C E* be a closed subspace. Then dim N < œ if and 
only if codim N+ < œ, and in that case dim N = codim N+. It is also true that 
dim N+ < codim N, but it may happen that dim N+ < codim N < ov. 


Proof. Recall that 
N+ = {xe E; (f,x)=0 Vf EN}. 


Clearly N C N++; but it may happen that N 4 N++ (see Remark 6 in Chapter 1). 
For example, take £ € E** with £ ¢ E and let N = €~!({0}) = {f € E*; (£, f) = 
0}. Then N is a closed subspace of E* of codimension 1 (i.e., N is a hyperplane). 
However, N+ = {0} (because the orthogonal of N in E** is RE by Lemma 3.2 and 
thus N+, the orthogonal of N in E, is reduced to {0}). In this case N = N Æ Nit = 
E*, and dim N+ = 0, while codim N = 1. 


We now return to the general case. Since N C N LL we have codim N+- < 
codim N < oo. Set M = N+ C E. By Proposition 11.10 we have 


codim M+ = dim(E*/M*+) = dim M*, 
and thus codim N++ = dim M < oo. Therefore 
dim N+ < codim N < œ. 


We now prove that dim N < œ = codim N+ < oo and codim N+ = dim N. 
We first claim that N+ = N. We already know that N C N++. Let fi, fo,..., Íp 
be a basis of N and let f e Nt+. Since f = 0 on N+ = {x € E; (fi, x) = 0 Vi}, 
we may apply Lemma 3.2 and conclude that f = X A; fi. Therefore N++ C N. As 
above, set M = N+. Since dim M+ < oo, we deduce from Proposition 11.13 that 
codim M < oo and that codim M = dim M+, i.e., codim Nt = dim N. 

Conversely, assume codim N+ < oo, and set again M = N+, so that codim M < 
oo. Applying Proposition 11.13 once more yields dim M+ < ov, i.e., dim Nt+ < 
oo. Since N C N-Ż, we deduce that dim N < co and we are back to the previous 
situation. Hence dim N = codim N+. 
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11.3 Some Classical Spaces of Sequences 


Given a sequence x = (x1, X2,...,Xx,...), Set 


lore) 1/p 
lxlp = (> sur) , Teepe es, 
k=1 


Il lloo = sup|xx| 
k 


and consider the corresponding spaces 


e = {x; |lxllp < oof ,1 < p < œ, 

£© = {x; [lxlloo < 0}, 
which are Banach spaces for the £? (resp. £°°) norms. This can be established directly 
(and is quite easy); or one can rely on Theorem 4.8 applied to Q = N equipped 
with the counting measure, u(E) = the number of points in a set E C N. Many 


properties mentioned below are consquences of general results from Chapter 4. For 
the convenience of the reader, we also present some direct proofs. 


There are two interesting subspaces of £°°: 


c = 4x; lim xg exists 
k= œ 


co = fx lim x, = o) ? 
k—> o0 
They are both equipped with the 2° norm. Clearly co C c C £°° with co closed in 
c, and c closed in £°°. 


Hölder’s inequality takes the form 


ee) 


Yo xk Ye 


k=1 


(5) 


, | 1 
< lixlplylp Vx el?, Vy ee? with—-+—=1. 
Pp P 
The space £? is a Hilbert space equipped with the scalar product 


(oe) 
(x, y) = So XK YE: 
k=1 


It is clear that 2? C co with 
IIXlloo < lxlp Yp, ls p<, Vxeé?, 


and this yields £P C €4 when 1 < p < q < œ, with 
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Ixllq < llxllp Wx € €?. 


Proposition 11.15. The space £P is reflexive, and even uniformly convex, for 
l<p<om. 


Proof. Apply Theorem 4.10 and Exercise 4.12 with Q = N. 
Proposition 11.16. The spaces c, co, and £P, with 1 < p < œ, are separable. 
Proof. Let 

D = {x = (xk); xk EQ Vk, and x, = 0 for k sufficiently large} . 


It is clear that D is countable; moreover, D is dense in £? when 1 < p < œ and in 
co. The set D+ A(1, 1, 1,...), with A € Q, is countable and dense in c. 


Proposition 11.17. The space £% is not separable. 


Proof. Assume that A C £% is countable. We will check that A cannot be dense 
in 2°. Write A = (a*), where each ak € €™, so that ak = (ak, ak, ...). For each 
integer k set 

ak+1 if|ak| <1, 


b; = 
K= Jo if jak] > 1. 


Note that b = (bg) € £% and |b; — ak| > 1 Vk. Therefore, 


|b — a*l = |be — ašį = 1 Vk, 


and thus b ¢ A. 


Proposition 11.18. Let 1 < p < œ. Given any ¢ € (€?)*, there exists a unique 


u € £P such that 
[0,6] 


(ġ, x) = X ug Vx eL. 


k=1 
Moreover, 
luly = leler. 


Proof. Let eg = (0,0,..., 1,0,0, ...). Setug = ġ (eg). We claim that u = (ug) € 
e” and %) 


(6) lull < Wl ery. 
Inequality (6) is clear when p = 1, since 
luz| < WPllcery«llexlla < lelg Yk- 


We now turn to the case 1 < p < oo. Fix an integer N. Then for every x = 
(x1, X2, ..., XN, 0, 0, ...) we have 
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N N 
(7) X unxe = o (> ne] < Ib llcery lx Ilp- 


k=1 k=1 


Choosing x, = luz? 2g yields 


N 1/p' 
(> i”) < [Ill ery. 


k=1 


As N —> co we see that u € £P and (6) holds. Moreover, 


CO 


(x) = Soup xe Vx € D, 


k=1 


where D is defined in the proof of Proposition 11.16. Since D is dense in £? we 


obtain 
0O 


pa) =Y ur x Vx el. 


k=1 
Hölder’s inequality yields 


PWI < lulplxlp Vx € £8, 
and therefore ||ġ||œr) < llullp. Combining with (6), we obtain 


lole = lul. 


The uniqueness of u is obvious. 
Proposition 11.19. Given any ¢ € (co)*, there exists a unique u € £! such that 


ee) 


(@,x) = parr xk Wx € Co. 


k=1 


Moreover, 

lulli = lello. 
Proof. This is an easy adaptation of the proof of Proposition 11.18 (with p = oo 
and p’ = 1); the last part of the proof holds since D is dense in co (but not in 2%). 


Proposition 11.20. Given ¢ € (c)*, there exists a unique pair (u, 4) € £! x R such 


that 
0O 


(ġ, x)= Dt Xk + à lim xz Vx ec. 
Moreover, 
lulli + AI = lelo. 
Proof. Applying Proposition 11.19 to jco, we find some u € £! such that 
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[0,0] 
o(y) = do uyk Vy € co. 
k=1 
If x € c write x = y + ae, where e = (1,1, 1,...),a@ = limg+oorg, and y € co. 
Then 
[0,6] (oe) CO 
(x) = Do ue ye + age) = Yo u&k — a) +. able) = Do uk xk +a, 
k=1 k=1 k=1 


where à = $(e) — YZ; ux. 
Conversely, given any u € £! and À € R, the functional 


[0,0] 


(8) d(x) = Da xk + À lim xp, xEC, 


defines an element of (c)*. We claim that 

(9) lelo = lull + IAL. 

It is clear that 

(10) lolo < Mulla + IA. 
Choosing x = (xx) in (8), where N is a fixed integer and 


_ sign (uz), 1<k<QN, 
E sign (å), k>N, 


yields 
N œo 
pœ) =J lul + sign A) JO ue + lal < lolo- 
k=1 k=N+1 


As N — œ we obtain 
lulli + IAL < Olle», 


which, together with (10), gives (9). 
Proposition 11.21. The spaces £!, &©, c, and co are not reflexive. 


Proof. From Propositions 11.19 and 11.18 we know that (co)* is £! and (£!)* is £”. 
Therefore the identity map from co into £°° corresponds to the canonical injection 
J : co —> (co)™ defined in Section 1.3. Since it is not surjective, we conclude that co 
is not reflexive. Applying Corollary 3.21, we deduce that £! and £% are not reflexive. 
Moreover, c cannot be reflexive; otherwise, co, which is a closed subspace of c, would 
be reflexive by Proposition 3.20. 


The following table summarizes the main properties discussed above: 
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Reflexive|Separable Dual Space 
lP with | < p <oo| YES YES ep 
e! NO YES ee 
co NO YES e! 
c NO YES xR 
g% NO NO _ [Strictly bigger than £! 


11.4 Banach Spaces over C: What Is Similar and What Is 
Different? 


Throughout this section we assume that Æ is a vector space over C. Of course we 
may associate to E a vector space over R simply by considering the product Ax with 
A restricted to R, and x € E; the corresponding vector space over R will often be 
denoted by Ep to distinguish it from E. 

A linear subspace M C E is a subset M satisfying Ax € M andx +y € M 
VA € C, Yx, y € M. Of course a linear subspace M of E is also a linear subspace of 
Ep. But the converse is not true. For example, a line L in RÊ containing 0 is a linear 
subspace of R*. However, if we identify C with R?, the line L is no longer a linear 
subspace of C because iL = L rotated by 7/2, is not contained in L. 

A norm on E is by definition a function E with values in [0, +00) such that 
Ixl = 0 & x = 0, |[Ax|] = JA] lx] VA € C, Yx € E, and ||x + yl] < [lxll + Iyl. 
Clearly || || is also a norm on Ep, but the converse is not true. 

A linear functional on E is a map f : E — C such that f(Ax) = Af (x) and 
faty) = fx) + f) VA € C, Vx, y € E. The dual space E™ is the space of 
all continuous linear functionals on E; E* is a vector space over C and is equipped 
with the norm 


Il flle* = sup |f. 


xE 
lx <1 


The complex number f(x) is also denoted by (f,x), and we clearly have 
(Af, ux) = àu( f, x) VA, u € C, Vx € E. The correspondence between the complex 
dual E* and the real dual Ep is given by the following simple but illuminating result. 


Proposition 11.22. The map 
I: fe E*m Ref € Ek 


is a bijective isometry from E* onto ER. 


Proof. Clearly, 
|Re(f,x)| < KA S Fell 


and thus 


(1) IOI < IFE. 
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It is also clear that J is injective because Re( f, x) = OVx € E implies Re( f, ix) = 0 
Vx € E,ie.,Im(f, x) = 0Vx € E,andthus f = 0. Next we claim that J is surjective. 
Indeed, given y € Ep set 


(12) f(x) = 9) —iplix) Wee E 


[warning: (ix) is not equal to ig(x), because both g(x) and y(ix) belong to R]. It 
is easy to check that f € E*, i.e., f (àx) = Af (x) VA € C, Vx € E (please verify!) 
and that I (f) = Re f = ọ. From (11) we have lelles < || fllz*. It is also clear 
from (12) that 


1/2 
IEI < (le@)? + lo?) < vVZlel g ll 


(since ||ix|| = ||x||). But we can do better. Assume f(x) 4 0 and set à = as EC. 


Then . fœ 
IFœI= fa =f (5) =0(5)-@ (=) . 


Since |f (x)| € R, ø (ž) € R, and ọ (£) € R, we see that ọ () = 0 and thus 
| f (x)| = (=). Therefore 


Iœ < lolle lglg lxil = lgl ez xl. 


*| = 1 
Al al 


Hence II Flex < Illex = ||T(f) Ilex. Combining this with (11), we conclude that 
I is an isometry. 


Proposition 11.22 implies that there are very few changes in Chapters 1-5 when 
we are dealing with vector spaces over C, except that we need to be a little careful 
with Hahn—Banach (see below). A major change occurs in Chapter 6 when we deal 
with eigenvalues and spectrum. This is already visible in finite dimension: any n x n 
matrix M with entries in C admits eigenvalues in C; but it may have no eigenvalues 
in R, even if the entries of M belong to R. We now describe chapter by chapter the 
changes to be made. 


Chapter 1. We select a few examples showing that some statements remain un- 
changed while some others need slight modifications. 


Proposition 11.23. Let G C E be a linear subspace. If g : G > C is a continuous 
linear functional, then there exists f € E* that extends g, and such that 


Il flle* = lalic- 


Proof. Set Y = Reg, so that y is an element of GR and IW las, = l|lglla«. By 
Corollary 1.2 there exists some o € ER that extends y, and such that 


lelg; = WWllos. 
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Applying Proposition 11.22, we see that there exists f € E* such that y = Re f and 
Il flle* = Il¢llex = Illes, = lglg. In addition, we have y = Re f = y = Reg 
on G, i.e., Re f(x) = Re g(x) Vx € G; taking ix instead of x yields Im f(x) = 
Im g(x) Vx € G, and thus f = g onG. 


Next, we state one of the geometric forms of Hahn—Banach. A closed real hy- 
perplane H in E is a set of the form 


H = {x € E; Re(f,x) =a} = [Re f =a], 


for some f € E*, f £0, and some a € R. We again warn the reader that if a = 0, 
then H is a linear subspace of Ep, but it is not a linear subspace of E over C; for 
example, in E = C, H is a line (and a line is not a linear subspace of E). We say 
that H separates A, B C E if 


Re(f,x) <a WxeA and Re(f,x)>a Vxe B. 


Proposition 11.24. Let A, B C E be two nonempty convex subsets of E such that 
ANB = Ø. Assume that one of them is open. Then there exists a closed real hyperplane 
that separates A and B. 


Proof: Applying Theorem 1.6 to Eg yields a hyperplane H = [p = a] for some 
o € Ep that separates A and B in the usual sense. Then use Proposition 11.23 to 
assert that y = Re f for some f € E*. 


The definition of the orthogonal M+ of a linear subspace M of E is unchanged, 
M*=(f € E*;(f,x)=0 Vxe M}, 


and clearly we have M+ = { f € E*; Re(f, x) = 0 Vx € M} (since we may take ix 


in place of x). It is easily seen that M++ = M. 


Given a function g : E —> (—oo, +00], we define its conjugate y* on E* by 
go" (f) = sup{Re(f, x) — p(x}. 
xeE 
With obvious notation we have 


=RU) Vf E E*. 


Proposition 11.25. Assume that gp : E — (—oo, +00] is convex, l.s.c., and g # 
+oo. Then y*™* = ọ. 


Proof. There are two methods. Either one can apply Theorem 1.11 to © = ọ viewed 
on Ep, in conjunction with Proposition 11.22. Or one can repeat the proof of The- 
orem 1.11; when Hahn—Banach is used, one can separate the convex sets A and B 
using a real hyperplane as above. 


The definition of the indicator function [x is unchanged. If M is a linear subspace 
of E and g = Iy, then 
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o*(f) = sup Re( f, x) = Iys. 
xeM 


Indeed if f € M+ we have (f, x) = 0 Vx € M and thus y*(f) = 0. Otherwise, if 
f ¢ M+ there exists some x9 € M such that (f, x9) 4 0. Replacing xo by ixo if 
needed we may assume that Re( f, x9) 4 0. Replacing xo by —xo if needed we may 
assume that Re( f, xo) > 0 and then sup; „o( f, Axo) = +00. 


Chapter 2. All the statements are unchanged (in Corollaries 2.4 and 2.5 replace R 
by C). Some proofs rely on the R-structure (e.g., formula (21) in the proof Theo- 
rem 2.16). They can easily be adapted to C; alternatively, the C-statement can be 
established by applying the R-version to ER. 


Chapter 3. All the statements are unchanged (in Lemmas 3.2 and 3.3 replace R by 
C). Some proofs require obvious modifications (e.g., the proof of Proposition 3.11). 


Chapter 4. Totally unchanged. 


Chapter 5. A Hilbert space over C is a vector space over C equipped with a scalar 
product (u, v) € C. This is a map from H x H into C satisfying 


(u,v) = (v, u) Vu,v) € A, 
for every v € H, u > (u, v) is linear, 
(u,u)>0 Wu 40. 


In particular, we have 
(Au, wv) =Ap(u,v) VA,uweEC, Vu,ve H. 
The quantity |u| = (u, u)!/? is a norm; we have 
ju + v|? = v|? +2Re(u,v) + |v]? Yu, v €H, 
and the Cauchy—Schwarz inequality becomes 
|u, v)| < ļuļļlv] Yu,v € H. 


A typical example is L*(Q; C) equipped with the scalar product 
(u, v) = f u(x)v(x)du. 
2 


The connection between Hilbert spaces over R and over C goes as follows. Sup- 
pose H is a Hilbert space over C. Then Hg equipped with the scalar product Re (u, v) 
becomes a Hilbert space over R. Therefore all the statements of Chapter 5 apply to 
Hpg. Here are some examples. 


Proposition 11.26. Let K C H be a nonempty closed convex set. Then for every 
f € H there exists a unique element u € K such that 
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|f — ul = min |f — v| = dist(f, K). 
Moreover, u is characterized by the property 
uce K and Re(f—u,v—u)<0 WekK. 
Proposition 11.27. Given any € H* there exists a unique f € H such that 
olu) = (u, f) Vue H. 


Moreover, 
IFI = llellae. 


Proof. Applying Theorem 5.5 to Re g in Hp, we find some f € H such that 
Re g(u) = Re(u, f) Vu eH. 


Applying this to iu yields Im g(u) = Im(u, f) and thus ọ (u) = (u, f) Vu € H. 


Consider now a function a (u, v): H x H — C satisfying 


(13) Vu € H, u |> a(u, v) is linear and Vu € H, v +> a(u, v) is linear, 
(14) a is continuous, i.e., |Ja(u, v)| < Clu||v| Vuu € A, 


(15) a is coercive, i.e., Rea(u, u) > alu]? Vu € H, for some a > 0. 


Proposition 11.28. Assume thata satifies (13), (14), and (15). Let K be a nonempty 
closed convex set in H. Then given any » € H* there exists a unique u € K such that 


(16) Rea(u, v — u) > Re(g, v—u) WweK. 

Moreover, if a(v, w) = a(w, v) Yv, w € H, then u is characterized by the property 
1 . fl 

uce K and —-~a(u,u) — Re(g,u) = min į ~a(v, v) — Re(g, v) >. 
2. veK | 2 
When K = H, (16) becomes a(u, v) = (yg, v) Yv € H. In particular, we deduce 
that any operator T € £(H) satisfying 
(17) Re(Tu, u) >alul> Yu € H, for some a > 0, 


is bijective from H onto itself. There is a variant that looks slightly more general 
(see, however, Remark 1 below). 


Proposition 11.29 (Lax—Milgram). Assume that T € L(A) satisfies 
(18) \(Tu, u)| > alul? Vu € H, for some a > 0. 


Then T is bijective. 
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Proof. See Remark 8 in Chapter 5. 


Remark 1. Clearly (17) implies (18). Conversely, assume that (18) holds. Then there 
exists some £ € C with || = 1 such that 


(19) Re(ETu,u) > aul? Vu €H. 
Indeed, the numerical range 
W(T) = {(Tu, u); u € H, |u| = 1} 


is a convex set (by Proposition 11.33 below). Moreover, by (18) we know that 0 ¢ 
W(T), and in fact dist(0, W(T)) > a. Let p denote the projection of 0 onto W (T) 
(in C ~ R?) After a rotation in the plane (i.e., a multiplication by £ € C, |é| = 1) 
bringing p to the point (0, |p|) on the x-axis, we conclude that (19) holds. 


Chapter 6. Sections 6.1 and 6.2 are totally unchanged. The main difference occurs 
in Section 6.3. 
Let E be a Banach space over C and let T € L(E). The resolvent set is defined by 


p(T) = {A € C; (T — XI) is bijective from E onto E}. 


The spectrum is the complement of p(T), i.e., o (T) = C \ o(T). A number A € C 
is an eigenvalue if the corresponding eigenspace N(T — AI) Æ {0} and the set of 
all eigenvalues is denoted by EV (T). Clearly EV(T) C o(T). It may happen that 
EV(T) = Ø (e.g., the right shift Tu = (0, u1, u2,...)). However, o (T) is never 
empty. 


Proposition 11.30. The spectrum o (T) is a nonempty compact set and 
o(T) C {å € C; JA] < ITI. 


Proof. The main novelty is that o (T) is nonempty. The proof relies on the theory of 
analytic functions on C (more precisely Liouville’s theorem) and we will not present 
it here. The interested reader may consult A. Taylor—D. Lay [1], W. Rudin [2], or 
A. Knaap [2]. 


The estimate |A| < ||T || VA € ø (T) is usually not sharp. For example, in C? the 
operator T (u1, u2) = (u2, 0) satisfies o (T) = {0} and ||T || = 1. The optimal bound 
is given in terms of the spectral radius. We already know (see Exercise 6.23) that for 
every operator T € L(E), 


r(T) = lim ||7"||'/" exists 
n->oCo 
and clearly r(T) < ||T' ||; r(T) is called the spectral radius. 
Proposition 11.31. For every T € L(E) we have 


r(T) = max{|A|; à € o(T)}. 
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For the proof we refer again to A. Taylor—D. Lay [1], W. Rudin [2], or A. Knaap [2]. 
The argument relies heavily on the fact that E is a Banach space over C through the 
theory of power series on C. When E is a Banach space over R we can say only 
that max{|A|; à € o(T)} < r(T), and the inequality can be strict even if o (T) is 
nonempty (see Exercise 6.23). 


Another interesting difference between real and complex spaces concerns the so- 
called spectral mapping theorem. Consider first the real case: let Q(t) = hi a, t* 
be a polynomial with coefficients ag € R and let T € L(E), where E is a Banach 
space over R. We know (see Exercise 6.22) that 


(20) Q(EV(T)) CEV(Q(T)) and Q(o(T)) Co(Q(T)), 


and these inclusions might be strict (except, e.g., in the case of a Hilbert space when 
T* = T). In the complex case these inclusions become equalities: Suppose Q(t) is 
a polynomial with coefficients ag € C and let T € £(E), where E is a Banach space 
over C. 


Proposition 11.32. We have 


(21) Q(EV(T)) = EV(Q(T)) 
and 
(22) Q(o(T)) =o0(Q(7)). 


Proof. We already know that (20) holds (the argument is the same as in Exer- 
cise 6.22). Assume by contradiction that the inclusions are strict. Then there exists 
u € EV(Q(T)) such that u ¢ Q(EV(T)). Write 


OW) -u =al —n)t—h)-+ (t= tp), 


witha Æ Oand7; ¢ EV (T) Vi. In addition, we have some x Æ 0 such that Q(T)x = 
ux. Since (T — tı I) is injective, we deduce that (T — t21) - -- (T — tpI)x = 0, and 
repeating the same argument yields x = 0. Impossible. 

Similarly, suppose u € o (Q(T)) is such that u ¢ Q(o(T)). Write Q(t) — u as 
above with t; ¢ o(T) Vi. Then Q(T) — uI can be written as a product of bijective 
operators. Therefore Q(T) — uI is bijective, i.e., u € o(Q(T)). Impossible. 


In Hilbert spaces, a useful tool in the study of the spectrum is the numerical range. 
Let H be a Hilbert space over C; the numerical range of an operator T € £(H) is 
defined by 

W(T) = {(Tu, u); u € A and |u| = 1}. 


Proposition 11.33. We have 
o(T) C W(T), 


and more precisely, if à ¢ W(T), then à € p(T) with 
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(23) I(T -ADI < 1/dista, W(T)). 


In addition, W(T) is convex. 


Proof. Assume that A ¢ W (T) and set æ = dist(A, W(T)). We have 
\((Tu,u) -—A| >a Vu € A with |u| = 1. 


Thus 
(Tu —Au,u)| > alu? Yu € H. 


Applying Lax—Milgram (Proposition 11.29), we conclude that (T — AJ) is bijective 
and that |Tu — Au| > alu| Yu € H, i.e., | (T — ADT} < 1a. 

The convexity of W (T) is a counterintuitive fact due to Toeplitz and Hausdorff. 
For the proof we refer to P. R. Halmos [2]. 


In general, the numerical range W (T) can be much larger than the spectrum. 
For example, with H = C? and T (u1, u2) = (u2, 0) we have EV (T) = o (T) = 
{0}, while W(T) = {A € C; |A| < 1/2}. However, if T is self-adjoint, or more 
generally normal (see below), then W (T) = conv o (T), the convex hull of o (T) 
(see P. R. Halmos [2] and Remark 2 below). 


When H is a Hilbert space over C and T € £(H), a word of caution about the 
concept of adjoint T* is necessary. Following a general procedure, the adjoint of an 
operator T € L(A) is defined via the relation 


(T* f, u)g* H =(f, Tuan VA Ee H*, Wed, 


and then T* € L(H*) (we emphasize that T*(Af) = AT* f VA € Cand Vf € H*). 
Moreover, (AT)* = AT* VA € C (because f : H — C is linear). 

On the other hand, we may also identify H* with H (via the isomorphism in 
Proposition 11.27), and view T* as an operator from H into itself defined through 
the relation 

(Tu, v) = (u, T*v) Vu,v € A, 


and we have T* € L(H) (we emphasize that T* (Av) = AT*v VA € C and Wv € H). 
However, we now have 


(24) AT) =AT* WaAeEC 


(as can be easily checked). This convention is commonly used, so that T* and T live 
in the same world: one can compare T* and T, compose T* and T, etc. 
We say that an operator T € L(H) is self-adjoint (or Hermitian) if T* = T, i.e., 


(Tu,v)=(u,Tv) Vu,v € H. 


If T is self-adjoint, then (Tu, u) = (u, Tu) = (Tu, u) Vu € H, so that (Tu, u) € R 
Vu € H. In particular, the numerical range W (T) is a subset of R and thus o (T) C R. 
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The spectral decomposition of compact, self-adjoint operators is exactly the same as 
in Chapter 6. 


Proposition 11.34. Let H be a separable Hilbert space over Cand let T be a compact 
self-adjoint operator. Then there exists a Hilbert basis composed of eigenvectors of 
T (and the corresponding eigenvalues are real). 


We say that an operator T € L(A) is normal if it satisfies T*oT = T o T*. Various 
properties of normal operators are discussed in Problem 43 when the underlying space 
H is a Hilbert space over R; they still remain valid when H is a Hilbert space over 
C. But we have now much more: 


Proposition 11.35. Let H be a Hilbert space over C and let T be anormal operator. 
Then 


(25) max{|A|; à € o(T)} = |T]. 
Proof. Since T is normal, we have 
ITP] = ||T ||? for every integer p > 1. 


This is proved in Problem 43 when H is a Hilbert space over R, and the same 
argument remains valid when H is a Hilbert space over C (alternatively apply the 
real result to T on Hg). Therefore r(T) = limpo || T” ||!” = || 7 ||. Combining this 
with Proposition 11.31 yields (25). 


Proposition 11.36. Let H bea separable Hilbert space over Cand let T be a compact 
normal operator, then there exists a Hilbert basis composed of eigenvectors of T (but 
the corresponding eigenvalues need not be real). 


Proof. If T is normal, so is (T — AJ) for any à € C. Therefore (as in Problem 43) 
we have N(T — AI) = N((T — 41)*) = N(T* — Al). It follows that N(T — Al) 
and N(T — pl) are orthogonal when A Æ u. We may then proceed exactly as in 
the proof of Theorem 6.11. We obtain a compact normal operator Tọ on F+ with 
o (To) = {0}. Instead of invoking Corollary 6.10 to conclude that Tọ = 0, we apply 
instead Proposition 11.35 and derive that Ty = 0. It is here that we make use of the 
fact that H is a space over C (the same conclusion fails in real spaces). 


Remark 2. Itis easy to deduce from Proposition 11.36 that W (T) = conv o (T ) when 
T is acompact normal operator. Indeed, choose a basis (e;) as in Proposition 11.36. 
Givenu € H with |u| = 1 write u = )° uie; and X- juil? = 1. Then Tu = X Aiuie: 
and (Tu,u) = > Aj lui |. It is still true that W (T) = conv o(T) for any normal 
operator T (not necessarily compact); see P. R. Halmos [2]. 


Let H be a Hilbert space over C. We say that an operator T € £(H) is an isometry 
if |Tu| = |u| Vu € H, and T is a unitary operator if T is an isometry that is also 
surjective. Various properties of isometries and unitary operators are discussed in 
Problem 44 when the underlying space H is a Hilbert space over R; most of them 
remain valid when H is a Hilbert space over C, except a statement about the spectrum, 
which needs to be modified as follows: 
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Proposition 11.37. Let T be an isometry. Then 
EV(T)cS'={reC; JA] = 1}. 


If T is a unitary operator, then 
o(T) CS, 


and if T is not a unitary operator, then 
o(T)={A€EG, JA] <1}. 
The proof is an easy adaptation of the one given in the solution of Problem 44, 
question 6. 


An operator T € L(H) is said to be skew-adjoint (or antisymmetric) if T* = —T. 
Clearly, T is skew-adjoint if and only if iT is self-adjoint (this follows from (24)). 
Thus, for any skew-adjoint operator we have EV (T) Co(T) C W(T) c iR. 


Chapter 7. Very little needs to be changed. In the definition of a monotone operator 
replace the assumption (Av, v) > 0 Yv € D(A) by Re(Av, v) > 0 Yv € D(A). 
Many computations in Sections 7.2, 7.3, and 7.4 rely on the following identity: if 
p € C1((0, +00); H), then |ọ|? € C! (10, +00); R) and Aig)? = 2Re(4, g), 


since 5 P 7 F 
KA A Ar ap. 
ale = 709) (Fo) +(o. £) 


do do do 
ey feeds — o)=2Re( —,¢). 
(4 »)+(4 o) (2 Í 
Chapters 8 and 9. Interesting properties of the spectrum of second-order elliptic 
operators that are not self-adjoint may be found in S. Agmon [1] (Section 16). 


Solutions of Some Exercises 


In this section the formulas are numbered (S1), (S2), etc, in order to avoid any 
confusion with formulas from the previous sections. 


1.1 


. The equality (f, x) = ||x||? implies that |||] < || f|]. Corollary 1.3 implies that 


F(x) is nonempty. It is clear from the second form of F (x) that F (x) is closed 
and convex. 


. Ina strictly convex normed space any nonempty convex set that is contained in 


a sphere is reduced to a single point. 


. Note that 


1 a Lae 

(fy) SWS Moll S SFI + silyl. 
Conversely, assume that f satisfies 
Ded ecg 

(S1) gly = sla = (f y= x) Vy € E. 


First choose y = Ax with à € Rin (S1); by varying A one sees that ( f, x) = ||x||?. 
Next choose y in (S1) such that ||y|| = 6 > 0; it follows that 


1 
Ga Pe ix I. 


Therefore we obtain 
Sl fll = (f, y) < ya Li I? 
= su =% ü 
E y 7 7 
i= Z 


The conclusion follows by choosing ô = ||x |]. 


4. If f € F(x) one has 
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1 1 
silyl? - zixl? = (f y- x) 


and if g € F (y) one has 


1 1 
zll? = silyl? = (8, x — y). 


Adding these inequalities leads to (f — g, x — y) > 0. On the other hand, note 


that 
(f—g,x—y) = llxll? + Iyl? — (f, y) — (g, x) 


> Jx? + Iyl? — lll yl- 


. By question 4 we already know that ||x|| = |||]. On the other hand, we have 


(F(x) — FO), x — y) = [lx]? — (FG), y) + Elly? — (FO), x), 


and both terms in brackets are > 0. It follows that ||x||? = || yl]? = (F(x), y) = 
(F(y), x), which implies that F(x) € F(y) andthus F(x) = F (y) by question 2. 


1.2 


1(a). 


Il flex = max | fil. 
l<i<n 


l(b). f € F(x) iff for every 1 < i < n one has 


(sign x;) [lx lh if x; Æ 0, 
anything in the interval [—||x||1, +|lxl]1] if x; = 0. 


fi= 


2(a). 


flex = oll 
i=l 


2(b). Given x € E consider the set 


T= {1 <i <n; |x] = lxo}. 
Then f € F(x) iff one has 


Gg fi=0 WET, 
(ii) fixi > OVI € I and };;cz fil = IIx loo. 


n 1/2 
inte = (Zit) 
i=l 


and f € F(x) iff one has f; = x; Vi = 1,2, ..., n. More generally, 
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n f 1/p' 
Ifl = (sus) 
i=l 


where 1/p + 1/p’ = 1, and f € F(x) iff one has f; = [xj |P-2.x; [|x 
Vi=1,2,...,n. 


1.3 


1. 
2. 


| flle« = 1 (mote that f(t*) = 1/1 +a) Va > 0). 
If there exists such a u we would have i (1 — u)dt = 0 and thus u = 1; absurd. 


1.5 


1. 


Let P denote the family of all linearly independent subsets of E. It is easy to see 
that P (ordered by the usual inclusion) is inductive. Zorn’s lemma implies that P 
has a maximal element, denoted by (e;)j¢7, which is clearly an algebraic basis. 
Since e; Æ 0 Wi € I, one may assume, by normalization, that ||e;|| = 1 Vi € I. 


. Since E is infinite-dimensional one may assume that N C Z. There exists a 


(unique) linear functional on E such that f(e;) = i ifi € N and f(e;) = 0 if 
ie NN. 


. Assume that J is countable, i.e., Z = N. Consider the vector space F, spanned by 


(ei)i<i<n. Fn is closed (see Section 11.1) and, moreover, U i F, = E.Itfollows 
from the Baire category theorem that there exists some no such that Int(Fno) 4 Ø. 
Thus E = F,,; absurd. 


1.7 


. Letx, ye C, so that x = lim x, and y = lim y, with xn, yn E C. Thus tx + 


(1 — t)y = lim[tx, + (1 — t)y,] and therefore tx + (1 — t)y € C Yt e [0, 1]. 
Assume x, y € Int C, so that there exists some r > 0 such that B(x,r) C C and 
B(y,r) C C. It follows that 

tB(x,r) +d —t)B(y,r) C C Yt € [0, 1]. 


But tB(x,r)+ (1 — t)B(y, r) = B(tx + (1 — t)y, r) (why?). 


. Letr > 0 be such that B(y, r) C C. One has 


tx+(1—t)B(y,r) CC Yte[0,1], 


and therefore B (tx + (1—t)y, (1—t)r) C C. It follows that tx +(1—t)y € Int C 
Vt € [0, 1). 


. Fix any yo € Int C. Given x € C one has x = limy+o[(1 — 1)x + 1yo]. But 


(q — Dx + Lyo € Int C and therefore x € Int C. This proves that C C Int C and 
hence C C Int C. 


1.8 


. We already know that 
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pax) =Ap(x)WA>0, VxeE and p(xt+y) < p(x) + p(y) Vx, ye LE. 


It remains to check that 


(i) p(—x) = p(x) Vx € E, which follows from the symmetry of C. 
(ii) p(x) = 0 => x = 0, which follows from the fact that C is bounded. More 
precisely, let L > 0 be such that ||x|| < L Vx € C. It is easy to see that 


1 
P(x) = glll Yx € £. 


2. C is not bounded. Consider for example the sequence un (t) = ./n/(1 + nt) and 
1/2 
check that un € C, while |lun|| = y7. Here p(w) = ( I lu(t) Pat) is a norm 
that is not equivalent to ||u||. 


n 
P = {d= (1, A2,..., An) € R”; A; > 0 Vi and Sova], 
i=l 


so that P is a compact subset of R” and C, is the image of P under the continuous 
map A > or, Aix. 

2. Apply Hahn—Banach, second geometric form, to Cn and {0}. Normalize the linear 
functional associated to the hyperplane that separates C,, and {0}. 

4. Apply the above construction to C = A — B. 


1.10 


(A) => (B) is obvious. 

(B) = (A). Let G be the vector space spanned by the x;’s (i € I). Given x € G 
write x = )°,. Bix; and set g(x) = )°;<,ja;. Assumption (B) implies that 
this definition makes sense and that |g(x)| < M||x|| Vx € G. Next, extend g to 
all of E using Corollary 1.2. 


1.11 


(A) => (B) is again obvious. 
(B) = (A). Assume first that the f;’s are linearly independent (1 < i < n). Set 
a = (1, @2,...,@,) E€ R”. Consider the map g : E —> R” defined by 


P(x) = (fiX), (fn X))- 


Let C = {x € E; ||x|| < M + £}. One has to show that a € (C). Suppose, 
by contradiction, that a ¢ (C) and separate g(C) and {a} (see Exercise 1.9). 
Hence, there exists some 6 = (£1, 62,..., Bn) € R”, B # 0, such that 


B- <B-a WxeEC, ie. (D> Bifi-x) So Bia vx EC. 
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It follows that (M+ ¢)|| >> £i fill < >> Bia;. Using asumption (B) one finds that 
> Bi fi = 0. Since the f;’s are linearly independent one concludes that 6 = 0; 
absurd. 


In the general case, apply the above result to a maximal linearly independent 
subset of (fj) 1<i<n- 


1. 


15 


1. 


It is clear that C C C** and that C** is closed. Conversely, assume that x9 € C** 
and xq ¢ C. One may strictly separate {xo} and C, so that there exist some fo € E* 
and some go € R such that 


(fo, x) < ao < (fo, xo) Vx € C. 
Since 0 € C it follows that ag > 0; letting f = (1/ag) fo, one has 
(f,x) < 1< (f, xo) Vx EC. 


Thus f € C* and we are led to a contradiction, since x9 € C**. 


2. If C is a linear subspace then 
C* ={f € E*; (f, x) =0Yx € C} =CŁ. 
1.18 

„n J]J- if f =a, 

(a) (f) = ee if f £a. 
flogf—f iff >0, 

(b) g*(f) = 10 if f =0, 
+00 if f <0. 

(c) =f. 

(d) (f) =0. 

«| #00 if f > 0, 
$ ae if f <0. 
(f) e(A=A+ fy”. 

1 ¢2 i 

xn J2 GELS, 
(g) of) = ee IFIS L 

: Le ein eee, > ol 
(h) g(f7)=TIfl? with-+—7=1. 

P p P 
‘ _ 40 if0<f<1, 
” P= A otherwise. 
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l pp ; 
; zf? | ab fe 0, 
* — Jp 
v e [> if f <0. 
wm [too if f > 0, 
(k) 7 oia oa 


i Dess 
D Pee S 


1.20 | The conjugate functions are defined on £P with z + Z = l by 


1 . 1 
L Al? if L El? < +00, 
oo otherwise. 


1 
“fy ala 
(a) n=l 


w p a Daf if OE a ION? < +00, 
` +00 otherwise, 
; (k-1) 
with ak = E-D 
¥ 0 if || flle < 1, 
Cc = 
©) ey) Pa otherwise. 


1.21 


2. y* = I4, where A = {[ fi, f2]; fi < 0, fo < 0, and 4fi fo > 1}. 
3. One has 


inf {ø (x) + ¥(x)} = 0 
xEE 
and 
o*= Ipi, where D* ={[fi, fol; fo = 0}. 
It follows that 
(f) +Y) = +o Vf EE", 
and thus 
sup {—9*(— f) — w*(f)} = —oo. 
feck 


4. The assumptions of Theorem 1.12 are not satisfied: there is no element x9 € E 
such that ø (xo) < +00, Y (xo) < +00, and g is continuous at x9. 


1.22 


1. Write that 
lx — al] < lx — yl + lly — all. 


Taking infgc, leads to g(x) < ||x — y|| + (y). Then exchange x and y. 
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2. Let x,y € E andt € [0, 1] be fixed. Given ¢ > 0 there exist some a € A and 
some b € A such that 


Ix —all<g(@)+e and |ly—b <e() +e. 
Therefore 
ltx + (1 —t)y — [ta + (1 — Hb] < to) + A -= tet) + e. 
But ta + (1 — t)b € A, so that 


gltx+ (1 —t)y) < tø(x)+ (1 -—t)ø(y)+e Ye>0. 


3. Since A is closed, one has A = {x € E; g(x) < 0}, and therefore A is convex if 


g is convex. 
4. One has 
g*(f) = sup{(f, x) — inf |x — all} 
xcE acA 
= sup sup{(f, x) — ||x — all} 
xEE acA 
= sup sup{(f, x) — |x — all} 
acAxeE 
= (Ta)*(f) JE IB px (f). 
1.23 


1. Let f € D(g*) N D(w*). For every x, y € E one has 
(fx -= y) -pa -= y) =e Qh): 
(f.y)- vO) < Y“). 


Adding these inequalities leads to 
YHE) = (Fx) = P- Wf). 
In particular, (pV) (x) > —00. Also, we have 
OVP) = sup f, x)= ules -y+ Y0) 


sup sup{(f, x) — p& — y) — YO) 
xEE yeE 


sup sup{(f, x) — g(x — y) — YO) 
yeExecE 


HVP). 
2. One has to check that Y f, g € E* and Yx € E, 


(f, x) — pŒ) — Yx) < p*(f— 8) + y8). 
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This becomes obvious by writing 


(f.x) = (f — 8.x) + (8, x). 
3. Given f € E*, one has to prove that 
(S1) sup{ (f, x) — p(x) — W(x)} = inf *(f — 8) + y8 
xeE gck* 
Note that 


sup{(f, x) — g(x) — W@)} = — inf (p(x) + ya) 


xEE 


with g(x) = g(x) — (f, x). Applying Theorem 1.12 to the functions ø and w 
leads to 

inf {p(x) + W(x)} = sup {—9*(—g) — V*(8)}, 

xeE gcE* 


which corresponds precisely to (S1). 


4. Clearly one has 


(VY Œ) = sup {(f,x) — inf [o*(f — 8) + W*(8)} 
feE* gcE 
= sup sup {(f,x) — 9"(f — 8) — w*(g)} 
fEE* geE* 


= sup sup {(f,x)—9"(f — 8)— w*(g)} 


geE* feE* 
=p" (x) +(x). 


1.24 


1. One knows (Proposition 1.10) that there exist some f € E* and a constant C 
such that g(y) > (f,y) —-C Vy e E. Choosing n > || fl, one has g(x) > 
—n||x|| — C > —oo. 

2. The function o, is the inf-convolution of two convex functions; thus ~, is convex 
(see question 7 in Exercise 1.23). In order to prove that |n (x1) — @n(x2)| < 
n||x1 — x2||, use the same argument as in question | of Exercise 1.22. 

3. (Gn)* = InBys + p* (by question 1 of Exercise 1.23). 

5. By question 1 we have g(y) > —|| fl |lyl] — C Vy € E, which leads to 


nlx — yall < IFI yall + C +œ) + 1/n. 


It follows that ||y,|| remains bounded as n — on, and therefore limp oo 
|x — yn|| = 0. On the other hand, we have g(x) > (yn) — 1/n, and since 
gy is l.s.c. we conclude that lim infn—>oo Qn (x) > (x). 

6. Suppose, by contradiction, that there exists a constant C such that g,(x) < C 
along a subsequence still denoted by ¢, (x). Choosing yn as in question 5 we see 
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that y, — x. Moreover, g(yn) < C + 1/n and thus g(x) < lim infr (Yn) < 
C; absurd. 


1.25 


. For each fixed t > 0 the function 


1 2 d 
— t = 
ye z [Ibe +Ê — = 


is convex. Thus the function y œ> [x, y] is convex as a limit of convex functions. 
On the other hand, G(x, y) = sup; of- z [lix + tyll? — ||x||7]} is Ls.c. as a 
supremum of continuous functions. 


. One already knows (see question 3 of Exercise 1.1) that 


L lx + ry? — sibel? = (fy) 
=||x — -lix ; 
7 y 5 Z X 
and therefore 

[x,y] > (f, y) Yx,y € E, Yf € F(x). 
On the other hand, one has 


*( ja 2 g 2 
gf = 5 IF —(f, x) zll 


and 
0 if (f, y) +a <0, 


á fs if (f, y) +a > 0. 


It is easy to check that infzegz{ (z) + w(z)} = 0. It follows from Theorem 1.12 
that there exists some fo € E* such that y*( fo) + W*(— fo) = 0, i.e., (fo, y) =a 


and Mfo? — (fox) + 5 Ill = 0. Consequently, we have || foll = ||x|| and 
(fo. x) = IIx, ien foe FO). 
. (a) 1< p < o0, [x,y] = HE, 
xip 
©) p= 1, [x,y] = xli [goign yy + Ero il]; 
(c) p = œ, [x, y] = maxier {xiyi}, where I = {1 <i < n; |x| = |lxlloo}- 


1.27 | Let T : E > F be a continuous linear extension of T. It is easy to check that 


E= N(T) + G and N(T) N G = {0}, so that N(T) is acomplement of G; absurd. 


2.1 | Without loss of generality we may assume that x9 = 0. 


1. 


Let X = {x € E;||x|| < o} with o > 0 small enough that X C D(ọ). The sets 
F, are closed and J°°., Fa = X. By the Baire category theorem there is some 
no such that Int(F,,) A Ø. Let xı € E and p1 > 0 be such that B(x), p1) C Fro. 
Given any x € E with ||x|| < 1/2 write x = 5 (x4 +2x)+ 5(—x1) to conclude 
that p(x) < $no + 39(—x1). 
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2. There exist some € € E and some constant t € [0, 1] such that ||&|| = R and 
x2 = tx; + (1 — 1). It follows that 


p(x2) < toi) + (1 — t)M 


and consequently (x2) — (x1) < (1 — H)[M — ø(xı)]. But x2 — xı = 
(1 — t)(€ — xı) and thus || x2 — xı l| > (1 — t)(R — r). Hence we have 


eine bens EE 
= 7 


On the other hand, if x2 = 0 one obtains t||x || = (1 — t)R and therefore 


1 
Gj lai ot 
In| +R~ 2 


It follows that (0) — g(x1) < 51M — 9(x1)], so that M — o (x1) < 2[M—¢(0)]. 


2.2 | We have p(0) < p(xn) + p(—xn) — 0, so that p(0) < 0. On the other hand 
PO) < 2p(0) by (i). Thus p(0) = 0. 

Next we prove that p(a,x,) —> 0. Argue by contradiction and assume that 
|P(QnXn)| > 2e along a subsequence, for some € > 0. Passing to a further sub- 
sequence we may assume that œn — «œ for some a € R. For simplicity we still 
denote (x,) and (a,,) the corresponding sequences. 

The sets F, are closed and (),,.., Fn = R. Applying the Baire category theorem, 
we find some no such that Int Fm £ Ø. Hence, there exist some Ag € R and some 
ô > 0 such that |p((Ao + t)xg)| < £ Yk > no, Vt with |t| < 6. On the other hand, 
note that 


P(aKxK) < p(o + æg — of) x) + p((œ — ào)xk), 
—p(ækxk) < —p((Ao + a — æ)xk) + p((ào — œ)xg). 


Hence we obtain |p(œgxg)| < 2e for k large enough. A contradiction. 
Finally, write 


P(OnXn) — pX) < Pln Xn — X)) + p(&nx) — plax) > 0 


and 
P(OnX) < P(An(X — Xn)) + P(AnXn), 


so that 


P(QnXn) — P(ax) = —p(An (Xn — X)) + P(Qnx) — pax) > 0. 


2.4) By (i) there exists a linear operator T : E — F* such that a(x, y) = 
(Tx, y) r*,F Vx, y. The aim is to show that T is a bounded operator, i.e., T (Bg) 
is bounded in F*. In view of Corollary 2.5 it suffices to fix y € F and to check that 
(T (Bez), y) is bounded. This follows from (ii). 
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2.6 


1. One has (Ax, —A(x0 +X), Xn —X0—X) > Oand thus (Ax, x) < &|| Axn|| +C(x) 
with £n = ||x, — xo|| and C(x) = || A (xo + x) ||. + ||x||) (assuming £n < 1 Yn). 
It follows from Exercise 2.5 that (Ax,) is bounded; absurd. 

2. Assume that there is a sequence (xn) in D(A) such that x, — xg and || Ax, || — œœ. 
Choose r > 0 such that B(xo, r) C conv D(A). For every x € E with ||x|| < r 
write 


m m 
xotx=) tiy with >OVi, Yo =1, andy; € D(A) Vi 
i=l 


i=1 
(of course t;, y;, and m depend on x). We have 
(AXn — Ayi, Xn = yi) >0 

and thus t; (Axn, Xn — yi) => ti (Ayi, Xn — yi). It follows that 

m 
(AXn, Xn — x0 — x) > È ti (Ayi, Xn — Yi), 

i=1 

which leads to 


(AxXn,X) < En|| Axn|| + CQ) 


with £n = ||Xn — xoll and C(x) = D2, GllAyi ll + lixo — yi l- 
3. Let xo € Int D(A). Following the same argument as in question 1, one shows that 
there exist two constants R > 0 and C such that 


fll <C x € D(A) with |x — xol < Rand Vf € Ax. 


2.7 | For every x € £P set T,x = Yri dixi, so that T„x converges to a limit for 
every x € £P. It follows from Corollary 2.3 that there exists a constant C such that 


[Tnx| < Cl\lxlle Wx €£?, Yn. 


Choosing x appropriately, one sees that a € £P and lælp < C. 


2.8 | Method (ii). Let us check that the graph of T is closed. Let (x„) be a se- 
quence in E such that x, —> x and Tx, — f. Passing to the limit in the inequality 
(Txn — Ty, Xn — y) = 0 leads to 


(f-—Ty,x-y)>0 VyeeE. 


Choosing y = x + fz with t € R and z € E, one sees that f = Tx. 


2.10 


1. If T(M) is closed then M + N(T) = T~!(T(M)) is also closed. Conversely, 
assume that M+ N(T) is closed. Since T is surjective, one has T((M+N(T))°) = 
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(T(M))°. The open mapping theorem implies that T((M + N(T))°) is open and 
thus T(M) is closed. 

2. If M is any closed subspace and N is any finite-dimensional space then M + N 
is closed (see Section 11.1). 


2.11 | By the open mapping theorem there is a constant c > 0 such that T (Bg) D 
cBr. Let (en) denote the canonical basis of ll, ie. 


én = (0,0,...,0, 1,0,...). 
(n) 


There exists some un E E such that ||un|| < 1/c and T(u,) = en. Given y = 
(V1, Y2, +003 Yn...) € £|, set Sy = yes Clearly the series converges and S 
has all the required properties. 


2.12 | Without loss of generality we may assume that T is surjective (otherwise, 
replace E by R(T)). Assume by contradiction that there is a sequence (xn) in E such 
that 


lxnlle =1 and ||Txnllr + |xn| < 1/n. 


By the open mapping theorem there is a constant c > 0 such that T (Bg) D cBr. 
Since ||7'x,|l|-7 < 1/n, there exists some y, € E such that 


Tx, =Tyn and |lynlle < 1/ne. 


Write xn = Yn + Zn With zn € N(T), |lyn|le — 0 and ||zn||z — 1. On the other 
hand, |xn| < 1/n; hence |zn| < (1/n)+|yn| < (1/n) + M||ynl| £, and consequently 
|zn| — 0. This is impossible, since the norms || ||g and | | are equivalent on the 
finite-dimensional space N (T). 


2.13 | First, let T € O so that T7! € L(F, E) (by Corollary 2.7). Then T +U € O 
for every U € L(E, F) with ||U || small enough. Indeed, the equation Tx + Ux = f 
may be written as x = T~!(f — Ux); it has a unique solution (for every f € F) 
provided ||T7}|| U || < 1 (by Banach’s fixed-point theorem; see Theorem 5.7). 


Next, let T € Q. In view of Theorem 2.13, R(T) is closed and has a complement 
in F. Let P : F —> R(T) be a continuous projection. The operator PT is bijective 
from E onto R(T) and hence the above analysis applies. Let U € L(E, F) be such 
that ||U|| < ô; the operator (PT + PU): E — R(T) is bijective if ô is small 
enough and thus (PT + PU) ' is well-defined as an element of L(R(T), E). Set 
S = (PT + PU)! P. Clearly S € L(F, E) and S(T + U) = Ig. 


2.14 


1. Consider the quotient space E=E /N (T) and the canonical surjection x : E > E, 
so that || x|| 7 = dist(x, N (T)) Vx € E.T induces an injective operator T on 
E. More precisely, write T = T on withT € L(E, F), so that R(T) = R(T). 


On the other hand, Corollary 2.7 shows that R (T) is closed iff there is a constant 
C such that 
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lIvlg<CITyll Vy € £E, 


or equivalently N 
læxlg < CllTrx]| Vx eE. 


The last inequality reads 


dist(x, N(T)) < Cl|Tx|| Vx € E. 


2.15 |The operator T : FE, x E2 — F is linear, bounded, and surjective. Moreover, 
N(T) = N(Ti) x N(1h) (since R(T) O R(T2) = {0}). Applying Exercise 2.10 with 
M = E; x {0}, one sees that T (M) = R(7}) is closed provided M + N (T) is closed. 
But M+ N(T) = E x N(7T>) is indeed closed. 


2.16 | Let x denote the canonical surjection from E onto E/L (see Section 11.2). 
Consider the operator T : G —> E/L defined by Tx = xx for x € G. We have 


dist(x, N(T)) = dist(x, GN L) < C dist(x, L) = C||Tx|| Vx € G. 


It follows (see Exercise 2.14) that R(T) = x (G) is closed. Therefore 2~![2(G)] = 
G + L is closed. 


2.19 | Recall that N(A*) = R(A)+. 
1. Letu € N(A) and v € D(A); we have 


(A(u + tv), u + tv) >—Cl|Au+tv)||? Yt €R, 


which implies that (Av, u) = 0. Thus N(A) C R(A)+. 

2. D(A) equipped with the graph norm is a Banach space. R(A) equipped with the 
norm of E* is a Banach space. The operator A : D(A) — R(A) satisfies the 
assumptions of the open mapping theorem. Hence there is a constant C such that 


Yf € R(A), w € D(A) with Av = f and lull ca) < CII fI 


In particular, ||v|| < C|| f ||. Given u € D(A), the above result applied to f = Au 
shows that there is some v € D(A) such that Au = Av and ||v|| < C||Au||. Since 
u — v € N(A) C R(A)+, we have 


(Au, u) = (Av, u) = (Av, v) > —I|Aul [lvl] = -C| Aull. 


2.21 


1. Distinguish two cases: 


Case (i): f (a) = 1. Then N(A) = Ra and R(A) = Nf). 
Case (ii): f(a) Æ 1. Then N(A) = {0} and R(A) = E. 

2. A is not closed. Otherwise the closed graph theorem would imply that A is 
bounded and consequently that f is continuous. 

3. D(A*) = {u € E*; (u,a) =O} and A*u =u Vu € D(A*). 
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4. N(A*) = {0} and R(A*) = {u € E*; (u,a) = 0}. 

5. R(A)+ = {0} and R(A*)+ = Ra (note that N ( f) is dense in E; see Exercise 1.6). 
It follows that N(A*) = R(A)+ and N(A) C R(A*)+. 
Observe that in Case (ii), N(A) Æ R(A*)+. 

6. If A is not closed it may happen that N(A) 4 R(A*)+. 


2:22 


1. Clearly D(A) is dense in E. In order to check that A is closed let (u/) be a 
sequence in D(A) such that u? —> u in E and Au’ > f in E. It follows that 
uj —> Un Yn and nuj — fn Vn. 
J> œ J> œ 
Thus nun = fn Yn, so thatu € D(A) and Au = f. 
2; 
D(A*) = {v = (vn) € £™; (nun) € 4°}, 


A*v = (nv) and D(A*) = co. 


2.24 


1. We have D(B*) = {v € G*; T*v € D(A*)} and B* = A*T*. 
2. If D(A) Æ E and T = 0, then B is not closed. Indeed, let (un) be a sequence in 
D(A) such that u, —> u with u ¢ D(A). Then Bu, —> 0 but u ¢ D(B). 


2.25 


2. By Corollary 2.7, Tle L(F, E). Since TTİT = Ig and TTT! = Ip, it follows 
that T*(T~!)* = Ip» and (T7!)*T* = Ips. 


2.26 | We have 


g*(T* f) = supi (T* f,x)-9@)} = sup (f y) -VO = — inf (WO) +o0)}, 
xEE yeR(T) yeF 


where ¢(y) = —(f, y) + Ircr)(y). Applying Theorem 1.12, we obtain 


g*(T* f) = min{g"(g) + w*(—g)}. 
geF* 


But 
e*(g) = if f +g e€ RT), 
e +œ iff+g¢R(T)-, 
and thus 
ge (T* fy = y*(-g) = min w*(f —/A). 


+geN(T*) heN(T*) 


2.27 | Let G = E x X and consider the operator 


S(x, y) =Tx+y:G > F. 
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Applying the open mapping theorem, we know that S is an open map, and thus 
S(E x (X \ {0})) = R(T) + (X \ {0}) is open in F. Hence its complement, R(T), 
is closed. 


3.1 | Apply Corollary 2.4. 


3.2 | Note that (f, on) = = ei (hs xi) Vf € E*. Since (f, xn) > (f, x), it 
follows that ( f, on) > (f, x). 


3.4 


1. Set G, = conv (U2, {xi}). Since x, — x for the topology o (E, E*) it follows 


that x € Gy Ga Vn. On the other hand, G, being convex, its closure for 
the weak topology o (E, E*) and that for the strong topology are the same (see 
Exercise 3.3). Hence x € Gn Yn (the strong closure of Gn) and there exists a 
sequence (yn) such that yn E Gn Yn and yn — x strongly. 

2. There exists a sequence (ux) in E such that uz, — x andug € conv (U1 {xi }) Vk. 
Hence there exists an increasing sequence of integers (ng) such that 


Nk 
uz € conv (Us) Vk. 


i=1 


The sequence (z,) defined by zn = ux for ng < n < ny, (and zn = x, for 
1 <n < nj) has all the required properties. 


3.7 


1. Letx ¢ A+B. We shall construct a neighborhood W of 0 for o (E, E*) such that 
(x+W)N(A+ B)=¥%. 
For every y € B there exists a convex neighborhood V (y) of 0 such that 
+ V(y))NAty)=9 
(since A + y is closed and x ¢ A+ y). 


Clearly 
1 
Bc (»- yo) 


yeB 
and since B is compact, there is some finite set J such that 
BcU(» -ivon ) with y; € B. 
ie] 


Set 


1 
= 5f Vou. 


icl 
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We claim that (x + W) N (A + B) = Ø. Indeed, suppose by contradiction that 
there exists some w € W such that x + w € (A+ B). Hence there is some i € I 
such that 


1 
Pas Wr era): 


Since V(y;) is convex it follows that there exists some w’ € V(y;) such that 
x+w’ € A+ yi. Consequently (x + V(y;)) O (A + yi) Æ Ø; absurd. 


Remark. If E* is separable and A is bounded one may use sequences in order to 
prove that A + B is closed, since the weak topology is metrizable on bounded 
sets (see Theorem 3.29). This makes the argument somewhat easier. Indeed, let 
Xn = An + bn be a sequence such that x, — x weakly o (E, E*) witha, € A and 
bn € B. Since B is weakly compact (and metrizable), there is a subsequence such 
that ba, — b weakly o (E, E*) with b € B. Thus an, — x — b weakly o (E, E*). 
But A is weakly closed and therefore x — b € A, i.e., x € A + B. 

2. By question 1, (A — B) is weakly closed and therefore it is strongly closed. Hence 
one may strictly separate {0} and (A — B). 


3.8 


1. Since Vz is a neighborhood of 0 for o (E, E*), one may assume (see Proposi- 
tion 3.4) that Vg has the form 


Vk = {x € E; (f, x)| < ex Yf € Fk}, 


where eg > 0 and Fy is a finite subset of E*. Hence the set F = Uči Fy is 
countable. We claim that any g € E* can be written as a finite linear combination 
of elements in F. Indeed, set 


V = {x € E; |(g, x)| < 1}. 


Since V is neighborhood of 0 for o (E, E*), there exists some integer m such that 
{x € E;d(x,0) < 1/m} C V and consequently Vm C V. Suppose x € E is 
such that (f, x) = 0 Yf € Fm. Then tx € Vm Yt € R and thus tx € V Yt € R, 
i.e., (g, x) = 0. Applying Lemma 3.2, we see that g is a linear combination of 
elements in Fm. 

2. Use the same method as in question 3 of Exercise 1.5. 

3. If dim E* < ov, then dim E** < 00; consequently dim E < oo (since there is a 
canonical injection from E into E**). 

4. Apply the following lemma (which is an easy consequence of Lemma 3.2): As- 
sume that x1, x2,..., Xk, y € E satisfy 


[f € E*; (f, xi) = 0 Yi] > Kf, y) = 0). 


Then there exist constants 41, A2,...,A% such that y = S ÀiXi. 


3.9 
1. Apply Theorem 1.12 with 
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p(x) = (fo, x) + IB) and p(x) = Im). 


2. Note that Bg» is compact for o (E*, E), while M+ is closed for o (E*, E) (why?). 


3.11 | It suffices to argue on sequences (why?). Assume x, — x strongly in E and 
Ax, Æ Ax for o(E*, E), i.e., there exists some y € E such that (Ax, y) Æ 
(Ax, y}. We already know (by Exercise 2.6) that (Ax,,) is bounded. Hence, there is 
a subsequence such that (Axn,, y) —> £ Æ (Ax, y). Applying the monotonicity of 
A, we have 


(Axn, — A(x + ty), Xn, — xX —ty) = 0. 


Passing to the limit, we obtain 
—tl+t(A(x + ty), y) = 90, 


which implies that £ = (Ax, y); absurd. 
3.12 


1. Assumption (A) implies that g*(f) > R\| fll + (f,x0) — M Vf € E*. Con- 
versely, assume that (B) holds and set W(f) = @*(f) — (f, xo). We claim that 
there exist constants k > 0 and C such that 


(S1) YN ZkIfI-C Yf e E*. 


After a translation we may always assume that y (0) < œœ (see Proposition 1.10). 
Fix a > y (0). Using assumption (B) we may find some r > 0 such that 


w(g)z=a Vg e E* with |igl =r. 
Given f € E* with || f|| > r write 


Wtf) StY) +A- HYO) witht =r/ll fl. 


Since ||tf || = r, this leads toa — y (0) < MASE — Y (0)), which establishes 
claim (S1). Passing to the conjugate of (S1) we obtain (A). 

2. The function y is convex and 1.s.c. for the weak* topology (why?). Assumption 
(B) says that for every à € R the set {f € E*; w(f) < A} is bounded. Hence, it 
is weak* compact (by Theorem 3.16), and thus inf g+ w is achieved. On the other 
hand, 

infy = — sup {(f, x0) — 9*(f)} = —9"* (x0) = -p (x0). 

E* feEt 
Alternatively, one could also apply Theorem 1.12 to the functions g and Tixo} 
(note that gy is continuous at xg; see Exercise 2.1). 


3.13 


1. For every fixed p we have xp4n € Kp Yn. Passing to the limit (as n — oo) we 
see that x € Kp since Kp is weakly closed (see Theorem 3.7). On the other hand, 
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let V be a convex neighborhood of x for the topology o (E, E*). There exists an 
integer N such that x, € V Wn > N. Thus Ky, C V Vn > N and consequently 
NAi Kr c V. Since this is true for any convex neighborhood V of x, it follows 
that NL] Kn C {x} (why?). 

2. Let V be an open neighborhood of x for the topology o (E, E*). Set K; = 
Kn A (V°). Since K, is compact for o (E, E*) (why?), it follows that K’ is also 
compact for o (E, E*). On the other hand, nA |x }, = Ø, and hence there is some 
integer N such that K4 = Ø, i.e., Ky C V. 

3. We may assume that x = 0. Consider the recession cone 


Cn = (Kn. 


A>0 


Since Cy, C Kn we deduce that N£; Cn = {0}. Let Sg = {x € E; ||x|| = 1}. The 
sequence (Cn N S) is decreasing and NL; (Cn N S) = Ø. Thus, by compactness, 
Cno N S = Ø for some no. Therefore Cno = {0} and consequently Kno is bounded 
(why?). Hence (x,,) is bounded and we are reduced to question 2. 

4. Consider the sequence x, = (0,0,..., 1 ,0,...), when n is odd, and x, = 0 
when n is even. (n) 


3.18 


2. Suppose, by contradiction, that e”* : — ain€! for the topology o(¢!, 2°). Thus 


—>0o 
we have (E, e”*) E (E£, a) YE € 4°. Consider the element € € £% defined by 
—> o0 


& = (0,0,...,—1,0,..., 1,0,...,—1,0,...). 
(n1) (n2) (n3) 


Note that (£, e”*) = (—1)* does not converge as k — oo; a contradiction. 

3. Let E = ©, so that €' C E*. Set fa = e”, considered as a sequence in E*. 
We claim that (fn) has no subsequence that converges for o (E*, E). Suppose, by 
contradiction, that fn, A f in E* for o (E*, E), i.e., (fap, N) > (f, n) Yn € E. 
Choosing 7 = & as in question 2, we see that (fn, E) = (—1)* does not con- 
verge; a contradiction. Here, the set Bg», equipped with the topology o (E*, E) 
is compact (by Theorem 3.16), but it is not metrizable. Applying Theorem 3.28, 
we may also say that E = £% is not separable (for another proof see Remark 8 
in Chapter 4 and Proposition 11.17). 


3.19 


1. Note that if x” — x strongly in £”, then 


CO 


Ve >0 such that X` |x} |P < e? vn. 
i=] 


2. Apply Exercise 3.17. 
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3. The space Bg is metrizable for the topology o (E, E*) (by Theorem 3.29). Thus 
it suffices to check the continuity of A on sequences. 


3.20 


1. Consider the map T : E —> C(K) defined by 
(Tx)(t) = (t, x) with x € E andt € Bee = K. 
Clearly ||Tx]| = sup;ex |(Tx)(t)| = Ilx. 
2. Since K = Br is metrizable and compact for o (E*, E), there is a dense countable 
subset (tn) in K. Consider the map S : E > £° defined by 
Sx = ((t1, x), (fa, X), .-., (ty, X). ). 


Check that ||Sx lle% = Ilx. 


3.21 | Let (a;) be a dense countable subset of E. Choose a first subsequence such 
that ( fn}, a1) converges to a limit as k — oo. Then, pick a subsequence out of (ng) 
such that ( Sri.» az) converges, etc. 
By a standard diagonal process we may extract a sequence (g;) out of the sequence 
(fn) such that (gx, ai) pee £i Vi. Since the set (a;) is dense in E, we easily obtain 
—>0o 


that (gz, a) —> £la Va € E. It follows that g; converges for o (E*, E) to some g (see 
Exercise 3.16). 


3.22 


(a) Bg is metrizable for o (E, E*) (by Theorem 3.29) and 0 belongs to the closure 
of S = {x € E; ||x|| = 1} for o (E, E*) (see Remark 2 in Chapter 3). 

(b) Since dim E = oo there is a closed subspace Eo in E that is separable and 
such that dim Ey = co (why?). Note that Eo is reflexive and apply Case (a) (in 
conjunction with Corollary 3.27). 


3.25 | Suppose, by contradiction, that C(K) is reflexive. Then E = {u € C(K); 
u(a) = 0} is also reflexive and sup,<g, f(u) is achieved. 

On the other hand, we claim that SUP, cB, f (u) = 1. Indeed, VN, Ju € E such 
that O < u < lon K andu(a;) = 1 Vi = 1,2,..., N. (Apply, for example, the 
Tietze—Urysohn theorem; see, e.g., J. Munkres [1].) Hence there exists some u € Bg 
such that f(u) = 1. This leads to u(a,) = 1 Vn and u(a) = 0; absurd. 


3.26 


1. Given y € Br, there is some integer nı such that ||y — ay, || < 1/2. Since the set 
$ (aidi>m is dense in 5Br, there is some n2 > nı such that 


1 


S 
4 


1 
[> T n — 5m 


Construct by induction an increasing sequence ng + oo of integers such that 
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Y = ân + lam + Tam Toit sick Ako nk a ea 
2. Suppose, by contradiction, that S$ € L(F, £!) is such that TS = Ip. Let (yn) be 
any sequence in F such that || y,|| = 1 Yn and yn — 0 weakly o (F, F*). Thus 
Syn — 0 for o(€!, ©) and consequently Sy, — 0 strongly in £! (see Problem 
8). It follows that yn = T Syn — 0; absurd. 
. Use Theorem 2.12. 
4. T* : F* + £” is defined by 


W 


T*v = ((v, a1), (v, a2), ..., (V, an), ...). 


3.27 | Bex is compact and metrizable for o (E*, E). Hence there exists a countable 

subset of B p» that is dense for o (E*, E). 

1. Clearly || fll < fl s < VI fl Vf € E*. 

2. Set |f? = bie 1 LIIF, an) |7. Note that the norm | | is associated to a scalar 
product (why?), and thus it is strictly convex, i.e., the function f > |f|? is 
strictly convex. More precisely, we have Vt € [0, 1], Vf, g € E”, 


(S1) fA- DIHA- DIF- g? = tf +A- Dlg. 


Consequently, the function f + || fI? + |f|? is also strictly convex. 
. Same method as in ae 2: ote that if (ba, x) = 0 Yn, then x = 0 (why?). 
4. Given x € E set [x =o bees 1 mal |(bn, x) |7}'/2, and let [ f] denote the dual norm 
of [ ]on E*. ns that [f] also satisfies the identity (S1). Indeed, we have 


W 


1 2 1 2 
zÉ + (1 — t)g]“ = sup {r+ (1 —t)g,x) — ze] | 
xEE 


ipea ea fu- Si r| 
7 & Eo 8Y ns y 


and thus 


1 2,1 2 
guy tel etl OLE s] 


1 
= sup {Of +(e.) +00 tif —g,y) ix] ue nvr} 
x,y 


We conclude that (S1) holds by a change of variables x = té + (1 — t)ņ and 
y = & — n. Applying question 3 of Exercise 1.23, we see that 


IAI = int, {If -Ali +P} = min (1f — ni} + tP}. 


We claim that the function f +> || f Iž is strictly convex. Indeed, given f, g € E*, 
fix h1, h2 € E* such that 


IAI =F — hill + [h], 
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ligt = lg — Ally + [rol’. 


For every t € (0, 1) we have 


tf +a- Og < f+ aA- Dg- (thi +A- Hh) + thi + A- Dh)? 
< tif +a- DIN, 


unless f — hı = g — hz and hı = h2, i.e., f = g. 


3.28 | Since E is reflexive, sup, cg, (f, x) is achieved by some unique point xo € Be. 
Then x = xo|| f || satisfies f € F(x). 

Alternatively, we may also consider the duality map F* from E* into E**. The 
set F*(f) is nonempty (by Corollary 1.3). Fix any € € F*(f). Since E is reflexive 
there exists some x € E such that Jx = & (J is the canonical injection from E into 
E**). We have 


Il = fll = [xl and (&, f) =f? = (fx). 
Thus f € F(x). 


Uniqueness. Let xı and x2 be such that f € F(x) and f € F(x2). Then ||x1|| = 


\|x2|| = || f ||, and therefore, if x; 4 x2 we have 
xı + x2 
< : 
z (<ii 


On the other hand, (f, x1) = (f, x2) = || f ||? and hence 


xı + x2 


IfI? = (s niz) < Jf? if x Ax. 


3.29 


1. Assume, by contradiction, that there exist Mọ > 0, £ọ > 0, and two sequences 
(Xn), (Yn) such that 


xnll < M, llynll < M, |lan — yall > £0, 
and 


Xn + Yn 


(S1) 5 


2 
re oe ee ee 
> glxi + zlil- = 


Consider subsequences, still denoted by (xn) and (yn), such that ||x,|| — a and 
llynll —> b. We find that a +b > eo and ta? + tb? < (442). Therefore 
a=b#0. 

Set 
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see Xn y= Yn 
” |xnll ” liyn 


For n large enough we have ||x;, — y/,|| = (¢9/a) + o(1) (as usual, we denote by 
o(1) various quantities—positive or negative—that tend to zero as n — 00). By 
uniform convexity there exists ôo > 0 such that 


1 1 
Xn tn < 1 — ôo. 
2 2 


Thus 
Xn + Yn 


<a(l — ôo) + 0(1). 


By (S1) we have 
2 


Xn + Yn >a +01). 


2 
Hence a? < a? (1 — 89)? + o(1); absurd. 


3.32 


1. The infimum is achieved since E is reflexive and we may apply Corollary 3.23. 
The uniqueness comes from the fact that the space E is strictly convex and thus 
the function y +> ||y — x||* is strictly convex. 

2. Let (yn) be a minimizing sequence; set dy = ||x — y,|| and d = infyec ||x — yll, 
so that d, —> d. Let (yn,) be a sequence such that yn, — z weakly. Thus z € C 
and ||x — z|| < d (why?). It follows that 


X — Yn, > x — z Weakly and |x — yn || > d = ||x — zll, 


and therefore (see Proposition 3.32) yn, —> z strongly. The uniqueness of the limit 
implies that the whole sequence (yn) converges strongly to Pcx. The argument 
is standard and we will use it many times. We recall it for the convenience of 
the reader. Assume, by contradiction, that (y,) does not converge to y = Pex. 
Then there exist e > 0 and a subsequence, (y,,;), such that || ym, — yl Ze VYJ. 
From (ym) we extract (by the argument above) a further subsequence, denoted 
by (yn,), such that yn, —> Pcx. Since (yn,) is a subsequence of (Ym). we have 
lyn, — yil = € Vk and thus || Pox — y|| > £. Absurd. 

3 and 4. Assume, by contradiction, that there exist some £ọ > 0 and sequences 
(xn) and (yn) such that 


lall <M, |lynll <M, Wltn—yYn|| > 0, and || Pexn—Pcyn|| = £0 Vn. 
We have 


Xn + Yn Pcxn + PcYn 
2 2 


Pcxn + Peyn 
2 


lXxn — Pexnll < + o(1), 


Xn 


and similarly 
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Xn + Yn Poxn + Pcyn 
2 2 


lyn — PcYall < +o(1). 


It follows that 


Xn+yn Pexn + Peyn? 
2 2 


1 1 
(SD) zlin Pex? +5 lyn Poy? < +o(1). 


On the other hand, if we set an Xn — PcXn and by = yn — Pcyn, then 
lan — ball = £o + oC) and |jan|| < M’, ||bn|| < M’. Using Exercise 3.29, we 
know that there is some dg > 0 such that 


A ll 


a,+b 1 
“| < zla? + llbal? - 
that is, 
Xn + PcXn + Pc eee | 1 
(S2) — - x < 5lln — Pexnll? +5 lyn — Poya ll? — 8o. 


Combining (S1) and (S2) leads to a contradiction. 
. Same argument as in question 1. 
6. We have 


Nn 


(S3) niyn — xl? +n) < nly- xl? +90) Vy € D@). 


Since g is bounded below by an affine continuous function (see Proposition 1.10), 
we see that (y,) remains bounded as n — œœ (check the details). Let (yng) bea 
subsequence such that yn, — z weakly. Note that z € D(g) (why?). From (S3) 
we obtain ||z — x|| < || y — x|| Vy € D(g), and thus Vy € D(g). Hence z = Pex, 
where C = D(q). Using (S3) once more leads to 


lim sup|| yn — x|| < lly — x|| Vy € D@), and in particular for y = z. 
noo 


We conclude that yn, —> z strongly, and finally the uniqueness of the limit shows 
(as above) that the whole sequence (yn) converges strongly to Pex. 


4.3 


2. Note that hn = $ (Ifn — 8nl + fn + 8n). 
3. Note that fagn — fg = (fn — f)8n + f(@n — g) and that f(g, — g) —> Oin 
LP (Q) by dominated convergence. 


4.5 


1. Recall that L'(Q)NL®(Q) C L?(Q) and more precisely IfI < II Pilz SHF. 
Since Q is o-finite, we may write Q = Wh Qn with |a| < co Yn. Given 
f € LP (2), check that fa = X2, Inf € L! (Q) N L® (Q) and that fn = fin 
L? (9). = 
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2. Let (fn) be sequence in LP (Q) O L4(Q) such that fi —> f in L?(Q) and 
llalla < 1. We assume (by passing to a subsequence) that fa —> f a.e. (see 
Theorem 4.9). It follows from Fatou’s lemma that f € L4(Q) and that || fll, < 1. 

3. We already know, by question 2, that f € L4(Q) and thus f € L” (Q) for every r 
between p and q. On the other hand, we may write - = 5 + = withO <a <1, 
and we obtain 


lfa — Fille SU fu — FINS- FI < Nfa- FIECO. 


4.6 


1. We have || fllp < II fllool@|'/” and thus lim supp oll f Ilp 
other hand, fix 0 < k < || f|loo, and let 


< || flloo. On the 


A= {x E ISFE > k). 


Clearly |A| # 0 and || fllp = k|A|!/P. It follows that lim inf psoollfllp = k and 
therefore lim inf p+ oll fllp = II flloo- 

2. Fix k > C and let A be defined as above. Then k?|A| < IFIS < C? and thus 
|A| < (C/k)? Vp > 1. Letting p > œ, we see that |A| = 0. 

3. f(x) = log |x|. 


4.7 | Consider the operator T : LP (Q) —> L4(Q) defined by Tu = au. We claim 
that the graph of T is closed. Indeed, let (un) be a sequence in LP (Q) such that 
Un —> u in L?(Q) and au, —> f in L4(Q). Passing to a subsequence we may 
assume that u, —> u a.e. and au, —> f ae. Thus f = au a.e., and so f = Tu. It 
follows from the closed graph theorem (Theorem 2.9) that T is bounded and so there 
is a constant C such that 


(S1) llaullg <Cllullp Yu € L?(Q). 


Case 1: p < œ. It follows from (S1) that 
fraltioi s Cholo Yee La). 


Therefore the map v +> f |a|%v is a continuous linear functional on LP/4(Q) and 
thus ja]! € LP/D' (Q). 


Case 2: p = œ. Choose u = 1 in (S1). 


4.8 


1. X equipped with the norm || ||; is a Banach space. For every n, Xn is a closed 
subset of X (see Exercise 4.5). On the other hand, X = U, Xn. Indeed, for every 
f € X there is some q > 1 such that f € L7(Q). Thus f € L'*!/"(Q) provided 
1+ (1/n) < q, and, moreover, 
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An 1— ay 


ian: aS 


Ifl SUFI FIG o" with 
q 


It follows from the Baire category theorem that there is some integer no such that 
Int Xn Æ Ø. Thus X c L'+!/70(Q), 

2. The identity map J: X —> L? (Q) is a linear operator whose graph is closed. Thus 
it is a bounded operator. 


4.9 | For every t € R we have 


ft < jf (x)) + j* (t) a.e. on 2, 


and by integration we obtain 


1 1 
ES E i PO. 
FOEI FO 
Therefore 


Fi a ee O E 
(ah Allah ro] a 


4.10 


1. Letu, u2 € D(J)andlett € [0, 1]. The function x œ> j(tui(x)+ (1 — t)u2(x)) 
is measurable (since j is continuous). On the other hand, j (tu; + (1 — t)u2) < 
tj (u1) + (1 — t) j (uz). Recall that there exist constants a and b such that j (s) > 
as +b Ys € R (see Proposition 1.10). It follows that j (tu; + (1 +t)u2) € L'(Q) 
and that J(tu; + (1 — t)u2) < tJ (u1) + (1 — ft) J(u). 

2. Assume first that j > 0. We claim that for every à € Rtheset{u € LP (Q); J(u) < 
A} is closed. Indeed, let (un) be a sequence in LP (Q) such that un —> u in LP (Q) 
and f j(un) < À. Passing to a subsequence we may assume that un —> u a.e. It 
follows from Fatou’s lemma that j (u) € L! (Q) and that f j(u) < à. Therefore 
J is l.s.c. In the general case, let j(s) = j(s) — (as + b) > 0. We already know 
that J is l.s.c., and so is J(u) = J(u) +a f u + b|]. 

3. We first claim that 


JP) < fro Vf € L? (Q) such that j*(f) € L'(Q). 


Indeed, we have fu — j(u) < j*(f) ae. on Q, Vu € L?(Q), and thus 


sup |f t#-s00} < fre. 
ueD(J) 


The proof of the reverse inequality is more delicate and requires some “regular- 
ization” process. Assume first that 1 < p < œ and set 
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1 
MOH=jO+— ll’, tER. 
We claim that 
(S1) A= f in(f) Yf eL” 9). 
Indeed, let f € LP’ (Q). For a.e. fixed x € Q, 
; nee 
sup į f(x)u — j (u) — —|u| 
ueR n 
is achieved by some unique element u = u(x). Clearly we have 
, 1 ; 
jux) + zlu)? — f (x)u(x) < j (0). 


It follows that u € LP (Q) and that j (u) € L! (Q) (why?). 
We conclude that 


1 
ICA) = sup [f r-rwol > f [fuz jw- ue} Ae 
veD(J) n 


Since we have already established the reverse inequality, we see that (S1) holds. 
Next we let n t oo. Clearly, J < Jn, so that J¥ < J”, i.e., {ED < J*(f). 
We claim that for every s € R, j7(s) ¢ j*(s) asin fî oo. Indeed, we know that 


j =j*V (+ | \?)* (see Exercise 1.23), and we may then argue as in Exercise 1.24. 
We conclude by monotone convergence that if f € D(J*), then 


ELO) and f POPA). 


Finally, if p = 1, the above method can be modified using, for example, jn (t) = 
1,2 

J (t) + nl $ 

. Assuming first that f(x) € dj (u(x)) a.e. on Q, we have 


J@) — j@(x)) > f(x)(v — u(x)) Wu € R, a.e. on Q. 


Choosing v = 0, we see that j (u) € L! (Q) and thus 
Jw) -I> f fw-w We DU). 


Conversely, assume that f € d0J(u). Then we have J(u) + J*(f) = f fu. 
Thus j(u) € L! (Q), j*(f) € L! (Q), and f {j (u) + j*(f)— fu} = 0. Since 
j(u)+ j*(f)— fu > 0 a.e., we find that j (u) + j*(f)— fu = 0 a.e., i.e., 
f(x) € aj(u(x)) ae. 
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4.11 Set f =u%, g = v“, and p = 1/a. We have to show that 


o (fof forsee 


Seta = f f andb = f g, so that we have 


aP +bP = fers +bP-'9 < fo + bP)! P' (fP 4 gP)!/P 
= (aP + bP)! fe + gP)", 


It follows that (a? + bP)!/P < f (fP + g?)'/?, i.e., (S1). 


4.12 


1. It suffices to show that 


tP + DES (tP +1 —2| 21]? )s 
inf Cizl yr (itl Eai (6: 
te[—1,+1] |t — 1|P 


or equivalently that 


2 
tP +1- 2| 
inf ltl pa >0. 
te[=1,+1] it — 1|2 


But the function g(t) = |t|? +1— 2 eoi satisfies 


g(t)>0O Vte[-1,4+1), go0)=9@'0)=0 and g”(1)>0. 


4.14 


397 


1 and 2. Let gn = X5, (a), so that g&n — O ae. and |g,| < 1. It follows—by 


dominated convergence (since || < oo)—that I 8n —> 0, i.e., |S (œ)| > 0. 


3. Given any integer m > 1, we may apply question 2 with a = 1/m to find an 
integer Nm such that |Sy,,(1/m)| < 6/2”. Letting Em = Sy,,(1/m), we obtain 


[fæ -fl = Yk > Nm, Wx € Q\ En. 
m 


Finally, set A = JX; Em, so that |A| < ô. We claim that f, > f uniformly 


on Q\A. Indeed, given £ > 0, fix an integer mo such that mo > 1/e. Clearly, 


[a fæle Yk > Ning, Yx € Q\Emo; 
and consequently 


IAE — f@)|<e Yk > Nm Wx E€ Q\A. 
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4. Given € > 0, first fix some ô > 0 using (i) and then fix some A using question 3. 
We obtain that f A |Jal? < £ Yn and fn > f uniformly on Q\A. It follows from 
Fatou’s lemma that IA |f|? < £ and thus 


= = = = FP 
[us A= | ih fie fh FIP < 2Pet+|Q| Ifa Flr a): 


4.15 


16v). 


2(iv). 


3. 


Note that f fap —> 0 Yọ € C.(Q). Suppose, by contradiction, that fn, > f 
weakly o(L!, L®). It follows that f fo = 0 Yọ € Ce(2Q) and thus (by Cor- 
ollary 4.24) f = 0 a.e. Also f fa, > f f = 0; but f fn, = fht e ‘dt > 1; 
a contradiction. 

Note that f gn —> 0 Yọ € Ce(Q) and use the fact that Ce(Q) is dense in 


LP (Q) (since p’ < œ). 


. Let us first check that if a sequence (fp) satisfies 


(S1) fa — f weakly o (LP, LP’) 
and 

(S2) fa > fae. 

then f = f a.e. 


Indeed, we know from Exercise 3.4 that there exists a sequence (gn) in L? (Q) 
such that 


(S3) gn E€ conv { fn, fnti,---}, 
and 
(S4) gn —> f strongly in L? (Q). 


It follows from (S2) and (S3) that gn — f a.e. On the other hand (by The- 
orem 4.9), there is a subsequence (Snx) such that gn, —> f a.e. Therefore 


f=fae. 

Let us now check, under the asumptions (i) and (ii), that fa — f weakly 
o(L?, LP’). There exists a subsequence ( Fie) converging weakly o (LP, L?) 
to some limit, say F. From the preceding discussion we know that f = f a.e. 
The “uniqueness of the limit” implies that the whole sequence (fa) converges 
weakly to f (fill in the details using a variant of the argument in Exercise 
3.32). 

First method. Write 
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4.17 


1. 


(S5 Wfn Fla < Ifa — Tr falla + Wi fn — Tr ll + Tk — Fla- 


Note that for every k > 0 we have 


aera <f Lal! 
Ufnl=k] 


On the other hand, we have f | f,|? < CP and thus k?~4 Sr aoe, 


| fnl=k 


It follows that 


CP 1/q 
(S6) fn = Tk falla < (a) vn. 
Passing to the limit (as n —> oo), with the help of Fatou’s lemma we obtain 
CP 1/4 
(S7) If — Tk f lla < (SS) : 


Given ¢ > 0, fix k large enough that (CP /kP74)!/4 < e. It is clear (by 
dominated convergence) that || Tk fn — Tk f lq —_ 9, and hence there is some 
n—> œo 


integer N such that 
(S8) lTkfa— Tkflq <£ Yn>N. 


Combining (S5), (S6), (S7), and (S8), we see that || fa — f llqg < 3e Yn > N. 


Second method. By Egorov’s theorem we know that given ô > 0 there exists 
some A C Q such that |A| < ô and fa —> f uniformly on Q\A. Write 


Len a, 


< lfa- Flisoa lA + fn FIA TE 
< ll fn aa Flies lL] + (20)18170/P), 


which leads to 


lim sup f Ifa — f|1 < (20)18174/P Y8 > 0. 
n—> œ 


By homogeneity it suffices to check that 


|t + 1)? — |r|? — 1| 
sup = < © 
te[—1,+1] jte? + |t| 
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4.18 


1. 


4.20 


4.21 
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First, it is easy to check that if Un(t)dt > (b — a) f (for every a, b € (0, 1)). 
This implies that u, — f weakly o(L?, LP’) whenever 1 < p < œ (since 
p’ < œ, step functions are dense in LP’). When p=1,ie,f € LL), 
there is a T-periodic function g € L° (R) such that t |f —g| < £ (where 


é > 0 is fixed arbitrarily). 


Set vn (x) = g(nx), x € (0, 1) and let gy € L (0, 1). We have 


[[me-F fo <3elol +| f wo =z f of 


and thus lim supy_..oo |f ung — f f o| < 3ellpllo Ve > 0. It follows that 
un — f weakly o(L!, L®). 


= — „11 
. limy-soolltn — Flo = [4 Jo LF - FIP]. 


(i) un — 0 for o(L®, L’). 
(ii) un Š 4(@ + B) for o(L®, L’). 


. Let (un) be a sequence in LP (Q) such that un — u strongly in L? (Q). 


There exists a subsequence such that un, (x) —> u(x) a.e. and |un,| < v Vk 
with v € L?(Q) (see Theorem 4.9). It follows by dominated convergence that 
Aun, — Au strongly in L4 (Q). The “uniqueness of the limit” implies that the 
whole sequence (Aun) converges to Au strongly in L4 (Q) (as in the solution 
to Exercise 3.32). 


. Consider the sequence (un) defined in Exercise 4.18, question 3(11). Note that 


Un — 5 (a + B), while Aun — 5(a(@) + a(B)). It follows that 


(55) z Taa) +a(B)) Vo, BER, 


and thus a must be an affine function. 


. Check that f z 4n(t)dt — 0 for every bounded interval 7. Then use the density 


of step functions (with compact support) in L? (R). 


. We claim once more that f z“n(t)dt —> O for every bounded interval /. 


Indeeed, given € > 0, fix ô > O such that d(||uolloo + I) < €. Set 
E =[|uo| > 4] and write 


oncoar= | wodi = f w+ f uo. 
I (+n) (+n)NE (I-+n)NE¢ 


Choose N large enough that |(7 +n) N E| < 6 Vn > N (why is it possible?). 
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4.22 


We obtain 


< Slluglloo +S] <£ Vn >QN. 


f un(t)dt 
I 


Then use the density of step functions (with compact support) in L! (R). 


. Suppose, by contradiction, that un, — u weakly o(L!, L®). Consider the 


function f € L% (R) defined by 


f= XCD’ Kees 
i 


Note that fun, f = (—1)* does not converge. 


. In order to prove that (B) = (A) use the fact that the vector space spanned 


by the functions xg with E measurable and |E| < o is dense in LP (Q) 
provided p’ < oo (why?). 


. Use the fact that the vector space spanned by the functions xg (with E C Q 


and E measurable) is dense in L (Q) (why?). 


. Given € > 0, fix some measurable subset w C Q such that |w| < oo and 


(S1) | f<e. 


i [m=[r+(fr-fa)+(ln- fy) 


and therefore 

(S2) f fa = f f +o(1) (by (b) and (c)). 
wF ws 

On the other hand, we have 


ES) in f s= s+f In + 0(1) 
F FNow FO (aS) FN F(a) 


and thus 


(S3) [a-fref (fn — f) +001). 
F F FN) 


Combining (S1), (S2), and (S3), we obtain 


fmf 


<2e+o(1). 
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4.23 


1. 


2s 


4.24 
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It follows that f rin > f r f. Finally, we use the fact that the vector space 
spanned by the functions xr with F C Q, F measurable and |F| < œo, is 
dense in L® (Q) (why?). 


Let (un) be a sequence in C such that un — u strongly in L? (Q). There exists 
a subsequence (un) such that un, —> u a.e. Thus u > f a.e. 
Assume that u € L (Q) satisfies 


[uve fro Yo € L! (Q) such that fy € L! (Q) and ọ > 0. 


We claim that u > f a.e. Indeed, write Q = U, Q, with |Q,| < œ and set 
Q, = Qun N [f] < n], so that U, 2, = Q. Let A = [u < f]. Choosing 
P = Xang,» We find that fing If — ul < 0 and thus |A N Q| = 0 Yn. It 
follows that |A| = 0. 


. Note that if g € L!(Q) is fixed with fy € L'(Q) then the set {u € 


L® (Q); fug > f fo} is closed for the topology o (L®, L!). 


. For every 9 € L! (R`) we have 


[ne [nino | uro-o s | wine 


and thus 


eel 


The first term on the right side tends to zero by Theorem 4.22, while the second 
term on the right side tends to zero by dominated convergence. 


< llulloollhn * 9 — Gllt + We llooll Gn — Hell. 


. Let B = B(xo, R) and let x denote the characteristic function of B (xọ, R+1). 


Set Un = Pn * (&n XU). Note that v, = vn on B(xo, R), since 


supp(in — vn) C BO, 1/n) + Bao, R + DS. 


On the other hand, we have 


[ime f ios f tin = x0 
B B RN 


<f lone en — 2x + f Non x0) — x0 
RN RN 


<f Kaout f Mion # x0) xol > 0. 
RN RN 
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4.25 


1. 


4.26 


1. 


2; 


4.27 


Let u denote the extension of u by 0 outside Q. Let 
Qn = {x € Q; dist(x, OQ) > 2/n and |x| < n}. 


Let ¢, (resp. ¢) denote the characteristic function of Q, (resp. Q), so that 
¿n > Con R“. Let v, = Pn * (nu). We know that v, € C? (Q) and that 
f g Vn — u| — 0 for every ball B (by Exercise 4.24). Thus, for every ball B 
there is a subsequence (depending on B) that converges to u a.e. on B. By a 
diagonal process we may construct a subsequence (un B) that converges to u 
a.e. on RY. 


Assume that A < œ. Let us prove that f € L! (Q) and that || flj1 < A. We 


have 
fr 


Let K C Q be any compact subset and let w € C,(Q) be a function such that 
0<w < landy =1onK.Letu be any function in L% (9). Using Exercise 
4.25 we may construct a sequence (un) in Ce(Q) such that ||up|loo < ||Uloo 
and un — u a.e. on Q. We have 


| [ fom 


Passing to the limit as n —> oo (by dominated convergence) we obtain 


fr 


Choosing u = sign(f) we find that f x \f| < A for every compact subset 
K C Q. It follows that f € L! (Q) and that || f ||) < A. 
Assume that B < oo. We have 


SAllPllo Ve € C-(Q). 


< Allulloo. 


< Allulloo Yu € L™(Q). 


fro < Bliplo Yg € Ce(Q), 9 2 0. 
Using the same method as in question 1, we obtain 

f va < Bllullo Vu € L®(Q), u > 0. 
Choosing u = x, ¢>0] we find that f, ft < B. 


Let us first examine an abstract setting. Let E be a vector space and let f, g 


be two linear functionals on E such that f # 0. Assume that 
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ly € E and f(g) > 0] > [g() = 0]. 


We claim that there exists a constant A > 0 such that g = àf. Indeed, fix any gp € E 
such that f (po) = 1. For every g € E and every £ > 0, we have 


fo — f(p)po + ego) =£ > 0 


and thus g (p — f (p)po + €¢0) = 0. It follows that g(g) > Àf (p) Yọ € E, and thus 
g =Af, with A = g (po) = 0. 


Application. E = CX (Q), f (p) = f ug, and g(p) = f vg. 
4.30 


1 and 2. Note that $ rt a 7 +4 = Land that (l—a)r = p, (1 — B)r =q. For 


a.e. x € RY rd 


If — ye) = G1 MMW) 


with gi(y) = fŒ = y% GO) = IgQ)l?, and gO) = fœ- 
y)|!~*|g(y)|!-. Clearly, pı € L4 (RY) and g2 € LP (RY). On the other 
hand, |g3(y)|" = |f( — y)|?|g(y)|?. We deduce from Theorem 4.15 that 
for a.e. x € RY the function y > |g3(y)|" is integrable. It follows from 
Holder’s inequality (see Exercise 4.4) that for a.e. x € RY, the function 
yr |f( — y)g(y)| is integrable and that 


l/r 
fite-» Ieidy < If IZII ( fire- ioar) 


Thus 
If * gayi" < isi weil” f If — Pleo) lay, 


and consequently 


[iresrcoras < MAIS USE IF bls = IFINI. 


3. IfI < p < wand! <q < œ, there exist sequences (fn) and (gn) in CRY) 
suchthat fa > fin L?(R™) and g, > gin LI (RY). Then faxgn € Ce(RY), 
and, moreover, ||(fn * 8n) — (f * 2)llœ — 0. It follows that (f x g)(x) —> 0 
as |x| > oo. 


4.34 | Given any ¢ > 0 there is a finite covering of F by balls of radius ¢ in LP (RY), 
say F c UK, Bf. 8). 


2. For each i there is some 6; > O such that 


Ita fi — filio <£ Yh eR” with |A] < ô; 
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4.37 


4.38 


3. 


(see Lemma 4.3). Set 6 = min <;<x ĉi. It is easy to check that 


lt f —filp <3e Vf e F, Va eR” with |h| < ô. 


. For each i there is some bounded open set Q; C RY such that 


MAILR) < E 


Set Q = e Q; and check that || flrean < 2¢ YfEF. 


. Write 


+n pn 
[oa = f f(t) (v (<) E o(0)) dt + (0) f(t)dt 


ere n 


= An + Br; 


An — 0 by Lebesgue’s theorem and B, — O since ES f@dt = 0. 


. Note that, for all ê > 0, 


ô nô lee) 
1 |Un(x)|dx = f |f@|dt > f |f@|dt > 0. 
0 0 0 


. Argue by contradiction. We would have 


[vw =0 Vee cC({-1, +1) 
I 


and thus u = 0 (by Corollary 4.24). On the other hand, if we choose g = (0,1) 
we obtain 


n +00 
[one =f f (t)dt >f f(t)dt > 0. 
I 0 0 


Impossible. 


. Check that, Vg € C!({0, 1]), 


1 
[une= foro (2), an o. 
I I n 


Then use the facts that ||, ||; is bounded and C!({0, 1]) is dense in C ([0, 1]). 
The sequence (un) cannot be equi-integrable since | supp un| —> 0 and 


i= -|/ |Un|. 
I SUPP Un 
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4. If un, — u weakly o(L!, L®) we would have, by question 2 and Corollary 
4.24, u = 1. Choose a further subsequence (Un!) such that $`, | supp Un! |<. 


Let o = xa where 
A=I\ (U wp ; 
k 


so that |A| > 0. We have 
[une =0 Vk 


and thus 0 = f, g = |A|. Impossible. 
5. Consider a subsequence (uy, ) such that 


Xo | SUPP Un, | < OO. 
k 


Let B; = U j> (Supp Un ;) and B = ( ), By. Clearly |B| —> 0 as k —> oo, and 
thus |B| = 0. If x ¢ B there exists some ko such that un, (x) = 0 Vk > ko. 


5.1 


1. Using the parallelogram law with a = u + v and b = v leads to (u, 2v) = 
2(u, v). 


2. Compute (i) — (ii) + (iii). 


3. Note that by definition of (, ), the map à € Rt (Au, v) is continuous. 


5.2 | Let A be a measurable set such that 0 < |A| < |Q|, and choose a measurable 
set B such that AN B = Ø and O < |B| < |Q]. Let u = xa and v = xg. 
Assume first that 1 < p < œo. We have ||u + vj, = llu — vll = |A| + IBI 
and thus ||u + vllĝ + llu — vll} = 2(/A| + |B|)?/?. On the other hand, we have 
(llul? + lull) = 2(Al?/? + |BI?/?). Finally, note that 


(œ +p) >a? + p/P Vo, B > Oif p < 2, 
(a + p)? <a7/P + BP Va, B > Oif p > 2. 


Examine the case p = oo with the same functions u and v. 


5.3 | Check that 


(S1) 2(tiun — trum, Un — Um) = (tn + tm) |Un — uml? + (th — tm) (lün? = lines 
which implies that 


(tn — tm) (\un|? — lum?) <0 m,n. 
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1. 


5.4 


5.5 


Letn > m, so that tn > tm and thus |un| < |u|. (Note that if t = tm, then 
Un = Um in view of (S1)). On the other hand, we have for n > m, 


2 2 2 2 2 
(tn + tn)|Un — Uml < (tn — tn) (lüm — [unl < tn (lüm|" — |un|)*) 


and thus 
9) 2 2 
[Un — Uml" < |Uml~ — |ual’. 


It follows that |u,| } £as n + oo and that (un) is a Cauchy sequence. 


. Letn > m, so that tm > tn and |u| < |un|. For n > m we have 


2 2 2 2 2 
(tn + tn)|Un — Uml" < (tm — ta) ual” — [Uml0) < tin (unl? — Um |7) 


and thus 
2 2 2 
[Un — Uml < [unl — |Uml*- 


We now have the following alternative: 


(i) either |un| + co asn 4 œœ, 
(ii) or |un| + £ < œ asn + œ and then (un) is a Cauchy sequence. 


On the other hand, letting v, = t,u, ands, = 1/t,, we obtain 
(SnUn — SmUms Un — Um) < O, 


and thus (v,,) converges to a limit by question 1. It follows that if t, > t > 0 
then (un) also converges to a limit. Finally if t1 — 0, both cases (i) and (ii) 
may occur. Take, for example, H = R, un = C/ty for (i), un = C for (ii). 


Note that 


lv —ul? =|v— f? — |u — f? +2f — u, v — u). 


. Let K = Nha Kn. We claim that u, —> u = Px f . First, note that the sequence 


dn = |f — un| = dist(f, Kn) is nondecreasing and bounded above. Thus 
dn T £ < œ asn + oo. Next, using the parallelogram law (with a = f — un 
and b = f — um), we obtain 


2 2: 
Un — Um 


2 


Un + Um 


2 


IY = 5 (If -un +f- uml). 


It follows that |uy — um|? < 2(d? — d?) if m > n. Thus (un) converges to 
a limit, say u, and clearly u € K. On the other hand, we have |f — un| < 
|f — v| Yv € Kn and in particular | f — un| < |f — v| Vu € K. Passing to 
the limit, we obtain |f — u| < |f — v| Vv € K. 


. Clearly K = U, Ky, is convex (why?). We claim that un —> u = Px f . First, 


note that the sequence d, = |f — un| = dist(f, Kn) is nonincreasing and 
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thus dp — £. Next, we have (with the same method as above) |u, — um |? < 
2 (a? — a) if m > n. Thus (un) converges to a limit, say u, and clearly 
u € K. Finally, note that |f — um| < |f — v| Vu € Kn provided m > n. 
Passing to the limit (as m —> oo) leads to |f — u| < |f — v| Yv € U,Kn, 
and by density Yv € K. 


The sequence (œn) is nonincreasing and thus it converges to a limit, say œ. We 
claim that œ = inf g ọ. First, it is clear that inf g g@ < a, and thus inf  ọ < a. 
On the other hand, let u be any element in K and let u, = Px,,u. Passing to 
the limit in the inequality a, < (un), we obtain a < (u) (since un —> u). 
It follows that æ < inf k 9. 


5.6 


1. Consider, for example, the case that ||u|| > 1 and ||v|| < 1. We have 


u u — v) + (v — v|u 
iru- rot = h |= ) + (v= viel) 
u 


llull 
< llu — v| + llul — 1 < 2lļļu — v|, 
since ||u|| < llu — v|| + vll < lu — vll + 1. 
2. Let u = (1,0) and v = (1, œ). Then we have ||Tu — Tv|| = 2ļæ|/( + lal), 


while ||u — v|| = |æ|. We conclude by choosing œ 4 0 and arbitrarily small. 
3. T coincides with Pgp. Just check that if |u|] > 1. then 


u u 
-ir to <0 We Br. 
fu T Tel 


(i) => (ii). Write that 
F(u)<F(i—ftuttv) Yte (0,1), WEK, 


which implies that 
1 
zI U ea) = F(u)] > 0. 


Passing to the limit as t > 0 we obtain (ii). 
(ii) => (i). We claim that 


F(v) — F(u) > (F'(u), v — u) Yu, v € H. 


Indeed, the function t € Rr g(t) = F(u+t(v—u)) is of class C! and convex. 
Thus (1) — g(0) > ¢'(0). 


5.12 |T is surjective iff E is complete. 


1. Transfer onto R(T) the scalar product of E by letting 
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((T (u), T(v))) = (u,v) Vu,v €E. 


Note that |((f, g))| < If lella lle Vf. 8 € R(T). The scalar product ((, )) can 
be extended by continuity and density to R(T), which is now equipped with the 
structure of a Hilbert space. 


. Fix any f € E*. The map g € R(T) + (f,T7!(g)) is a continuous linear 


functional on R(T). It may be extended (by continuity) to R(T). Using the Riesz- 
Fréchet representation theorem in R(T) we obtain some element h € R(T) such 
that ((h, g)) = (f, T~'(g)) Yg € R(T). Thus we have ((h, T(v))) = (f, v) 
Vu € E.Onthe other hand, we have ((h, Tv)) = (h, v) Yh € R(T), Wv € E (this 
is obvious when h € R(T)). It follows that f = h and consequently f € R(T), 
i.e., R(T) = E*. 


. We have constructed an isometry T : E —> E* with R(T) dense in E*. Since E* 


is complete, we conclude that (up to an isomorphism) E* is the completion of E. 


5.13 


1. 


We claim that the parallelogram law holds. Indeed, let f € F(u) andlet g € F(v). 
Then f + g € F(u + v) and so we have 


(f+g.utv)=lut+oui? and (f—g,u—v) = |u — vl?. 
Adding these relations leads to 


(lul? + lull?) = lu + vll? + lu — vl’. 


. Let T : E —> E* be the map introduced in Exercise 5.12. We claim that F (u) = 


{T (u)}. Clearly, T (u) € F(u). On the other hand, we know that E* is a Hilbert 
space for the dual norm || || z+. In particular, E* is strictly convex and thus (see 
Exercise 1.1) F (u) is reduced to a single element. 


5.14 | The convexity inequality a(tu + (1 — t)v, tu + (1 — t)v) < ta(u,u) + 


(1 — t)a(v, v) is equivalent to t(1 — t)a(u — v, u — v) > 0. 


Consider the operator A € L(H) defined by a(u, v) = (Au, v) Vu, v € H. Then 


F' (u) = Au + A*u, since we have 


F(u +h) — F(u) = (Au + A*u, h) + a(h, h). 


5.15 |First, extend S by continuity into an operator S : G —> F. Next, let T = So Pg. 


where Pg denotes the projection from H onto G. 


5.18 


(ii) = (i). Assumption (ii) implies that T is injective and that R(T) is closed. Thus 


R(T) has a complement (since H is a Hilbert space). We deduce from Theorem 
2.13 that T has a left inverse. 
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(i) => (i). Assumption (i) implies that T is injective and that R(T) is closed. Then, 
use Theorem 2.21. 


5.19 | Note that lim sup, _, ., lun — u|? = lim sup, _, .5(\un|?7 —2(un, u) + |u|?) < 0. 


5.20 


1. Ifu € N(S) we have (Sv, v — u) > 0 Vv € H; replacing v by tv, we see that 
(Sv, u) = 0 Yv € H. Conversely, if u € R(S)+ we have (Sv — Su, v) > 0Wv € 
H; replacing v by tv, we see that (Su, v) = 0 Vu € H. (See also Problem 16.) 

2. Apply Corollary 5.8 (Lax—Milgram). 

3. Method (a). Set u; = (I + tS)! f. 


If f € N(S), then u; = f Vt > 0. 
If f e R(S), write f = Sv, so that up + S(tu; — v) = O. It follows that 


(uy, tus — v) < 0 and thus |u;| < (1/t)|v|. Consequently u; —> 0 as t > œœ. 
By density, one can still prove that u, —> 0 as t — oo for every f € R(S) (fill in 
the details). 


In the general case f € H, write f = fi + fo with fi = Pns) f and fo = 
I ROS 


Method (b). We have u; + tSu; = f and thus |u;| < |f|. Passing to a sub- 
sequence t, —> OO we may assume that u,, — u weakly and that Su = 0 (why?), 
i.e., u € N(S). From question 1 we know that (Sur, v) = 0 Yv € N(S) and 
thus (f — ur, v) = 0 Vu € N(S). Passing to the limit, we find that (f — u, v) 
= 0 Wv € N(S). Thus u = Pys) f and the “uniqueness of the limit” implies 
that u, — u weakly as t > ov. On the other hand, we have (Su;, u;) > 0, i.e., 
(f — urt, ut) > 0 and consequently lim sup,_, oo rig <(fw= |u|. It follows 
that u, — u strongly as t > oo. 


5.21 


1. Set S = I — T and apply question 1 of Exercise 5.20. 

2. Write f = u — Tw and note that o,(f) = +(w— T"u). 

3. First, check that limp. ooon (f) =O Vf € RU — T). Next, split a general f € H 
as f = fi + fo with fi € N(I —T) and fy € NU —T)+ = RU — T). We then 


have on(f) = on (f1) + On(f2) = fi + On(f2)- 
4. Apply successively inequality (1) to u, Su, S*u,..., S‘'u,..., and add the result- 
ing inequalities. Note that 


[S"u — S?tly| < |S'u—S'tu| vi=0,1,...,n. 


5. Writing f = u — Tu = 2(u — Su), we obtain |un(f)| < 2|u|//n + 1. 
6. Use the same method as in question 3. 
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5.25 


2. Letm > n. Applying Exercise 5.4 with f = um and v = Pgun, one obtains 


2 2 2 
|Pküun — PKum|~ < |PKUn — Um|~ — |PKUm — üm | 


2 2 
< |PKun — unl” — |PKUm — Un’. 


Therefore, (Pun) is a Cauchy sequence. 

3. We may assume that un, — u weakly. Recall now that (un — Pgun, v — Pgun) 
< 0 Yv € K. Passing to the limit (along the sequence ng) leads to (u — £, v — £) 
< 0 Vv € K. Since u € K, we may take v = u and conclude that w = £. Once 
more, the “uniqueness of the limit” implies that un — £ weakly. 

4. Forevery v € K, limy-+o0|Un — v|? exists and thus liM — oo (Un, v — w) also exists 
for every v, w € K. It follows that ø (z) = limp—+oo (Un, z) exists for every z € H. 
Using the Riesz—Fréchet representation theorem we may write g(z) = (u, z) for 
some u € H. Finally, note that (u — £, v — £) < O Yv € K and thus £ = Pru. 

5. By translation and dilation we may always assume that K = By. Thus |u,| | «œ. 


Ifa < 1, then un = Pru, for n large enough (and we already know that Pruy 
converges strongly). 


Ifa > 1, then Pgun = un/|un| converges strongly and so does un. 

6. Recall that (un — Pgun, v — Pgun) <OVv € K and thus (un — £, v — £) < En 
Vu € K, with e, — 0 (€n depends on v). Adding these inequalities leads to 
(on — £, v— £) < £, Yv € K, with zf, > 0. Assuming that on, — & weakly, then 
o € K satisfies (o — £, v — £) < 0 Yv € K. Therefore o = £ and the “uniqueness 
of the limit” implies that o, — £ weakly. 


5.26 


3. Note that ,/nu,, is bounded, and that for each fixed j, (Vnun, ej) > Oasn > oo. 


5.27 | Let F be the closure of the vector space spanned by the Eņ’s. We know (see 
the proof of Theorem 5.9) that )°°° | Pg,u|? = |Pru|? Vu € H, and thus | Pru| = 
|u| Yu € D.Itfollows that | Pru|? = |u|? Yu € D and therefore Ppiu = 0 Yu € D. 
Consequently Priu = 0 Vu € H, i.e., Fl= {0}, and so F = H. 


5.28 


1. V is separable by Proposition 3.25. Consider a dense countable subset (v,,) of V 
and conclude as in the proof of Theorem 5.11. 


5.29 


2. If 2 < p < co use the inequality ||u||p < lulli” llull”. Note that every 
infinite-dimensional Hilbert space (separable or not) admits an infinite orthonor- 
mal sequence. 

6. Integrating over Q, we find that k < M?|Q|, which provides an upper bound for 
the dimension of E. 
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5.30 


1. For every fixed ż € [0, 1] consider the function u;(s) = p(s)x;0,1](s) and write 
that pei [Urs endl < lurli. 

2. Equality in (2) implies equality in (1) fora.e.t € [0, 1]. Thus u; = ya enen 
for a.e. t € [0, 1], and hence u; € E = the closure of the vector space spanned 
by the e,,’s. It remains to check that the space spanned by the functions (ur) is 
dense in L?. Let f € L? be such that i fu; = 0 for a.e. t. It follows that 
Jo fp =0 Yt € [0, 1], and so fp = 0 a.e. 


5.31 | It is easy to check that (p;i, pj) = Ofori # j. Letn = 2P+1 — 1, Let E 
denote the space spanned by {¢0, #1, - . - , Yn} and let F denote the space spanned by 
the characteristic functions of the intervals (Goat oH? Hh ), where i is an integer with 
0 <i < 2?+!_1. Clearly E C F, dim E = n + 1 = 2?*!, and dim F = 2?+!, 
Thus E = F. 


5.32 


2. The function u = rır2 is orthogonal to all the functions (r;)i>o and u Æ 0. Thus 
(ri)i>o is not a basis. 

3. Itis easy to check that (wy, ),>0 is an orthonormal system and that wo = ro, we = 
re41 VE > 0. In order to prove that (wn)n>0 is a basis one can use the same 
argument as in Exercise 5.31. 


6.2 


3. Consider the sequence of functions defined on [0, 1] by 


0 if O<r¢<}, 
Un(t)={ntt—5) if 4<t<5+H, 
l if ġ+i<t<l. 


Note that T (un) > f, but f ¢ T (Bg), since f ¢ c!({0, 1]). 


6.3 | Argue by contradiction. If the conclusion fails, there exists some ô > 0 such 
that |Tullr > dllulle Wu € E. Hence R(T) is closed. Consider the operator 
To : E —> R(T) defined by Tg = T. Clearly Tọ is bijective. By Corollary 2.6, 
Ty” € L(R(T), E). On the other hand, To € K(E, R(T)). Hence Bg is compact 
and dim E < œ. 


6.5 |Let T : V — £? be the operator defined by 


Tu = (VAiui, V/A2u2, PELEN EETAS 


Clearly |Tuļp = |lully Yu € V, and T is surjective from V onto £?. Since £? is 
complete, it follows that V is also complete. 
Consider the operator J, : V —> £ defined by 
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Jnu = (uj, U2, ...,Un,0,0,...). 


It is easy to check that || Jn — /'\| c(y,e2) —> 0 and thus the canonical injection from 


V into £? is compact. 


6.7 


1 


. Assume that T is continuous from E weak into F strong. Then for every € > 0 


there exists a neighborhood V of 0 in E weak such that x € V => ||Tx|| < £. We 
may assume that V has the form 


V={xeE:|(fi,x)| <6 Vi=1,2,...,n}, 


where fi, f2,..-, fn E€ E* and ô > 0. 

Let M = {x € E;(fi,x) = 0 Wi = 1,2,...,n}, so that Tx = 0 Vx € M. On 
the other hand, M has finite codimension (see Example 2 in Section 2.4). Thus 
E = M+Nwithdim N < œ. Itfollows that R(T) = T (N) is finite-dimensional. 


. Note that if un — u weakly in E then Tu, — Tu weakly in F. On the other 


hand, (Tun) has compact closure in F (for the strong topology). Thus Tu, —> Tu 
(see, e.g., Exercise 3.5). 


. Note that T* € L(E*, (co)*). But (co)* = £! (see Section 11.3). Since E* is 


reflexive, it follows from question 5 that T* is compact. Hence (by Theorem 6.4) 
T is compact. 


6.8 


1. 


There is a constant c such that Bror) C cT (Be) and thus the unit ball of R(T) is 
compact. 


2. Let Eo be a complement of N(T). Then To = Tig, is bijective from Eo onto 
R(T). Thus dim Ep = dim R(T) < co. 

6.9 

1. (A) => (B): 


Let Eo be a complement of N(T) and let P : E — N(T) be an associated 
projection operator. Then To = Tg is bijective from Ep onto R(T). By the open 
mapping theorem there exists a constant C such that 


lule < C\lTullr Wu € Eo. 
It follows that Vu € E, 
lulle < lu — Pulle + ||Pulle < C\|Tully + || Pulle. 


(©) = (A): 

(i) To check that the unit ball in N(T) is compact, let (un) be a sequence in 
N(T) such that ||uy||z < 1. Since (Q(un)) has compact closure in G, one 
may extract a subsequence (Q (un,)) converging in G. Applying (C), we see 
that (up, ) is Cauchy. 
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(ii) Introducing a complement of N(T) we may assume in addition that T is 
injective. Let (un) be a sequence in E such that Tu, — f. Let us first check 
that (un) is bounded. If not, set vn = un/||Un||. Applying (C), we see that a 
subsequence (vn,) is Cauchy. Let vn, — v with v € N(T) and |lv|| = 1; 
impossible. Therefore (u,,) is bounded and we may extract a subsequence 
(Q(un,)) converging in G. Applying (C) once more, we find that (un,) is 
Cauchy. 


To recover the result in Exercise 2.12 write 
lule < C(|Tullr + |Pulle) < C( Tully + |Pul), 
since all norms on N (T) are equivalent. Moreover, 
|Pu| < |u — Pu| + |u| < Cllu— Pulle + |u| < CllTullr + lul. 
2. Note that 
lule < C(Tully + || Pule) < CUM + Dulle + || Pulle + Sully) 


and consider the compact operator Q : E — E x F defined by Qu = [Pu, Su]. 


6.10 


1. Note that Vu € E, 


OCI lull < 10u — Q(T)ul| + Tul 
= ||O(T)(u— Tu)|| + |O(T)u| 
< C(u — Tull + |O(T)ull). 


2. Proof of the implication N(I — T) = {0} => RU — T) = E. Suppose by 
contradiction that RU — T) = EF, Æ E. Set E, = (I — T)” E. Then (En) is a 
decreasing sequence of closed subspaces. Choose un € E, such that ||un|| = 1 
and dist(uy, En+1) > 1/2. Write 


Q(T )un—Q(T um = Q(T )un—Q (Lun + QC )un—Q (1m +O )um— Q(T um. 


Thus, for m > n, we have 


| OCP )un — Q(T )um|| > |Q0)I/2, 


and this is impossible. 
For the converse, follow the argument described in the proof of Theorem 6.6. 

3. Using the same notation as in the proof of Theorem 6.6, write S = T+ Ao P. 
Here S ¢ K(E), but Ao P € K(E). Thus Q(S) € K(E) (why?). Then continue 
as in the proof of Theorem 6.6. 
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6.11 


1. There exists an integer no > 1 such that Int F,, # Ø and thus B(uo, p) C Fro. 
For every u € F and |A| < p/||u|| we have up + Au € Fy. Therefore 


[Al lu (x) — u(y)| < luo) — uo(y)| + nod (x, y)? < 2nod(x, y). 


It follows that 
2no 
|u(x) — u(y)| < -z Wallace, y) Yx,yeK. 


2. The theorem of Ascoli—Arzela implies that Br is compact. 


6.13 | Suppose, by contradiction, that there exist some £ọ > 0 and a sequence (un) 
such that ||un || ~ = 1 and ||Tun||r > ¢9 +n|up|. Then |u,| —> 0 and we may assume 
that un, — u weakly. But the function u +> |u| is convex and continuous. Thus it is 
1.s.c. for the weak topology and hence u = 0. It follows that Tu, — 0. Impossible. 


6.15 


1. Ifu = f + A(T — AI)! f, we have Au = T(u — f) and hence |A| lull < 
ZW Aul + FID. 
2. By the proof of Proposition 6.7 we know that if u € R is such that |u —A| I(T — 
AI)! || < 1, then u € p(T). Thus dist(A, o (T)) > 1/||(T —aDo! I). 
4.(U-1)!=}(T- J). 
6. Note that the relation Uu — Au = f is equivalent to 
(A+1) 1 


Tu apap’ Tf). 


6.16 


2. (T -AD = ga SE ai Ti, 
3. (T -AD7! = ye ee 


4. =T)! = Q -TH E Ti. 


6.18 


1. ILS- = || Sel] = 1. Note that Se o S, = I and thus S, ¢ K(E), Se ¢ K(E). 

3. For every A € [—1, +1] the operator (S, — AJ) is not surjective: for example, if 
f =(-1,0,0,...) the equation S,x — Ax = f has no solution x € ¢7. 

4. N(Se -AD = RC, A, 2?,...). 

6. S% = Se and S% = Sr. 

7. Writing S-x — Ax = f, we have 


|x] = [Spx] = |Ax + fl < [Alla] + IFI. 


Thus 
|S-x —Ax| > (1 — |A)[xl, 
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and hence R(S, — AJ) is closed. Applying Theorem 2.19 yields 
[0.0] 
R(S, -AD = N(Sp -AD = }x € l; Dae ae: = | 
i=l 


and 
R(S¢ -AD = N(S, -AD = E. 


. We have R(S, £ T) = N(Sp + D+ = E and R(S; £ D = N(S, + D+ = E. 


We already know (see question 3) that R(S, + I) Æ E. On the other hand, 
R(Se +I) Æ E; otherwise, since Se + / is injective, we would have +1 € o(Se). 
Impossible. 


. EV(S-0oM)=@ifa, #0 Vnand EV(S, o M) = {0} if a, = 0 for some n. 
. We may always assume that a # 0; otherwise S, o M is compact and the 


conclusion is obvious. 

Let us show that (T — AJ) is bijective for every A with |A| > |a|. Note that 
M = «æl + K, where K is a compact operator. Letting T = S, o M, we obtain 
T = aS, + Kı and (T — Al) = (aS; — AI) + Kı = J o (I + K2), where 
J = (aS; — AJ) is bijective and K1, K2 are compact. Applying Theorem 6.6 
(c), it suffices to check that N (T — AJ) = {0}. This has already been established 
in question 9. 

Let us show that (T — XJ) is not bijective for |A| < |æ]. Assume by contradiction 
that (T — AT) is bijective. Write (S, — 41) = 4(T-—AI)—4K, = J'o (I+ K3), 
where J’ is bijective and K3 is compact. Applying once more Theorem 6.6 (c), 
we see that 


À À 
(s — 1) injective <> (s = 1) surjective. 
a a 


But we already know (from questions 2 and 3) that (S, — A] ) is injective and 
not surjective, for |A| < |a|. Impossible. 


. o(S, o M) = | — Jab], +/ab]]. Indeed, if |A] < Jab], the operator 


(S, o M — ÀT) is not surjective, since (for example) 
f =(-1,0,0,...) € R(S;o M—AI). 
On the other hand, if |A| > y |ab|, the operator (S, o M — XJ) is bijective, since 


(S; o M)? = abS?. Thus ||(S, o M)?|| < |ab| and we may apply Exercise 6.16, 
question 4. 


6.20 


l. 


2. 


Note that 
|Tu(x) — Tu(y)| < |x — y|!/? llullp- 


If 1 < p < œ we may apply Ascoli-Arzela to conclude that T (Bz) has compact 
closure in C([0, 1]) and a fortiori in L? (0, 1). If p = 1, apply Theorem 4.26. 
EV(T) = Ø. Note first that O ¢ EV (T). Indeed, the equation Tu = 0 implies 
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4. 


1 
1 UX{a,b] =0 VYa,b € [0,1]. 
0 


If 1 < p < 1 we may use the density of step functions in L?’ to conclude that 
u = 0. When p = 1, we prove that 


1 
f up =0 Vo € C([0,1]) 
0 


by approximating uniformly ọ by step functions. We conclude with the help of 
Corollary 4.24 that u = 0. 


. Ford Æ Oand for f € C([0, 1]), setu = (T —Al)~! f. Then v(x) = So u(t)dt 


satisfies: 
vE C! ([0, 1]) and v—ìv =f withv(0)= 0. 


Therefore 


i= -1 fw -4 [ OP fadt. 


The same formula remains valid for f € LP (argue by density). 
k 1 
(T*v)(x) = f, v(t)dt. 


6.22 


2. 


Suppose, by contradiction, that there exists some u € Q(o(T)) such that u ¢ 
o(Q(T)). Then u = Q(A) witha € o (T), and Q(T) — Q(A)I = S is bijective. 
We may write 

Q(t)- QA)=¢-AQH WeER, 
and thus 

(T -ANO(T) = O(T)\(T -A1 =S. 


Hence T — AI is bijective and A € p(T); impossible. 


. Take E = RÈ, T = ( ® 3) and Q(t) =P. 


Then EV (T) = o (T) = Ø and EV (T?) = o (T?) = {—1}. 


. T? + I is bijective by Lax—Milgram. Every polynomial of degree 2 without real 


roots may be written (modulo a nonzero factor) as 


> a 2 a? 
OM) = +at+b= (1+5) psi 
2 4 
with b — a? /4 > 0, and we may apply Lax—Milgram once more. 
If a polynomial Q (t) has no real root, then its roots are complex conjugates. We 
may then write Q(t) = Q)(t)Q2(t)... Qe(t), where each Q; (t) is a polynomial 
of degree 2 without real roots. Since Q; (T) is bijective, the same holds for Q(T). 


. (i) Suppose, by contradiction, that y € EV(Q(T)) and u ¢ Q(EV(T)). Then 


there exists u Æ 0 such that Q(T )u = uu. Write 
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O(t)-w=(t—t)(t—h)---¢-t) OW), 


where the ¢;’s are the real roots of the polynomial Q(t) — u and Q has no real 
root. Then t; ¢ EV(T) Vi, since u ¢ Q(EV(T)). We have 


(T —t1)\(T — to1)---(T — te 1)O(T)u = 0. 


Since each factor in this product is injective, we conclude that u = 0. Impossible. 


(ii) Argue as in (i). 


6.23 


3. In E = R? take T(uj, u2) = (u2, 0). Then T? = 0, so that r(T) = 0, while 
ITI = 1. 

5. In E = R? take T (u1, U2, U3) = (u2, —u1, 0). Then o (T) = {0}. Using the fact 
that T? = —T itis easy to see that r(T) = 1. 
Comment. If we work in Banach spaces over C the situation is totally different; 
see Section 11.4. There, we always have r(T) = max{|A|; à € o(T)}. Taking 
E = Œ in the current example we have o (T) = {0, +i, —i} and then r(T) = 
max{|A|;A4 € o(T)} = 1. 


6. Assuming that the formula holds for T”, we have 


t Ss 
(Ttw (t) = <a | as f (s — ty"! u(r)dt 


1 t t 
= aa | u(t) p 6- D"'as| dt 


1 t 
= f (t — t)"u(t)dt. 
n! 0 


7. Consider the functions f and g defined on R by 


n-1 if0<t <1, 


wort 
fO= l: 


otherwise, 
u(t) if0<t<1l, 
H= 
80) f otherwise, 


so that for 0 < t < 1, we have 
1 
(fxg) = f (t —t)u(t)dt = (T"u)(t). 
0 
We deduce that 


1 
If * gleon < IF * elz < Ifl lgl = zplullzr oD: 
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8. Apply Stirling’s formula. 


6.24 


2. (v) > (vi). For every € > 0, Te = T + eI is bijective and o(T;) C [e, 1 + €]. 


Thus o (T7!) C [oe 1). Applying Proposition 6.9 to T7! yields 


(Tov, v) > lv? WweH, 


+E 
T, : 2 
( eu, u) > pyg T] Vu € H. 


3. Set U = 2T — I. Clearly (vii) is equivalent to 
(vii’) jul <|Uu| Vue H. 


Applying Theorem 2.20, we see that (vii) > (—1, +1) C p(U) = 2p(T) — 1. 
Thus (vii) > (viii). 


Conversely, (viii) => (—1, +1) C p(U). Thus o(U) C (—oo, —1] U [1, +00) 
and o(U~!) C [—1, +1]. By Proposition 6.9 we know that ||U~!|| < 1, i.e., 
(vii’) holds. 


6.25 | By construction we have 


Mo(W+K)=I_ onX, 
I+K)oM=I1 onRU+K). 


Given any x € E, write x = x} + x2 with xı € X and x2 € N(I + K). Then 
Mo(I+K)(x)= M o (I+ K)(x1) = xı =x — Px 


where P is a projection onto N (I + K). 
For any x € E we have 


(I+ K)o M(x) = (I+ K)o Mo Q(x) = Ox = x — Px, 


where P is a finite-rank projection onto a complement of RU + K) in E. 


8.8 


4. We have 
ui, = Enu’ + clu. 


Clearly ¢,u' —> wu’ in LP by dominated convergence. It remains to show that 
glu — Oin LP. Note that 
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2/n 
Ičpulp < cf n? \u(x)|Pdx, 
1/n 
where C = |[¢"||Po0- 
When p = 1 we have, since u € C([0, 1]) and u(0) = 0, 
2/n 
nf |u(x)|dx < max |u(x)| ~ Oas n > œ. 
1/n xelt,2 
When p > 1 we have 
2/n 2/n p 2/n P 
ne f |u(x)|Pdx = ne f ar KOE iy < æ f a ax >0 
1/n 1/n xP lyn XP 


by question 1. 


8.9 


1. By question 1 in Exercise 8.8 we know that co € LP. On the other hand, 


u(x) = f u'(t)dt = xu'(x) — f u" (t)tdt, 
0 0 


and thus ; i 
"P _ uw) =| ul (t)tdt. 
0 
But 
x 1 K. 
2 f u” (Ðtdt| < zf ju" O ldt € LP, 
0 0 
as above. 


2. We have v € C!((0, 1)) and 


uW #9) 


v(x) = 5 ELN 
X 


by question 1. 


Moreover, 


= 
— 
ta 
wm 
| 
| 


1 x 
= zf u'(t)dt > 0 asx > 0, 
x Jo 


since u € C! ([0, 1]) and u’ (0) = 0. 
3. We need only to show that 


legu lp + Gulp > Oasn > 0. 


But 
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2/n 2/n | p 
Neju'2 < cne f \u'(x)|Pdx < xc f Eo 
1/n 1/n xP 


and 


2/n 2/n p 
lgu? < hn! lu(x)|Pdx < arc f OO be 
1/n ijn  xX?P 


€ LP and uo e LP, 


4. Letu € Xm. Then u’ € Xm—1 and € LP(I) by the induction assumption. 


Next, observe that 
1 f(* wt 
u(x) _ f LOP ENN 
x Jo 


xm gm-l 


Applying once more Hardy’s inequality (see Problem 34, part C) we obtain 


ul ii LIPET 
sl . 


xm pn- 1 


In order to prove that 19 € Xj, note that 


u(x) Du(x) u(x) 
7 (=) = xm—l1 (i=) y” LAU), 
and that 
1 x t K t 
kaa f kaei m— ars f ! KAIT >0 asx —> 0, 
xml T yml jy gm 0 


since Ko e LP(I). 
5. It suffices to check that Dv € X, for every integer £ such that 0 < £ < k — 1. 


DIt% u(x) 
xm—j-k+t—a > 


But D‘v is a linear combination of functions of the form where @ is 
an integer such that 0 < a < £. Then use question 4. 
6. It suffices to show that (D%¢,)(D®u) —> 0 in L?(1) when a + B = m and 


1 <a < m. But |D% ¿n (x)| < Cn“ and thus 


1 2/n pê ? 
f |D%C,(x)|?|Dou(x)|Pdx < cute f au) xP dx 
0 1/n x“ 
Da p 
<cf = O Pas > 0 
1/n 
since DO € LP (I) by question 4. 


8. To prove ahai v € C([0, 1]), note that v(x) = 1 ts u’(t)dt and that u’ € C([0, 1]) 
with u’(0) = 0. 
Next, we prove that v € W!'!(/). Integrating by parts, we see that 
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1 x 
7 " 
v(x) = =| u (t)tdt, 
x 0 


and a straightforward computation gives 
1 
He's f WOA = par < hath 
0 


9. Set : 
uc) = f (1+ |logt|)~ ldt. 
0 


Itis clear thatu € W>! (J) with u(0) = u’(0) = 0, and, moreover, wo ¢ L! (D). 
The relation 
u(x) w(x), 


7 z TU) 


X 


combined with question 8 shows that uo ¢ L'(1). 


8.10 


4. Clearly, as n > œo, 
vi (x) = G'(nu(x))u'(x) > f(x) ae., 


where 
_ fo if HG) £0, 
IS Cs if ate) 20: 


6. We have i i 
f Ung’ = -f vio Yọ e€ CLD). 
0 0 
Passing to the limit as n —> oo yields 


1 
i, fg=0 VeeC(), 
0 


and therefore f = 0 a.e. on J, i.e., u(x) = 0 ae. on [u = 0]. 


8.12 


1. Use Exercise 8.2 and the fact that 


lim inf ||u’ lze > lullige. 
noo 


2. Consider the sequence (up) in Exercise 8.2. We have ||un || 1 < 5 and |lu} liz = 1. 
Thus Un € Bı. On the other hand, Zun > Žu in L!, where 
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0 if xe(O,1/2), 
u(x) = : 
1 if xe€(1/2,D. 


But u ¢ W!'!. Thus B; is not closed in L!. 


8.16 


2. R(A) = L?(0, 1) and N(A) = {0}. 
3. ve D(A*) iff v € L?’ and there is a constant C such that 


1 
f vu’ 
0 


In particular, v € D(A*) > v € W!?", and then 


<Cllullp Yu € D(A). 


1 
(S1) u(1)v(1) -f uv'| <Cllullp Yu € D(A). 
0 


We deduce from (S1) that 
UDI DI] < (C + vllo lulp Yu € D(A). 


It follows that v(1) = 0, since there exists a sequence (un) in D(A) such that 
un(1) = 1 and ||un||p —> 0. Hence we have proved that 


ve D(A) => ve Wb? and v(1)=0. 
It follows easily that 
D(A*) = {v €e W!” and v(1) = 0}, 


with A*v = —v’. 
4. We have 


1 
N(A) = (0), a= {rer f fads =o 
0 


and A 2 i 
(A)*v = —v with D((A)*) = WHP, 


8.17 | In the determination of D(A*) it is useful to keep in mind the following fact. 
Let J = (0, 1) and 1 < p < œ. Assume that u € L? (I) satisfies 


(S1) f ug’ 
I 


then u € W!P(1). 


< Cllglly Yo € CHD) such that fp =0, 
I 
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Indeed, fix a function wo € C 1 (I) such that f z Wo = 1. Let ¢ be any function in 
cl (I). Inserting g = ¢ — Si ¢) Wo into (S1), we obtain 


fee [: 
I I 


where C’ depends only on u and yo. Therefore u € W$? (I) by Proposition 8.3. 
When Au = u” — xu’ we have 


< CUE + C 


’ 


A*v = v" + xv + v. 
Note the following identity 
x2 x2 
A*(e Zu) =e 2 Au Wu € H*(1), 


which allows to compute N(A*) under the various boundary conditions. 


8.19 Given f € L*(0, 1), set F(x) = fg f (dt. Then 


If) F2(x)dx_ if fy fat =0, 
+00 otherwise. 


“=| 
Indeed, iff f (t)dt = 0, then fe fv= i F'v = sof Fv! Wve H'(0, 1), and 
1 1 1 1 1 1 
Y*(f) = sup {f r-z | zri {- rv- f v?] 
veH! WO 2 Jo veH! 0 2 Jo 
= sup |- f Fw-> f wl =o f F°. 
wel? 0 2 Jo 2 Jo 


8.21 


2. Let U be any function satisfying 


—(pu'y +qU =f on(0, 1), 
U(1) =0. 


Then í 
[ f vo = p(0)(U'(0) — ko U (0)). 


Therefore, if i, fvo = 0, any such function U satisfies U’(0) = kp U (0). Since 
U (0) can be chosen arbitrarily we see that the set of solutions is one-dimensional. 


8.22 


1. The function p(x) = x belongs to H!(0, 1), but Vo@) = /x ¢ H!(0, 1). 
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2. For every p € H'(0, 1), with o > 0 on (0,1), set ye = fo +e. Since the 
function t > s/f F€ is C! on [0, +00), we deduce that Ve E H'(0, 1) and, 
moreover, 

/ 


1 p 


Ye = 2 Jp FE’ 


so that |y/| < u on the set [o > 0]. On the other hand, we know that p’ = 0 
a.e. on the set [o = 0] (see Exercise 8.10) and thus |y;| < u a.e. on [p = 0]. 
Therefore |y;| < u a.e. on (0, 1). 

Consequently, if u € L? we deduce that llyillz2 < C as € — 0. Since ye > /p, 
as € — 0, in C([0, 1]) and yf > n in L? (0, 1), we conclude (see Exercise 8.2) 
that /p € H! (0, 1) and (\/p)’ = n. 

Conversely, if /Ø € H! (0, 1), set y = /p, so that p = y? and p! = 2yy”. 
Hence u = y’ a.e. on [pọ > 0] and, moreover, u = y’ a.e. on [pọ = 0] since 
y' = 0 a.e. on [y = 0] = [p = 0]. 


8.24 


1. One may choose Ce = 1 + 1/e. 
2. The weak formulation is 


u € H! (D), 
a(u, v) = fa (wv + kuv) — uw) = fè fv Yve HN). 


Clearly a(u, v) is a continuous bilinear form on H 10, 1). By question 1 it is 
coercive, e.g., if k > 2. 


The corresponding minimization problem is 


min {5 fw? +m Loa? fo) 
veH! [2 Jo 2 0 


3. Letg € L?(1) and let v € H?(J) be the corresponding solution of (1) (with f 
replaced by g). We have 


(Th, 22 = [ow = [uct 
= Sie u(0)v’ (0) + u'(1)v(1) — (0) v(0) 
1 
+f (—u" + ku)v 
= —u(1)v(1) + u(1)v(1) + [ fv = (f, T8)r2. 


Therefore T is self-adjoint. It is compact since it is a bounded operator from L? (T) 
into H! (I), and H! (I) c L(I) with compact injection (see Theorem 8.8). 
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4. By the results of Section 6.4 we know that there exists a sequence (un) in L?(1) 
satisfying Tun = Unun With ||unl|z2 = 1, Un > O Vn, and un — 0. Thus we 
have —u/’ + kun = I “n, SO that —u” = GŁ —k)uyn onl. 

5. The value 4 = 0 is excluded (why?). If à > 0 we have u(x) = A cos fhe + 
B sin VAx, where the constants A and B are adjusted to satisfy the boundary 
condition, i.e., B = 0 and A(cos /A+ VA sin V/A) = 0, so that A £ 0 iff V/A isa 
solution of the equation tan t = —1/t (which has an infinite sequence of positive 
solutions a — œ, as can be seen by inspection of the graphs). If à < 0 we have 
u(x) = Ae VA 4. Be- [vP . Putting this together with the boundary conditions 
gives A = B and Ay |à]e vA- B |Ale~ VET = AeVvl + Bev, In order to 
have some u Æ O, A must satisfy TALVA — evM) = evM 4 evM, ie., 
t = ,/JA] is a solution of the equation e” = Lot . An aoa of the sraphs 


shows that there is a unique solution tọ > 1 aid aa A= —t. 


8.25 


2. Assume by contradiction that there is a sequence (un) in H ICI) such that 
a(un, un) > 0 and ||un||g1q) = 1. Passing to a subsequence (un,) we may 
assume that Uh, — u' weakly in L? and un — u strongly in L*. By lower 
semicontinuity (see Proposition 3.5) we have lim inf f I CADH > f I (u)? and 
therefore a(u, u) = 0, so that u = 0. But Sn =1-f už, and thus 


alnyp, Ung) = f Up)? + (fo Un)? = 1— fp u2, + fp un)? > 1. Impossible. 
4. We have 
[uve few Yv € H! (D), 
I I 


where g = f — Ja u)Xx(0,1). Therefore u € H? (I) and satisfies 


—u" + an “u)X0,) =f onl, 
u' (0) = u' (2) = 0. 


5. We have u € C? (T) iff f u = 0. This happens iff f, f = 
8. The eigenvalues of T are positive and if 1/A is an eigenvalue, we must have a 
function u Æ 0 satisfying 


—u" + fdu = hu on (0, 1), 
—u" = àu on (1, 2), 
u'(0) = u'(2) =0, 

u(1—) = u(1+) and w’(1—) = u' (1+). 


Therefore 


u(x) = — + Acos(WAx) on (0, 1), 
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u(x) = A’ cos(VA(x — 2)) on (1, 2), 
where the constants k, A and A’ are determined using the relations 


u(1—) = u(14) and u'(1—) = u(14), 
k= Je u. 


We conclude that either sin( VA) = 0, i.e., à = n?n? with n = 1,2,..., or À is 
a solution of the equation tan( VA) = 2/h (1—A). 


8.26 


3. Set a(v, v) = Si pv’? + qv?. We have (Sy f — Sp f, f) = Si f(un — up). We 
already know that talun, un) — fy fun < sa(up, up) — fı fup. On the other 
hand, a(uy,uy) = f; fun and a(up,up) = J, fup. Therefore f, f(uy — 
up) > 0. 

6. Set aj(v, v) = a(v, v) + kiv? (0), i = 1,2, and ug, = u1, Uk, = U2. Since u; is 
a minimizer of (5a; (v, v)— Ji fv) on V = {v € H! (D; v1) = 0}, we have 


1 1 1 1 
-a(u2, u2) + oO- f fu < <a(uy, u1) + oO- f fu 
2 2 I 2 2 I 

On the other hand, we have 


auu) + kin) = f fu, 


and 
a(u2, u2) + kpu3(0) = j) fur. 
Therefore 
: pr EO 
-3| resz f pt 5 2 — ky )uyz( j- f fu 
so that 
(Sif — Sk f, f) = j f(uz — u1) > (kı — ky)uz (0) > 0. 
8.27 


4. The solution g of 


—o"+@g=1 onl, 
g(-1l) = ¢() =9, 
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is given by g(x) = 1+ A(e* +e7*), where A = —e/(e* + 1) . By uniqueness 
of g we must have u = Au(0)g. Therefore 


=. Se _ Sed 
~ 90) (e= 1)?” 
5. Equation (1) becomes u = S(f +Au(0)) = Sf +Au(0O)S1 = Sf +Au(0)g. Thus 


u(O)(L — AG(O)) = (Sf)(O), i.e., u(0) = “EL and u = Sf + PELO ig 
the desired solution. 


ho 


6. When A = Ao, the existence of a solution u implies (Sf)(0) = 0 Gust follow the 
computation in question 5). Conversely, assume that (Sf)(0) = 0. A solution of 
(1) must have the form u = Sf + Ag for some constant A. A direct computation 
shows that any such u satisfies —u” +u = f + A. Butu(0) = (Sf)(0)+ # = £. 
Thus we have —u” + u = f + Agu(0), i.e., (1) holds for any A. Therefore the set 
of all solutions of (1) when à = Ag is Sf + Rọ. 


8.29 


2. The existence and uniqueness of a solution u € H 1(0, 1) comes from Lax- 
Milgram. In particular, u satisfies 


1 1 
f=] (f—u)v Yv € HOO, 1), 
0 0 


and therefore u’ € H!(0, 1), i.e., u € H*(0, 1); moreover, —u” + u = f on 
(0, 1). Using the information that u € H 20, 1), we may now write 


a(u, v) = f + u)v +u (1v (1) — u (0)v (0) 
f u (1) — u(0)) (1) — v(0)) 
= f s Wv € H! (0,1). 
Consequently, 
(u) +u(1) — u (0))v(1) — (u (0) +u (1) — uO) vO) =0 Yv € H!(0,1). 
Since v(0) and v(1) are arbitrary, we conclude that 
u'(1)+u(1)—u(0)=0 and w’(0)+u(1) —u(0) = 0. 


5. Using the same function G as in the proof of Theorem 8.19 we have, taking 
v = G(—u),a(u, G(—u)) = IN fG(—u) > 0 since f > 0and G > 0. On the 
other hand, 
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1 1 
au Gw) = = f PE fi u)G(—w) 
0 0 
+ (u(1) — u(0))(G(—u(1)) — G(—w(0))) 
1 
= f CHEE, 
0 


since G is nondecreasing. It follows that 


1 
I (—u)G(—u) < 0, 
0 


and consequently —u < 0. 
7. Let 1/À be an eigenvalue and let u be a corresponding eigenfunction. Then 


—u"+u=du_ on(0, 1), 
u'(0) = u(0) — u (1), 
u'(1) = u(0) — u (1). 


Since a(u, u) = afa u? > i u2, we see that A > 1. Moreover, 4 = 1 is an 
eigenvalue corresponding to u = const. Assume now A > l andseta = /A — 1. 
We must have 

u(x) = Acosax + Bsinax. 


In order to satisfy the boundary condition we need to impose 


Ba = A — Acosa — B sing, 
— Aga sing + Bacosa = A — Acosa — B sing. 


This system admits a nontrivial solution iff 2(1 — cosa) + asina = 0, i.e., 
sin(a/2) = 0 or (œ/2) + tan(«/2) = 0. 


8.34 


1. Let u be a classical solution. Then we have 
1 1 
—u'(1)v(1) + u’(0)v(0) +f (u'v' + uv) = / fv Wve H'(0, 1). 
0 0 
Let V = {v € H! (0, 1); v(0) = v(1)}. If v € V we obtain 
1 1 
a(u, v) = | (u'v’ + uv) = f fv + kv(0). 
0 0 
The weak formulation is 


1 
uceV and au») = f futkv@) We. 
0 
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2. By Lax—Milgram there exists a unique weak solution u € V, and the correspond- 
ing minimization problem is 


. 1 ; 12 2 : kv(0 
min {> fc +- f fu- vo}. 


3. Clearly, any weak solution u belongs to H(0, 1) and satisfies 


—u" +u = f a.e. on (0, 1), 
u'(1)v(1) — u’ (0)v (0) = kv(0) Wwe V, 


i.e., 


u'(1) — u' (0) = k. 


5. The eigenvalues of T are given by àg = 1/x, where ug corresponds to a non- 
trivial solution of 


—u" +u = ugu a.e. on (0, 1), 
u(1) = u(0), u (1) = u' (0). 


Therefore ug > 1 and u is given by 


u(x) = Asin (vi — Ix) + Bcos (viu — Ix) 
with Vuk — 1 = 2rk,k =0,1,.... 


8.38 


2. Suppose that Tu = Au with u € H? (R) and u # 0. Clearly 4 Æ 0 and u satisfies 
—u" +u = Sy on R 
Fi 


Ifà = 1, we have u(x) = Ax + B for some constants A, B. Since u € L? (R) we 
deduce that A = B = 0. Therefore 1 ¢ EV (T). 


If (5, — 1) > 0 we have u(x) = Asinax + Bcosax, with œ = ,/ + — 1. The 


condition u € L?(R) yields again A = B = 0. Similarly, if G — 1) < 0 we 
have no solution, except u = 0. Hence EV (T) = Ø. T cannot be a compact 
operator. Otherwise we would have o (T) = {0} by Theorem 6.8 and then T = 0 
by Corollary 6.10. But obviously T # 0 (otherwise any f in L? (R) would be 
= 0). 

3. Ifà < 0,(T — Al) is bijective from H = L? (R) onto itself, for example by 
Lax—Milgram and the fact that (Tf, f) > OV f € H.Thusd € p(T). 

4. IfA > 1 > ||T|| we have à € p(T) by Proposition 6.7. 

6. T is not surjective, since R(T) C H?(R). 
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7. T — I is not surjective. Indeed, if we try to solve Tf — f = ọ fora given ọ in 
L?(R) we are led to —u” + u = f (letting u = Tf) and u = f + 9. Therefore 
u” = ọ admits a solution u € H?. Suppose, for example, that supp C [0, 1]. 
An immediate computation yields u(x) = 0 Vx < 0 and u(x) = 0 Vx > 1. Thus 
u'(0) = u'(1) = O. It follows that 0 = u'(1) — u’(0) = f o. Therefore the 
equation Tf — f = ọ has no solution f € L? (R) when A o #0. Hence T — I 
cannot be surjective. 

8. T — àI is not surjective. Indeed, if we try to solve Tf — Af = @ we are led 
to —u" + u = f (letting u = Tf) and u = Af + ọ. Therefore —u” + u = 
+(u —q). Assume again that supp ọ C [0, 1]. We would have u” = —pu outside 
[0, 1], with u = Vi — 1. Therefore u = Q outside [0, 1] and consequently 
u(0) = u'(0) = u(1) = u'(1) = 0. The equation —u” + (1 — iu = -io 
implies that IA gv = 0 for any solution v of —v” = u?v on (0, 1); for example 


J g(x) sin ux = 0. Therefore the equation Tf — Af = ọ has no solution f € 
L? (R) when i g(x) sin ux Æ 0. Consequently (T — AJ) is not surjective. 


8.39 


2. We have v? < ivt + 5 Vu € R, and thus 


ae | 
9) > sllullzn = Z — lle lvla. 


Therefore g(v) > œ as |lv|| 71 > oo. 

3. The uniqueness follows from the fact that ¢ is strictly convex on H'!(0, 1); this 
is a consequence of the strict convexity of the function t > t* on R. 

4. We have 


1 1 
(u + £v) = 5 f (u? + 2eu'v' + °v”) 
0 
1 1 
+ Fi ) (ut + 4eu?v + 6e°u v? + 4e>uv? + ety?) 
0 
1 
2 f Cero 
0 
Writing that y(u) < g(u+ ev) gives 


1 
i (u'u! +uev — fv) +A, = 0, 
0 


where A; — 0 as £ — Q. Passing to the limit as € — 0 and choosing +v yields 


1 
I (wu! +u°v— fv) =0 Yv € H!(0,1). 
0 
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6. From the convexity of the function t > t4 we have 

14 l4 3 

ae be >u(v—u) VWu,veR. 


On the other hand, we clearly have 


1 1 
sue = zu > u'(v' — u’) a.e. on (0,1) VWu,v € H'(0, 1). 
Thus Vu, v € H!(0,1) 
1 1 1 
pow) = | wo -ua f wo-w- f f—w). 
0 0 0 


If u is a solution of (3) we have 


1 1 1 
[uw -w f wow =f f—u) Yve H!(0,1), 
0 0 0 


and therefore y(u) < (v) Yv € H!(0, 1). 

9. We claim that y(v) > +00 as ||u|| 71 — oo. Indeed, this boils down to showing 
that for every constant C the set {v € H'(0, 1); wv) < C} is bounded in 
H'(0, 1). If y (v) < C write 


1 1 
Las f(v— vO) + v0) < If llz2 (Ile'lz2 + 1vO)I). 


so that ||v’||,2 and |v(0)| are bounded (why?). Hence |lu||;2 < |lv’|lz2 + |v(0)| 
is also bounded, so that ||v|| 1 is bounded. For the uniqueness of the minimizer 
check that y (432) < Ao (u1) + Y (u2)), and equality holds iff u} = w5, and 
u1 (0) = u2(0), i.e., uy = U2. 
We have 
y(u + ev) = oh (Ul? + 2eu'v' + °v?) 
+7 (u 4(0) + 4eu3(0)v(0) + ++ + ev4(0)) -f f(u + ev). 


If u is a minimizer of Y we write Y (u) < y(u + £v), and obtain 


1 
/ (u'v' — fv) + u3(0)v(0) + B: > 0, 
0 


where Bs — 0 as £ — 0. Passing to the limit as £ — 0, and choosing +v yields 


1 
(S1) f (u'u! — fv) +u3(0)v(0) =0 Yv € H! (0,1). 
0 
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Consequently, u € H*(0, 1) satisfies 
(S2) —u" = f ae.on(0, 1). 
Returning to (S1) and using (S2) yields 
u'(1)v(1) — u'(0)v (0) + w3(0)v(0) =0 Wv € H!(0, 1), 
so that 
(S3) u'(1)=0, u(0) = u’?(0). 
Conversely, any function u satisfying (S2) and (S3) is a minimizer of y: the 


argument is the same as in question 6. In this case we have an explicit solution. 
The general solution of (S2) is given by 


u(x) = -fo — t) f (t)dt + Ax + B, 
0 


and then (S3) is equivalent to 


1 
A= | fode with A= B. 
0 


8.42 


2. Differentiating the equation 
(S1) v(x) = p (u(t) 
with respect to t gives 
E ee 
vp PO) = gp O Ou) + pou’. 
Thus 


$ rà 1 / 
p(t)u'(t) = v'(x)p4(t) — AOO 
(S2) i 
= v'x)p' 0) — gr OP Ova). 
Differentiating (S2) with respect to t gives 


1 1 
(S3) (puy = v(x) p 4M — gr Op (v(x) + 1g? OP Ore). 


Combining (S3) with the equation —(pu’)’ + qu = nu on (0, 1) yields 


434 Solutions of Some Exercises 
1 1 
v(x) p 4a) = gP Op Ow) + TAAN Ore) 


= (q(t) — wp Ov). 


(S4) 


Hence v satisfies 
—v"+a(x)v = wv on (0, L), 
where 
a(x) = q(t) + =p") — EPO. 
4 16 


Problems 


The numbers in parentheses refer to the chapters in the book whose knowledge is 
needed to solve the problem. 


PROBLEM 1 (1, 4 only for question 9) 
Extreme points; the Krein—Milman theorem 


Let E be an n.v.s. and let K C E be a convex subset. A point a € K is said to be 
an extreme point if 


tx+(1—t)y#a Vte(O,1), Vx,yeK withx Ay. 


1. Check that a € K is an extreme point iff the set K \{a} is convex. 


2. Let a be an extreme point of K. Let (x;)1<j<» be a finite sequence in K and let 
(@)1<i<n be a finite sequence of real numbers such that œ; > 0 Vi, >a; = 1, 
and ` ajx; = a. Prove that x; = a Vi. 


In what follows we assume that K C E is anonempty compact convex subset 
of E. A subset M C K is said to be an extreme set if M is nonempty, closed, and 
whenever x, y € K are such that tx + (1 — t)y € M for some t € (0, 1), then 
xe€MandyeM. 


3. Leta € K. Check that a is an extreme point iff {a} is an extreme set. 


Our first goal is to show that every extreme set contains at least one extreme 
point. 


4. Let A C K be an extreme set and let f € E*. Set 


B= {x € A; (f,x) = max( f, nn} . 


Prove that B is an extreme subset of K. 
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5. Let M C K be an extreme set of K. Consider the collection F of all the extreme 
sets of K that are contained in M; F is equipped with the following ordering: 


A<B if BCA. 


Prove that F has a maximal element Mo. 

6. Prove that Mo is reduced to a single point. 
[Hint: Use Hahn—Banach and question 4.] 

7. Conclude. 

8. Prove that K coincides with the closed convex hull of all its extreme points. 
[Hint: Argue by contradiction and use Hahn—Banach.] 


9. Determine the set € of all the extreme points of Bg (= the closed unit ball of £) 
in the following cases: 


(a) E = 8%, 

(b) E =c, 

(c) E = c, 

GES ei. 

(e) E = £ with 1 < p < œ, 
(f) E= L! (R). 


[For the notation see Section 11.3]. 


PROBLEM 2 (1, 2 only for question B4) 


Subdifferentials of convex functions 


Let E be an n.v.s. and let g : E —> (—oo, +00] be a convex function such that 
g # +00. For every x € E the subdifferential of y is defined by 


dp(x) = {f € E*; 90) -—9@) =(fiy—x) Vy € E} ifx € D@), 
dp(x) =B ifx ¢ Dg), 


and we set 
D(dg) = {x € E; dg(x) # Ø}, 
so that D(dg) C D(@). Construct an example for which this inclusion is strict. 
-A- 
1. Show that dg(x) is a closed convex subset of E*. 


2. Let x1, x2 E D(0@), fi € 0V(x1), and f2 E€ AP(x2). Prove that 


(fi — f2, xı — x2) > 0. 
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3. 


4. 


(1) 


Prove that 
f € dp(x) => g(x) + O*(f) = (f, x). 


Determine d¢ in the following cases: 


(a) g(x) = jill, 

(b) g(x) = lix], 

(c) p(x) = Ix (x) (the indicator function of K), where K C E is a nonempty 
convex set (resp. a linear subspace), 

(d) g(x) is a differentiable convex function on E£. 


[Hint: In the cases (a), (b), 3g is related to the duality map F defined in Remark 2 
of Chapter 1; see also Exercise 1.1.] 


. Let y : E —> (—c, +00] be another convex function such that y 4 +00. 


Assume that D(g) N D(Y) 4 Ø. Prove that 
dgx) + OW(x) CO(~+W)x) VxrEeE 
(with the convention that A + B = Ø if either A = Ø or B = Ø). Construct an 


example for which this inclusion is strict. 


-B- 


Throughout part B we assume that xo € E satisfies the assumption 


JM eR and AR > 0 such that p(x) < M Yx € E with ||x — xoll < R. 


. Prove that 3g (xo) Æ Ø. 


[Hint: Use Hahn-Banach in E x R.] 


. Prove that || fl] < $(M — (x0) Yf € A(x). 
. Deduce that Yr < R, 3L > 0 such that 


lp(x1) — p&2)| < Lllx — x2||  Yx1, x2 € E with ||x; — xoll < r, i = 1,2. 


[See also Exercise 2.1 for an alternative proof.] 


. Assume here that E is a Banach space and that ọ is 1.s.c. Prove that 


Int D(dg) = Int D(g). 


. Prove that for every y € E one has 


. 9(xo + ty) — p (xo) 
lim = max (f,y). 
t40 t fEðgpxo) 


438 Problems 


[Hint: Look at Exercise 1.25, question 5.] 


6. Let y : E —> (—ow, +00] be a convex function such that x9 € D(w). Prove that 
dgx) + 3Y (x) = 3l + Y)x) Vere ELE. 


[Hint: Given fo € 3 (p + W(x), apply Theorem 1.12 to the functions @(y) = 
p(y) — g(x) — (fo, y — x) and YO) = YO) — W(X).] 


-C- 


1. Leto : E — R be a convex function such that g(x) < k||x|| + C Vx € E, for 
some constants k > 0 and C. Prove that 


l&i) — 9X2) < klx — x2l| Vx1, x2 € E. 


What can one say about D(g*)? 


2. Let A C R” be open and convex. Let g : A —> R be a convex function. Prove 
that o is continuous on A. 


-D- 


Let g : E —> R be a continuous convex function and let 
C= {x € E; g(x) <0}. 


Assume that there exists some x9 € E such that g(xo) < 0. Given x € C prove 
that f € d/¢(x) iff there exists some à € R such that f € Ady(x) with A = 0 if 
g(x) < 0, and à > Oif p(x) = 0. 


PROBLEM 3 (1) 


The theorems of Ekeland, Brénsted—Rockafellar, 
and Bishop—Phelps; the ¢-subdifferential 


ye 


Let M be a nonempty complete metric space equipped with the distance d(x, y). 
Let y : M > (—co, +00] be an 1.s.c. function that is bounded below and such that 
w Æ +00. Our goal is to prove that there exists some a € M such that 


w(x) -—w(a)+d(x,a)>0 YxeM. 
Given x € M set 


S(x) = {y E€ M; YO) - W@) + d(x, y) < O}. 


1. Check that x € S(x), and that y € S(x) > S(y) C S(x). 
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2. Fix any sequence of real numbers (¢,) with €&n > 0 Wn and €, — 0. Given 
xo E M, one constructs by induction a sequence (xn) as follows: once xn is 
known, pick any element x,+1 satisfying 


Xn+1 E€ S(Xn), 
WAnt) < inf y(x) + engi. 
xES(Xn) 


Check that S(xn+1) C S(xn) Yn and that 


W(Xn+p) — W(Xn) + dxn, Xn+p) <0 Vn, Vp. 


Deduce that (x„) is a Cauchy sequence, and so it converges to a limit, denoted 
by a. 


3. Prove that a satisfies the required property. 


[Hint: Given x € M, consider two cases: either x € S(xn) Yn, or IN such that 
x € S(xn).] 


4. Give a geometric interpretation. 


-B- 


Let E be a Banach space and let g : E —> (—o0, +00] be a convex I|.s.c. function 
such that g Æ +00. Given € > 0 and x € D(@g), set 


de~(x) ={f E E*; g(x) +9*(f) —(f, x) <e}. 
Check that 0,g(x) 4 Ø. 


Our purpose is to show that given any x9 € D(@) and any fo € dep(xo) the 
following property holds: 


VA > 0, Ax, € D(g) and 3fı € E* with fı € Ag(x1) 
such that ||x; — xoll < £/ and || fi — foll < à. 


(The subdifferential 0¢ is defined in Problem 2; it is recommended to solve Problem 2 
before this one.) 


1. Consider the function y defined by 
WO) = pa) + p Cfo) — (fo. x). 
Prove that there exists some x; € E such that ||x1 — xo|| < ¢/A and 
W(x) -= yai) +Allx—m|| 20 Vee E. 


[Hint: Use the result of part A on the set 
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M = {x € E; W(x) < Wo) — Allx — xoll}-] 
2. Conclude. 


[Hint: Use the result of Problem 2, question B6.] 
3. Deduce that 


D(dg) = Diy) and R(dg) = Dy"), 
where R(0g) = {f € E*; Ax € D(0qg) such that f € dg(x)}. 


Gs 


Let E be a Banach space and let C C E be a nonempty closed convex set. 


1. Assuming that C is also bounded, prove that the set 
[y € E*; sup(f, x) is achieved} 
xEC 
is dense in E*. 
[Hint: Apply the results of part B to the function g = Ic.] 


2. One says that a closed hyperplane H of E is a supporting hyperplane to C ata 
point x € C if H separates C and {x}. Prove that the set of points in C that admit 
a supporting hyperplane is dense in the boundary of C (= C \ Int C). 


PROBLEM 4 (1) 
Asplund’s theorem and strictly convex norms 


Let E be an n.v.s. and let gp, Wo : E — [0, oo) be two convex functions such 
that go(0) = wo(0) = 0 and O < Wo(x) < go(x) Vx € E. Starting with gp and wo 
one defines by induction two sequences of functions (pn) and (Yn) as follows: 


1 
Pn+1(%) = 5 Pr) + Yr) 


and 
1 1 
Yny) = 5 inf {pn (x + y) + Yn — y)} = 5 (Pn V Wn) (24). 
yeE 2 


[Before starting this problem solve Exercise 1.23, which deals with the inf-convolu- 
tion V.] 


-A - 


1. Check that 0 < y(x) < g, (x) Yx € E, Yn and that ø, (0) = Yn, (0) = 0. 
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2. Check that g, and Yn are convex. 


3. Prove that the sequence (øn) is nonincreasing and that the sequence (Wn) is 
nondecreasing. Deduce that (gn) and (Yn) have a common limit, denoted by 0, 
with Wo < 0 < @, and that 0 is convex. 


4. Prove that g% + 0*. 


5. Prove that y% O + wy), and deduce that y% | 0* when D(yġ) = E*. 


+1 = 
6. Assume that there exists some x9 € D (go) such that go is continuous at xo. Prove 
that o, and y, are also continuous at xo. 


[Hint: Apply question 2 of Exercise 2.1.] 


Deduce that 


b 4 x 
1) = A inf Mon +240, —8)). 


-B- 


Let g : E — [0, +00) be a convex function that is homogeneous of order two, 
i.e., (àx) = Xg (x) VA € R, Vx € E. Prove that 


1 1 
gx +y) < 7r% + T90) Yx,y € E, Vte (0,1). 


Deduce that the function x > / g(x) is a seminorm and conversely. Establish 
also that 


1 1 
(BOO) srpa ty) +7 y) Yx SE, Veet): 


In what follows we assume, in addition, that gp and yo are homogeneous of order 
two and that there is a constant C > O such that 


gox) < 1+ C)Wo(x) Wx EE. 


1. Check that gn, Wn, and 6 are homogeneous of order two. 


2. Prove that for every n, one has 


On(x) < (1 + =) Wn(x) Wx € E. 


[Hint: Argue by induction and use (1).] 


3. Assuming that either go or Wo is strictly convex, prove that 0 is strictly convex 
(for the definition of a strictly convex function, see Exercise 1.26). 
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[Hint: Use the inequality established in question B2. It is convenient to split 9n 
as Qn = On + ar po, where 0, is some convex function that one should not try to 
write down explicitly. Note that 


1 C 1 
On + zn gr Po SO SOn + 5, ¢0-] 


-C- 


Assume that there exist on E two equivalent norms denoted by || ||; and || ||2. Let 
|| lj and || ||} denote the corresponding dual norms on E*. Assume that the norms 
|| ilı and || ||5 are strictly convex. Using the above results, prove that there exists a 
third norm || ||, equivalent to || ||; (and to || ||2), that is strictly convex as well as its 
dual norm || ||*. 


PROBLEM 5 (1, 2) 
Positive linear functionals 


Let E be an n.v.s. and let P be a convex cone with vertex at 0, i.e., Ax + uy € P, 
Yx, y € P,WA, u > Q. Set F = P — P, so that F is a linear subspace. Consider the 
following two properties: 


(i) Every linear functional f on E such that f(x) > 0 Vx € P, is continuous on E. 
(ii) F is aclosed subspace of finite codimension. 


The goal of this problem is to show that (i) = (ii) and that conversely, (ii) > (i) 
when E is a Banach space and P is closed. 


-A- 
Throughout part A we assume (1). 
1. Prove that F is closed. 


[Hint: Given any xo ¢ F, construct a linear functional f on E such that f (x9) = 
land f =0on F.] 


2. Let M be any linear subspace of E such that M N F = {0}. Prove that dim M < 
+00. 


[Hint: Use Exercise 1.5.] 
3. Deduce that (i) > (ii). 


-B- 


Throughout part B we assume that E is a Banach space and that P is closed. 
1. Assume here in addition that 


(iii) P—P=E. 
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Prove that there exists a constant C > 0 such that every x € E has a decompo- 
sition x = y — z with y, z € P, |ly|| < C]]x|| and [Iz] < Clx. 


[Hint: Consider the set 
K = {x = y —z with y, z € P, ||yl| < 1 and |[z|| < 1} 


and follow the idea of the proof of the open mapping theorem (Theorem 2.6).] 
2. Deduce that (iii) > (i). 


[Hint: Argue by contradiction and consider a sequence (xn) in E such that 
llxnl| < 1/2” and f (xn) > 1. Then, use the result of question B1.] 


3. Prove that (ii) > (i). 


yor 


In the following examples determine F = P — P and examine whether (i) or (ii) 
holds: 


(a) E = C({0, 1]) with its usual norm and 
P = {u€ E;u(t)>0 Vt e (0, 1]}, 
(b) E = C([0, 1]) with its usual norm and 
P = {u € E;u(t)> 0 Vt e [0,1], and u(0) = u(1) = 0}, 
(c) E = {u € C! ([0, 1]); u(0) = u (1) = 0} with its usual norm and 


P = {u€ E; u(t) >0 Vte [0,1]}. 


PROBLEM 6 (1, 2) 


Let E be a Banach space and let A : D(A) C E —> E* be a closed unbounded 
operator satisfying 


(Ax, x} > 0 Yx € D(A). 
-A- 
Our purpose is to show that the following properties are equivalent: 
(i) Wx € D(A), 3C(x) € R such that (Ay, y — x) > C(x) Vy e D(A), 
Gi) Ak > 0 such that 


(Ay, x)| < k(x] + TAxIDV (Ay, y) Yx, y € D(A). 


1. Prove that (ii) > (4). 
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Conversely, assume (i). 


. Prove that there exist two constants R > 0 and M > O such that 
(Ay,x-—y) <M VyeD(A) and Yx € D(A) with ||x|| + ||Ax|| < R. 


[Hint: Consider the function g(x) = SUPyepay(Ay, x — y) and apply Exer- 
cise 2.1.] 


. Deduce that 


|(Ay, x)|? <4M(Ay, y) Vy € D(A) and Yx € D(A) with ||x||+||Ax|] < R. 


. Conclude. 
-B- 
In what follows assume that D(A) = E. Leta > 0. 


. Prove that the following properties are equivalent: 


(iii) |Ayl| < ay (Ay, y) Vy eB, 
1 
(iv) (Ay, y- x) > -3% lll? Vx, y€ E. 


[Hint: Use the same method as in part A.] 


. Let A* € L(E**, E*) be the adjoint of A. Prove that (iv) is equivalent to 


1 
(iv*) (A*y, y= x) > -30 lxi? Yx, y € E. 


. Deduce that (iii) is equivalent to 


(iii*) |A*yll < æy (A*y, y) Vy e E. 
PROBLEM 7 (1, 2) 


The adjoint of the sum of two unbounded linear operators 


Let E be a Banach space. Given two closed linear subspace M and N in E, set 
p(M, N) = sup dist(x, N). 
xeM 
IxI|<1 
oe Nee 


. Check that o(M, N) < 1; if, in addition, N C M with N # M, prove that 
p(M,N)=1. 


Problems 445 


[Hint: Use Lemma 6.1.] 


2. Let L, M, and N be three closed linear subspaces. 
Seta = e(M, N) and b= p(N, L). Prove that o(M, L) <a+b+ab. 
Deduce that if L C M,a < 1/3, and b < 1/3, then L = M. 


3. Prove that o(M, N) = p(NŁ, M+). 
[Hint: Check with the help of Theorem 1.12 that Yx € E and Yf € E* 


dist(x, N) = sup (g, x) and dist( f, M+) = sup (f, y).] 
EM 


geNt y 
gis lyst 


-B- 


Let E and F be two Banach spaces; E x F is equipped with the norm ||[u, v]||zx- = 
|“ |lz+||v|| ». Given two unbounded operators A : D(A) C E —> FandB: D(B) C 
E — F that are densely defined and closed, set 


p(A, B) = p(G(A), G(B)). 


1. Prove that p(A, B) = o(B", A*). 
2. Prove that if D(A) A D(B) is dense in £, then 
A* + B*c (A+ BY. 
[Recall that D(A + B) = D(A) D(B) and D(A* + B*) = D(A*) O D(B*).] 


It may happen that the inclusion A* + B* C (A + B)* is strict—construct such 
an example. Our purpose is to prove that equality holds under some additional 
assumptions. 


3. Assume 


(H) D(A) C D(B) and there exist constants k € [0, 1) and C > 0 
such that || Bu|| < k||Au|| + Cllu|| Yu € D(A). 


Prove that A + B is closed and that p(A, A+ B) <k+C. 


4. In addition to (H) assume also 


(Ht) D(A*) C D(B*) and there exist constants k* € [0, 1) and 
C* > 0 such that || B*v|| < k*||A*u|| + C*||v]] Yv € D(A*). 


Let € > 0 be such that e(k + C) < 1/3 and e(k* + C*) < 1/3. 
Prove that A + ¢B* = A* + €B*. 
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5. Assuming (H) and (H*) prove that (A + B)* = A* + B*. 


[Hint: Use successive steps. Check that the following inequality holds Vt € 
[0, 1]: 


k 
| Bull < 74/4" +tBull| + lull Yu € D(A).] 


l—k 


PROBLEM 8 (2, 3, 4 only for question 6) 
Weak convergence in £!. Schur’s theorem. 


Let E = £!, so that E* = £% (see Section 11.3). Given x € E write 
[0,6] 
X = EX2 Xis) and Jili = X lxi, 
{=} 


and given f € E* write 
F= Fi fzr fis) and || flloo = sup | fil. 
l 


Let (x”) be a sequence in E such that x” — 0 weakly o (E, E*). Our goal is to 
show that ||x” ||; —> 0. 


1. Given f, g € Bex Q.e., || fllo < Land |lglloo < 1) set 


CO 


1 
d(f.g) =} lf 8il- 


i=l 


Check that d is a metric on Bg» and that Bg» is compact for the corresponding 
topology. 


2. Given € > 0 set 
Fk = {f € Ber; (fx <e Yn > kh. 


Prove that there exist some f 0 € Bg», a constant p > 0, and an integer kp such 
that 


[f € Bes and d(f, f°) < p] = [f € Fiol. 
[Hint: Use Baire category theorem. ] 
3. Fix an integer N such that (1/27!) < p. Prove that 


N 
lx” <e+29 [x2] Vn > ko. 


i=l 
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4. Conclude. 


5. Using a similar method prove that if (x”) is a sequence in £! such that for every 
f € £™ the sequence (( f, x”)) converges to some limit, then (x”) converges to a 
limit strongly in £!. 


6. Consider E = L!(0, 1), so that E* = L™(0, 1). Construct a sequence (u”) in E 

such that u” — 0 weakly o (E, E*) and such that ||u” ||; = 1 Yn. 

PROBLEM 9 (1, 2, 3) 
Hahn-Banach for the weak* topology and applications 
Let E be a Banach space. 
-A- 

1. Let A C E* and B C E* be two nonempty convex sets such that A N B = Ø. 

Assume that A is open in the topology o (E*, E). Prove that there exist some 


x € E, x #0, and a constant œ such that the hyperplane {f € E*; (f, x) = a} 
separates A and B. 


2. Assume that A C E* is closed in o (E*, E) and B C E* is compact ino (E*, E). 
Prove that A + B is closed in o (E*, E). 


3. Let A C E* and B C E* be two nonempty convex sets such that A N B = Ø. 
Assume that A is closed in o(E*, E) and B is compact in o (E*, E). Prove that 
there exist some x € E,x Æ 0, and a constant a such that the hyperplane { f € E*; 
(f, x) = æ} strictly separates A and B. 


4. Let A C E* be convex. Prove that z” 5) the closure of A in o (E*, E), is 
convex. 


-B- 
Here are various applications of the above results: 


1. Let N C E* be a linear subspace. Recall that 
N+ ={xe€ E; (f,x)=0 YfeN} 


and 
Nit ={f € E*; (f,x)=0 Vx e N+}. 
Prove that NH = N°"). 
What can one say if E is reflexive? 
Deduce that co is dense in £% in the topology a (£%, ¢'). 


2. Leto : E —> (—œ, +00] be a convex l.s.c. function, ¢ # +00. Prove that 
y = g* is l.s.c. in the topology o (E*, E). 
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Conversely, given a convex function y : E* — (—oo, +00] that is l.s.c. for the 
topology o (E*, E) and such that y Æ +00, prove that there exists a convex L.s.c. 
function ọ : E + (—oo, +00], g Æ +00, such that y = ¢*. 


3. Let F be another Banach space and let A : D(A) C E — F be an unbounded 
linear operator that is densely defined and closed. Prove that 
O RAYE = Nay, 
Gi) Day’? = F. 
What can one say if E (resp. F) is reflexive? 
4. Prove—without the help of Lemma 3.3—that J(Bz) is dense in Bg» in the 


topology o (E**, E*) (see Lemma 3.4). 


5. Let A: Bg — E* be a monotone map, that is, 


(Ax —Ay,x—y)>0O Vx,ye Bg. 


Set Sg = {x € E; ||x|| = 1}. Prove that A(Bg) C conv Ap). 


PROBLEM 10 (3) 


The Eberlein-Smulian theorem 


Let E be a Banach space and let A C E. Set B = AE 


problem is to show that the following properties are equivalent: 


. The goal of this 
(P) B is compact in the topology o (E, E*). 


(Q) Every sequence (x,,) in A has a weakly convergent subsequence. 


Moreover, (P) (or (Q)) implies the following property: 


(R) For every y € B there exists a sequence (yn) C A 
such that y, — y weakly o (E, E*). 
-A - 


Proof of the claim (P) > (Q). 


1. Prove that (P) = (Q) under the additional assumption that E is separable. 


[Hint: Consider a set (b) in Bg» that is countable and dense in Bg» for the 
topology o (E*, E) (why does such a set exist?). Check that the quantity d(x, y) = 
Yi x |(be, x — y)| is a metric and deduce that B is metrizable for o (E, E*).] 


2. Show that (P) = (Q) in the general case. 
[Hint: Use question A1.] 
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-B- 
For later purpose we shall need the following: 


Lemma. Let F be an n.v.s. and let M C F* be a finite-dimensional vector space. 
Then there exists a finite subset (a;)1<j<k in Br such that 


1 
„đi) > = Vee M. 
max (g ai) = z lgl g 


[Hint: First choose points (g;)1<j<x in Sy such that Sy C (4 B(gi, 1/4), 
where Sy = {g € M; |igl| = 13-1 

-C- 

—o (E**,E*) : ; 

Let € € E** be such that £ € A . Using assumption (Q) we shall prove 

that € € B and that there exists a sequence (yg) C A such that yy — £ ino (E, E*). 


1. Set, = 1 and fix any fı € Bg». Prove that there exists some x; € A such that 


KE, fi) — (fi, x) < 1. 


2. Let Mı = [&, xı] be the linear space spanned by & and x. Prove that there exist 
(fi)1<i<n) in Bg» such that 


1 
max (n, fi) 2 slini Yn € Mı. 
l<i<n2 2 


Prove that there exists some x2 € A such that 
ban , 
KE fi) = fixad < 5 Vi, 1 <i <m. 


3. Iterating the above construction, we obtain two sequences (x) C A and (fj) C 
Be», and an increasing sequence of integers (ng) such that 


1 
(a) max (n, fi) = zlin Yn € Mg = [&, x1, x2,..., Xk], 
ng <i<nky1 2, 
1 
(b) KE. fi) — (Fis tera) < FI Vi, l <i <ngy1. 


4. Deduce from (a) that 
Cc 


1 
sup(n, fi) > slnl Yn e J M = m 
iz] k=l 


and then that i 
sup(n, fi) = zlin Yn € M, 
i>] 2 
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where M denotes the closure of M in E**, in the strong topology. 


5. Using (b) and assumption (Q), prove that there exists some x € B N M such that 
(E, fi) =(fi,x) Vie 1. 


Deduce that £ = x and conclude. 


— 


. Prove that (Q) > (P). 
2. Prove that (Q) > (R). 


PROBLEM 11 (3) 
A theorem of Banach-Dieudonné-Krein-Šmulian 


Let E be a Banach space and let C C E* be a convex set. Assume that for each 
integer n, the set C N (nBpg») is closed in the topology o (E*, E). The goal of this 
problem is to show that C is closed in the topology o (E*, E). 


oy ee 


Suppose, in addition, that 0 ¢ C. We shall prove that there exists a sequence (xn) 
in E such that 


(1) llxn|| > 0 and sup(f, xn) > 1 YfecC. 
n 


Let d = dist(0, C) and consider a sequence d, t +00 such that dı > d. Set 
Ck ={f €C; Ifill < dg}. 


1. Check that the sets Cg are compact in the topology o (E*, E). Prove that there 
exists some fọ € C such that d = || foll > 0. 


2. Prove that there exists some x; € E such that 
(fx) >1 Vf EC,. 


[Hint: Use Hahn—Banach for the weak* topology; see question A3 of Prob- 
lem 9.] 


3. Set Ay = {x,}. Prove that there exists a finite subset Az C E such that A2 C Be 
and sup,e4,ua,{fx) > LYF EC. 
{Hint: For each finite subset A C E such that A C a, Be consider the set 


Ya=jfeCo; sup (f,x)<1F, 
xE€A,UA 
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and prove first that N4 Ya = @.] 
4. Construct, by induction, a finite subset Ag C E such that 


1 
Ag C —— Bg and sup (f,x)>1 YfeECkr. 
dk-1 xeu; Aj 


5. Construct a sequence (xn) satisfying (1). 


-B- 
1. Assume once more that 0 ¢ C. Prove that there exists some x € E such that 
(fx) 21 Yfec. 


[Hint: Let (xn) be a sequence satisfying (1). Consider the operator T : E* > co 
defined by T (f) = ((f, xn))n and separate (in co) T (C) and the open unit ball of 
co.] 


2. Conclude. 


PROBLEM 12 (1, 2, 3) 
Before starting this problem it is necessary to solve Exercise 1.23. 


Let E be a reflexive Banach space and let g, Y : E —> (—o, +00] be convex 
1.s.c. functions such that D(g) N D(w) Æ Ø. Set 0 = g* Vw". 


-A- 


We claim that 


De + )*) = D(g*) + DY"). 


1. Prove that D(g*) + D(w*) C D((o + y)*). 


2. Prove that 6 maps E* into (—oo, +00], 0 is convex, D(@) = D(g*) + D(w”*) 
and é*=o+y. 


3. Deduce that D(( + y)*) = D(@) and conclude. 


-B- 


Assume, in addition, that g and w satisfy 


(H) Ja) - DW) = E. 


A>0 


We claim that 


© (p +Y) = Vy, 
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Gi) inf {p(x) + y (x)} = max{—¢g*(—g) — Y* (8), 

xeE gEE* 
Gii) D(C + Y)*) = Dg") + Dy"). 


1. Prove that for every fixed f € E* anda € R the set 


M = {g € E*; @(f—a)+W*(g) <a} 


is bounded. 
[Hint: Use assumption (H) and Corollary 2.5.] 


2. Leta € R be fixed. Let (fn) and (gn) be two sequences in E* such that (fa) is 
bounded and g* (fn — gn) + W*(gn) < æ. Prove that (g,) is bounded. 


3. Deduce that 8 is l.s.c. 


4. Prove (i), (ii), and (iii). 
Compare these results with question 3 of Exercise 1.23 and with Theorem 1.12. 


PROBLEM 13 (1, 3) 


Properties of the duality map. Uniform 
convexity. Differentiability of the norm 


Let E be a Banach space. Recall the definition of the duality map (see Remark 2 
in Chapter 1): For every x € E, 


F(x) ={f € E*; IfI = Ixl and (f, x) = lix). 
Before starting this problem it is useful to solve Exercises 1.1 and 1.25. 
-A- 


Assume that E* is strictly convex, so that F (x) consists of a single element. 


1. Check that 
fae (lx + Ay? — IlxII?) = (Fx, y) Yx, y € E. 
430 2X 


[Hint: Apply a result of Exercise 1.25; distinguish the cases à > 0 and à < 0.] 


2. Prove that for every x, y € E, the map t € Rr (F(x + ty), y) is continuous at 
t=0. 


[Hint: Use the inequality }(\|v||? — llul?) > (Fu, v — u) with u = x + ty and 
v=x+dAy.] 


3. Deduce that F is continuous from E strong into E* weak*. 


[Hint: Use the result of Exercise 3.11.] 
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Prove the same result by a simple direct method in the case that E is reflexive or 
separable. 


4. Check that 
(Fx + Fy, x+y) + (Fx — Fy, x — y) = 2((x||? + Iyl Yx, y € E. 
Deduce that 


|Fx + Fyll + llx—yll 22 Yx, y € E with |x|] = llyll = 1. 


5. Assume, in addition, that Æ is reflexive and strictly convex. Prove that F is bijective 
from E onto E*. Check that F7! coincides with the duality map of E*. 


-B- 


In this part we assume that E* is uniformly convex. 


1. Prove that F is continuous from E strong into E* strong. 
2. More precisely, prove that F is uniformly continuous on bounded sets of E. 
[Hint: Argue by contradiction and apply question A4.] 


3. Deduce that the function g(x) = 5 lx |? is differentiable and that its differential 
is F, i.e., for every x9 € E we have 


p(x) — o(xo) — (Fx0, x — xo) 


lim = 0. 
x—> xo k 
izr [x = xol 

-C- 


Conversely, assume that for every x € E, the set Fx consists of a single element 
and that F is uniformly continuous on bounded sets of E. Prove that E* is uniformly 
convex. 


[Hint: Prove first the inequality 
1 Za Eg 
If + als Sif + lelt — (fF — 8, yt sup te@ + y) +p — y)} 


xeEE 
lx <1 


Vyek, Yf,g € E*] 


PROBLEM 14 (1, 3) 
Regularization of convex functions by inf-convolution 


Let E be a Banach space such that E* is uniformly convex. Assume that g : E > 
(—0o, +00] is convex 1.s.c. and g Æ +00. The goal of this problem is to show that 
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there exists a sequence (n) of differentiable convex functions such that g, + g as 
n * +00. 


-A- 
For each fixed x € E consider the function ®, : E* —> (—oo, +00] defined by 
l 2 * * 
PN = SNE ee x FEE. 
1. Check that there exists a unique element fy € E* such that 


Px (fr) = oe ®,(f). 


Set Sx = fy. 
2. Prove that the map x +> Sx is continuous from E strong into E* strong. 


[Hint: Prove first that S is continuous from E strong into E* weak*.] 


-B- 
Consider the function y : E — R defined by 
1 2 
yax) = yx) = m 5 lx = yl + p0) ç- 
We claim that y is convex, differentiable, and that its differential coincides with S. 


1. Check that w is convex and that 
(i) v(x) =- me fairi +ø) - nat Wx € E, 


(ii) w*(f) = Liste +f) Vf € E*. 


[Hint: Apply Theorem 1.12.] 


2. Deduce that 
w(x) + w*(Sx) = (Sx,x) WxeE 


and that 


IVO) — W(x) — (Sx, y =x) < Sy — Sxl] ly — xl] Yx, y € E. 


3. Conclude. 


-C- 


For each integer n > 1 and every x € E set 
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: n 2 
pa) = inf {FIle — vIP + oO}. 
yeE 12 


Prove that gy, is convex, differentiable, and that for every x € E, g(x) t g(x) as 
n * +00. 
[Hint: Use the same method as in Exercise 1.24.] 
PROBLEM 15 (1, 5 for question B6) 


Center of a set in the sense of Chebyshev. Normal structure. 
Asymptotic center of a sequence in the sense of Edelstein. Fixed points 
of contractions following Kirk, Browder, Gohde, and Edelstein. 


Before starting this problem it is useful to solve Exercise 3.29. 


Let E be a uniformly convex Banach space and let C C E be a nonempty closed 
convex set. 


Af 


Let A C C be a nonempty bounded set. For every x € E define 


g(x) = sup ||x — yll. 
yeA 


1. Check that g is a convex function and that 


lp(x1) — (x2) < llxı — x2|| Yx1, x2 € E. 


2. Prove that there exists a unique element c € C such that 
o(c) = inf g(x). 
xeC 
The point c is called the center of A and is denoted by c = ø (A). 
3. Prove that if A is not reduced to a single point then 


ọ(o(A)) < diam A = sup ||x — yll. 
x,yEA 


-B- 
Let (an) be a bounded sequence in C; set 
[0,6] 
An = tai} and @,(x) = sup ||_x—yl| forx €E. 
=p yeAn 


1. For every x € E, consider g(x) = limyn-++400 Gn (x). Prove that this limit exists 
and that g is convex and continuous on E. 
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2. Prove that there exists a unique element o € C such that 
g(o) = inf g(x). 
xEC 


The point o is called the asymptotic center of the sequence (an). 


3. Let on = o (An) be the center of the set A, in the sense of question A2. Prove 
that 


(Him Pnn) = lim glon) = 9), 
and that o, — o weakly o (E, E*). 
4. Deduce that o, — o strongly. 
[Hint: Argue by contradiction and apply the result of Exercise 3.29.] 
5. Assume a, — a strongly. Determine the asymptotic center of the sequence (an). 


6. Assume here that E is a Hilbert space and that a, — a weakly o (E, E*). Compute 
y(x) and determine the asymptotic center of the sequence (an). 
[Hint: Expand squares of norms.] 


-C- 
Assume that T : C —> C is a contraction, that is, 
[Tx —Tyl| < lx- yl Yx,yec. 


Let a € C be given and let a, = T”a be the sequence of its iterates. Assume that 
the sequence (an) is bounded. Let o be the asymptotic center of the sequence (an). 
1. Prove that o is a fixed point of T, i.e., To =o. 


2. Check that the set of fixed points of T is closed and convex. 


PROBLEM 16 (2, 3) 
Characterization of linear maximal monotone operators 


Let E be a Banach space and let A : D(A) C E — E* be an unbounded linear 
operator satisfying the monotonicity condition 


(M) (Au,u) >O Vue D(A). 
We denote by (P) the following property: 


If x € E and f € E* are such that 
(P) (Au — f,u—x)> 0 Vue D(A), 
then x € D(A) and Ax = f. 
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-A- 


1. Prove that if (P) holds then D(A) is dense in E. 

[Hint: Show that if f € E* and (f, u) = 0 Yu € D(A), then f = 0.] 
2. Prove that if (P) holds then A is closed. 
3. Prove that the function u € D(A) +> (Au, u) is convex. 


4. Prove that N(A) C R(A)+. Deduce that if D(A) is dense in E then N(A) C 
N(A*). 


5. Prove that if D(A) = E, then (P) holds. 
Throughout the rest of this problem we assume, in addition, that 


(i) E is reflexive, E and E* are strictly convex, 
(ii) D(A) is dense in E and A is closed, 


so that A* : D(A*) C E —> E* and D(A*) is dense in E (why?). 


The goal of this problem is to establish the equivalence (P) = (M*), where (M*) 
denotes the following property: 


(M*) (Atv, v) >0 Yve D(A’). 


-B- 
In this section we assume that (P) holds. 
1. Prove that 
(A*v,v) > 0 Wve D(A)N D(A’). 
2. Let v € D(A*) with v ¢ D(A). Prove that Vf € E*, du € D(A) such that 
(Au — f,u — v) <0. 


Choosing f = —A*v, prove that (A*v, v) > 0. Deduce that (M”*) holds. 
3. Prove that N(A) = N(A*) and R(A) = R(A*). 


-C- 
In this part we assume that (M*) holds. 


1. Check that the space D(A) equipped with the graph norm ||u||p(4) = lulle + 
|| Au|| g» is reflexive. 


2. Given x € E and f € E*, consider the function g defined on D(A) by 


1 1 
gu) = 5llAu — fll? + 5lu — xl? + (Au — f, u — x). 
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Prove that ø is convex and continuous on D(A). 
Prove that p(u) > +00 as ||u|| (4) > œ. 


3. Deduce that there exists some uo € D(A) such that (uo) < g(u) Vu € D(A). 
What equation (involving A and A*) does one obtain by choosing u = ug + tv 
with v € D(A), t > 0, and letting t > 0? 


[Hint: Apply the result of Problem 13, part A.] 
4. Prove that (M*) => (P). 
5. Deduce that A* also satisfies property (P). 


PROBLEM 17 (1, 3, 4) 
SAs 


Let E be a reflexive Banach space and let M be a closed linear subspace of E. 
Let C be a convex subset of E*. For every u € E set 


(u) = sup(g, u). 
gec 


1. Prove that for every f € M+ + C we have 
olu) > (f u) Vue M. 


[Hint: Start with the case f € M+ + C.] 
2. Conversely, let f € E* be such that 


olu) > (f,u) Yu eM. 


Prove that f € M4 + C. 
[Hint: Use Hahn—Banach. ] 
3. Assuming that C is closed and bounded, prove that M+ + C is closed. 


-B- 


In this section we assume that E = LP (Q) with 1 < p < œ, 


M= {ue LPO [in=ol. 


C = {g € L? (Q); |g(x)| < k(x) ae. x € Q}, 


and 


where j and k > 0 are given functions in LP (2). 


1. Check that M is a closed linear subspace and that C is convex, closed, and 
bounded. 
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2. Determine M+. 
3. Determine gy(u) for every u € LP (Q). 
4. Deduce that if f € LP (Q) satisfies 


[rue f pa Vu € M, 


then there exist a constant A € R and a function g € C such that f =Aj + g. 
5. Prove that the converse also holds. 


-C- 


Let M C L!(Q) bea linear subspace. Let f, g € LO (Q) be such that f < g a.e. 
on Q. Prove that the following properties are equivalent: 


(i) Jọ € Mt such that f < ọ < g a.e. on Q, 
(ii) [osu —gu-)<0 Wem, 
where ut = max{u, 0} and u~ = max{—u, 0}. 


[Hint: Assuming (ii), check that f(g + f)u < f(g — f)|u| Yu € M and apply 
Theorem I.12 to find some y € L©(Q) with |W| < g— f, such that yY — (8+ f) € 
MŁ. Take gy = 3(¢+ f—W).] 


PROBLEM 18 (3, 4) 


Let Q be a measure space with finite measure. Let 1 < p < œ. Letg:R—-R 
be a continuous nondecreasing function such that 


lg(t)| < C(t]?! +1) vYteR, for some constant C. 
Set G(t) = fy g(s)ds. 


1. Check that for every u € LP (Q), we have g(u) € LP (Q) and G (u) € L! (Q). 
Let (un) be a sequence in LP (Q) and let u € LP (Q) be such that 


(i) Un —>u weakly o(L?, L”) 
and 
(ii) lim sup f Glan) < fow. 


The purpose of this problem is to establish the following properties: 


(1) g(un) > g(u) strongly in L4 for every q € [1, p^), 


(2) Assuming, in addition, that g is increasing (strictly), 
then un — u strongly in L4 for every q € [1, p). 
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2. Check that G(a) — G(b) — g(b)(a — b) > OVa, be R. 
What can one say if G(a) — G(b) — g(b)(a — b) = 0? 


3. Let (an) be a sequence in R and let b € R be such that 
lim[G (an) — G(b) — g(b)(an — b)] = 0. 


Prove that g (an) > g(b). 
4. Prove that f |G(un) — G(u) — g(u)(un — u)| > 0. 
Deduce that there exists a subsequence (uy, ) such that 


G (un) — Gu) — g(u) (un, — u) > 0 a.e. on Q 


and therefore g(un,) > g(u) a.e. on Q. 


5. Prove that (1) holds. (Check (1) for the whole sequence and not only for a subse- 
quence.) 


6. Prove that (2) holds. 


In what follows, we assume, in addition, that there exist constants a > 0 and 
C such that 


(3) Ig(t)| > alt! -C WeR. 


7. Prove that g (un) —> g(u) strongly in L”. 
8. Can one reach the same conclusion without assumption (3)? 


9. If, in addition, g is increasing (strictly) prove that un —> u strongly in LP. 


PROBLEM 19 (3, 4) 
Let E be the space L! (R) N L? (R) equipped with the norm 


lulle = luli + lulz- 


1. Check that E is a Banach space. Let f(x) = f\(x) + fo(x) with fı € L®(R) 
and f2 € L? (R). Check that the mapping u => fr f(x)u(x)dx is a continuous 
linear functional on £. 


2. LetO < œ < 1/2; check that the mapping 


u> f l u(x)dx 
R 


|x|” 
is a continuous linear functional on E. 


[Hint: Split the integral into two parts: [|x| > M] and [|x| < M].] 
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3. Set 
K = fu € E; u > 0a.e. on R and f u(x)dx < i}. 
R 
Check that K is a closed convex subset of E. 


4. Let (un) be a sequence in K and letu € K be such that u, — u weakly in L?(R). 
Check that u € K and prove that 


1 1 
f ——un(x)dx >f —u(x)dx. 
R |x|” R |x|* 


Consider the function J defined, for every u € E, by 


Ju) = f was- f A 
R R |x|% 


5. Check that there is a constant C such that J(u) > C Vu e€ K. 
We claim that m = inf„exg J(u) is achieved. 
6. Let (un) be a sequence in K such that J (un) — m. Prove that ||, || g is bounded. 


7. Let (Un,) be a subsequence such that un, — u weakly in L?(R). Prove that 
J(u) =m. 


8. Is E a reflexive space? 


PROBLEM 20 (4) 
Clarkson’s inequalities. Uniform convexity of LP 


-A- 
In this part we assume that 2 < p < o and we shall establish the following 
inequalities: 


(1) Ix + yl? + [x yl? < 2x1? + |y)” Yx, y ER, 
(2) (lel? + ly? PP < 2P Tx? +]yl?) Vx, y ER. 
1. Prove (2). 


[Hint: Use the convexity of the function g(t) = |t|?/ Py 


2. Set 
fœ = A +x! PP + —x?)?, xe ,1). 


Prove that 
f"œx)<0 Vx € (0,1). 


Deduce that 
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(3) f(x) < fO)+@-y)f'Q) Yx, y € 0,1). 
3. Prove that 
f(x) < 20 + xP/?)P/P” Yy e (0, 1). 
(Hint: Use (3) with y = x”’.] 
4. Deduce (1). 


In what follows denotes a o -finite measure space. 
-B- 
In this part we assume again that 2 < p < oo. 


1. Prove the following inequalities: 


(4) IFEF- gl <20 + iel Yf, € LD, 
6) 2EB + gh 2” <2? + gl) Yf g eL. 


2. Deduce Clarkson’s first inequality (see Theorem 4.10). 


-C- 
In this part we assume that 1 < p < 2. 


1. Establish the following inequality: 


© Ife ++I- sih < 2AF + ieli Yf g € LP). 


Inequality (6) is called Clarkson’s second inequality. 
[Hint: There are two different methods: 


(i) By duality from (4), observing that 


(up + vy) up" 
sup | 2 Pap | = (lell + llvllp 7”. 
gyere | oly + Illy] 


(ii) Directly from (1) combined with the result of Exercise 4.11.] 


2. Deduce that L?” (Q) is uniformly convex for 1 < p < 2. 


PROBLEM 21 (4) 
The distribution function. Marcinkiewicz spaces 


Throughout this problem Q denotes a measure space with finite measure u. Given 
a measurable function f : Q — R, we define its distribution function a to be 
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a(t) =|[|f] > A| = meas{x € Z; |f@l >t W>0. 


-A - 


1. Check that «œ is nonincreasing. Prove that æ (t + 0) = a(t) Vt > 0. Construct a 
simple example in which a(t — 0) Æ a(t) for some t > 0. 


2. Let (fn) be a sequence of measurable functions such that f, —> f a.e. on Q. Let 
(œn) and œ denote the corresponding distribution functions. Prove that 


a(t) < lim infa,(t) < lim supa,(t) <a(t—0) Vt>0. 
noo n> 
Deduce that œn (t) > a(t) a.e. 


-B- 


1. Let g € L} (R) be a function such that g > 0 a.e. Set 


loc 
t 
G(t)= f g(s)ds. 
0 
Prove that for every measurable function f, 
[0.0] 
l G(lf@))du < co =f a(t)g(t)dt < œ 
Q 0 


and that 23 
[oureonan 2l a(t)g(t)dt. 
[Hint: Use Fubini and Tonelli.] 


2. More generally, prove that 
[0.0] 
f GUF) Ddu = aG) +f a(t)g(t)dt WA>0. 
Ufl>al à 
3. Deduce that for 1 < p < œ, 
[0.0] 
f €L?(Q) =f a(t)t?—! dt < o0 
0 
and that 
[0.0] 
f |f (x)| Pdu = a(A)a? + pf a(t)tPldt WA>0. 
Ufl>al à 
Check that if f € LP (Q), then lim;.+.a(t)t? = 0. 


-C- 


464 Problems 


Let 1 < p < oo. For every f € L! (Q) define 
[flp = sop lar” f | f|; A C Q measurable, |A| > of < œ, 
A 


and consider the set 
MP (Q) = {f €L'(Q); [f]p < œ}, 


called the Marcinkiewicz space of order p. The space M” is also called the weak LP 
space, but this terminology is confusing because the word “weak” is already used in 
connection with the weak topology. 


1. Check that M? (Q) is a linear space and that [ ], is a norm. Prove that 
LP (Q) C MP” (Q) and that [f]p < || fllp for every f € L? (Q). 
2. Prove that M” (Q), equipped with the norm [ ]p, is a Banach space. 


Check that M?(Q) C M1 (Q) with continuous injection for 1 < q < p. 


We claim that 


[f € M?(Q)] > E is measurable and sup t?a(t) < o| ; 
t>0 


3. Prove that if f € MP (Q) then t?a(t) < [f] Vt > 0. 


4. Conversely, let f be a measurable function such that 


sup t?a(t) < co. 
t>0 


Prove that there exists a constant Cp (depending only on p) such that 
[flp < Cp supt? a(t). 
t>0 
[Hint: Use question B3 and write 
E f IfI + / Ifl; 
ANI AI>A] ANT fISA] 
then vary A.] 


5. Prove that MP (Q) C L7(Q) with continuous injection for 1 < q < p. 


6. Letl <q <r < wand@ e (0, 1); set 
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Prove that there is a constant C—depending only on q, r, and 0—such that 


Ifilo < CIKIS? Yf EM”). 


7. Set Q = {x e RY; |x| < 1}, equipped with the Lebesgue measure, and let 
f(x) = |x| 7^/P with 1 < p < oo. Check that f € MP (Q), while f ¢ LP (Q). 


PROBLEM 22 (4) 
An interpolation theorem (Schur, Riesz, Thorin, Marcinkiewicz) 


Let Q be a measure space with finite measure. Let 
T : L'(Q —> L! (Q) 


be a bounded linear operator whose norm is denoted by M1 = ||T || ccz1,11). We 
assume that 
T(L*(Q)) C L®(Q). 


1. Prove that T is a bounded operator from L° (Q) into itself. Set 
Noo = IIT |ie», L%). 


The goal of this problem is to show that 
T(L?(Q)) C LP (Q) for every 1 < p < œ 


and that T : LP (Q) —> LP(Q) is a bounded operator whose norm N, = 


IIT ll cctv, Lr) satisfies the inequality Np < NVP NYP., 


For simplicity, we assume first that Noo = 1. Given a function u € L! (Q), we 
set, for every à > 0, 


u =v +w, with v, = u X[luļ>à] and w, = UX[|u\<A]> 
f=Tu, gx =Tv, and h,=Tw,, sothat f = g, + hı. 


2. Check that 


AE m f lu@)ldu and [hallo <2 VA> 0. 
[|u|>A] 


3. Consider the distribution functions 


a(t) = |lu] > tl, LO = F > cll. naO = isal > tl. 


Prove that 
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lee) [0,6] 
| yı (t)dt < Nila (à)à +f a(t)dt] WA> 0, 
0 h 
and that 
Bit) <yw(t-A) WA>0, Wte>Aa. 


[Hint: Apply the results of Problem 21, part B.] 
4. Assuming u € LP (Q), prove that f € LP (Q) and that 


1 
If llp < 2N} llullp- 


5. Conclude in the general case, in which Noo Æ 1. 


Remark. By a different argument one can prove in fact that Np < N i /P Nal P; 
see, e.g., Bergh-Löfström [1] and the references in the Notes on Chapter | of 
their book. 


PROBLEM 23 (3, 4) 


Weakly compact subsets of L! and equi-integrable families. 
The theorems of Hahn—Vitali-Saks, Dunford—Pettis, and de la Vallée-Poussin. 


Let Q be a o-finite measure space. We recall (see Exercise 4.36) that a subset 
F C L! (Q) is said to be equi-integrable if it satisfies the following properties: 


(a) F is bounded in L! (Q), 
(b) Ve >0 35>0 suchthatf,|fl<e Vf eF, 
VA C Q with A measurable and |A| < ô, 


© k >0 Jw CQ measurable with |w| < co 
c 


such that Jaw |f| < €. 


The first goal of this problem is to establish the equivalence of the following 
properties for a given set F in L! (Q): 


(i) F is contained in a weakly (o (L!, L®)) compact set of L! (Q), 
(ii) F is equi-integrable. 

-A- 
The implication (i) > (ii). 


1. Let (fn) be a sequence in L!(Q) such that 
l tn > 0 VYA C Q with A measurable and |A| < œœ. 
A 


Prove that ( f„) satisfies property (b). 
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[Hint: Consider the subset X C L!(Q) defined by 
X = {xa with A C Q, A measurable and |A| < oo}. 


Check that X is closed in L! (Q) and apply the Baire category theorem to the 


sequence 
Í fk 
A 


2. Let (fn) be a sequence in L! (2) such that 


Ky = fra eX 


<E ve = al 


where £ > 0 is fixed.] 


; tn > 0 VA C Q with A measurable and |A| < oo. 
A 


Prove that (fn) satisfies property (c). 


[Hint: Let (Q;) be a nondecreasing sequence of measurable sets with finite mea- 
sure such that Q = |; Q;. Consider on L (Q) the metric d defined by 


1 
ad=} z | -el 


Set Y = {x4 with A C Q, A measurable}. Check that Y is complete for the metric 
d and apply the Baire category theorem to the sequence 


| fk 
A 
where £ > 0 is fixed.] 


3. Deduce that if (fn) is a sequence in L!(Q) such that Tn — f weakly o(L!, L®), 
then (fn) is equi-integrable. 


tn = {xa Yi 


<E ve = nl. 


4. Prove that (i) > (ii). 


[Hint: Argue by contradiction and apply the theorem of Eberlein-Smulian; see 
Problem 10.] 


5. Take up again question 1 (resp. question 2) assuming only that f A Jn converges 
to a finite limit £(A) for every A C Q with A measurable and |A| < 0d (resp. 
|A| < œ). 


The implication (ii) > (i). 
1. Let E be a Banach space and let F C E. Assume that 


Ve > 04F, C E, F, weakly (o (E, E*)) compact such that F C F, + Br. 
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Prove that F is contained in a weakly compact subset of E. 


(Hint: Consider G = PE” 


2. Deduce that (11) > (i). 


-] 


[Hint: Consider the family (Xo Tn f) fef with |@| < oo and T, is the truncation 
as in the proof of Theorem 4.12.] 


-C- 


Some applications. 

1. Let (fn) be a sequence in L! (Q) such that tn — f weakly o(L!, L®) and 
tn > f a.e. Prove that || fa — fll1 —> 0. 
[Hint: Apply Exercise 4.14.] 


2. Let u1, u2 € L'(Q) with u; < u2 ae. Prove that the set K = {f € L!(Q); 
u1 < f < u2 a.e.} is compact in the weak topology o(L!, L®). 


3. Let (fy) be an equi-integrable sequence in L! (Q). Prove that there exists a sub- 
sequence (f,,,) such that fn, — f weakly o(L!, L®). 


4. Let (fn) be a bounded! sequence in L!(Q) such that f A Jn converges to a finite 
limit, €(A), for every measurable set A C Q. Prove that there exists some f € 
L! (Q) such that f, — f weakly o(L!, L”). 


5. Let g : R —> R be a continuous increasing function such that 
Ig|<C YtER. 


Set G(t) = h g(s)ds. Let (fn) be a sequence in L! (Q) such that fa — f weakly 
o(L', L) and lim sup f G(fn) < f G(f). Prove that || fa — fllı > 0. 


[Hint: Look at Problem 18.] 
-D- 
In this part, we assume that |Q| < œ. Let F C L! (Q). 


1. LetG : [0, +00) —> [0, +00) be a continuous function such that lim;—+oo G(t)/t = 
+oo. Assume that there exists a constant C such that 


foar <C VfeF. 


Prove that F is equi-integrable. 


1 In fact, it is not necessary to assume that ( fn) is bounded, but then the proof is more complicated; 
see, e.g., R. Edwards [1] p. 276-277. 
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2. Conversely, assume that F is equi-integrable. Prove that there exists a convex 
increasing function G : [0, +00) — [0, +00) such that limy_, 450 G(t)/t = +00 
and f G( fI) < C Vf € F, for some constant C. 


[Hint: Use the distribution function; see Problem 21.] 


PROBLEM 24 (1, 3, 4) 


Radon measures 
Let K be a compact metric space, with distance d, and let E = C(K) equipped 
with its usual norm 


ILAI = max | fœ). 


The dual space E*, denoted by M (K), is called the space of Radon measures on K. 
The space M (K) is equipped with the dual norm, denoted by || I| 4 or simply || ||. 
The purpose of this problem is to present some properties of M (K). 


-A- 
We prove here that C(K) is separable. Given 5 > 0, let Ujes Bj, 6/2) be a 
finite covering of K. Set 


qj(x) = max{0, ô — d (x,aj)}, jEJ,xeK, 


and 


qa) =} GG): 


jes 
1. Check that the functions (q;)j¢y and q are continuous on K. Show that 
q(x) > 6/2 Wx e K. 


2. Set 
qj (x) 


q(x)’ 
Show that the functions (0;) jej are continuous on K, 


6)(x) = J,xeK. 


[Oj (x) #0] ==> [d@, aj) < ô], 


and 

Soja) =1 Yee K. 

jeJ 
The collection of functions (6;) j<y is called a partitition of unity (subordinate to 
the open covering Ujes Bj, 26), because supp 6; C B(a;, 25)). 

3. Given f € C(K), set 
f(x) = D5 faw. 
jes 

Prove that 
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If-fll< sup Ifœ@- fO) 
x,yeK 
d(x,y)<6 


4. Choosing ô = 1/n, the above construction yields a finite set J, now denoted by Jn, 
a finite collection of points (a;) jeJ,, and a finite collection of functions (6;) jeJ,- 
Show that the vector space spanned by the functions (0;), j € Jn,n = 1,2,3..., 
is dense in C(K). 

5. Deduce that C(K) is separable. 


-B- 


In this part we assume that K = Q, where Q is a bounded open set in R“. It 
is convenient to identify L! (Q) with a subspace of M(Q) through the embedding 
T : L'(Q) > M(Q) defined by 


(Tu, f= f uf Yu e L'(Q), Vf ec). 
Q 


1. Check that ||Tu|] 4 = lullgı Yu € L'(Q). 
[Hint: Use Exercise 4.26.] 

2. Let (v,) be a bounded sequence in L! (Q). Show that there exist a subsequence 
(Un,) and some u € M(Q) such that vp, a uin M(Q) and 


lalm < lim inf] vp, lz- 
k-—0o 
[Hint: Use Corollary 3.30.] 


The aim is now to prove that given any uo € M(Q) there exists a sequence (un) 
in C2°(Q) such that 


(1) [ inf > (uo, f) VF eC@®) 
and 
(2) jaiii Wee 


Without loss of generality we may assume that || zo || Įm = 1 (why?). 
Set 
A = {u € CX (Q); llullzı < 1}. 


—o(E*,E 
3. Prove that uo € AO A 


[Hint: Apply Hahn—Banach in E* for the weak* topology o (E*, E); see Problem 
9. Then use Corollary 4.23.] 


4. Deduce that there exists a sequence (vn) in A such that v, = uo in o (E*, E). 
Check that limy—oo || Up || 1 = 1. 
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5. Conclude that the sequence un = vp /||Up||_,1 Satifies (1) and (2). 
We say that u > 0 if 


(u, f) 20 Vf €CQ), f >0omQ. 


6. Check that if u > 0, then (u, 1) = |||], where 1 denotes the function f = 1. 

7. Assume uo € M(Q), with uo > O and ||zo|| = 1 (such measures are called 
probability measures). Construct a sequence (uy) in CY (Q) satisfying (1), (2), 
and, moreover, 


(3) un(x) >O0 Wn, Wx EQ. 
8. Compute |u + allm , where u € L!, and ôa, with a € Q, is defined below. 


“Ce 


We now return to the general setting and denote by ôa the Dirac mass at a point 
a € K, i.e., the measure defined by 


(ĉa, f) = fa) Vf ECK). 


Set 


D=%u= X ajôaj; J is finite, a; € R, and the points aj’s are all distinct 
jeJ 
1. Show that if u € D then 
lal = X laji 
jeJ 
and 
[u > 0] > [aj =O Yj]. 
Set 
Dı = {u € D; |ul| < 1}. 


2. Show that any measure uo E€ M(K) with ||uo]| < 1 belongs to D 


[Hint: Use the same technique as in part B.] 
3. Deduce that given any measure uo € M(Q) there exists a sequence (v,) in D 


such that v, — uo and || vp] = lluoll Yn . 
4. Let uo be a probability measure. Prove that there exists a sequence (vn) of prob- 


* 
ability measures in D such that vn — jo. 


Remark. An alternative approach to question 4 is to show that the Dirac masses 
are the extremal points of the convex set of probability measures; then apply 
Krein—Milman (see Problem 1) in the weak* topology; for more details see, e.g., 
R. Edwards [1]. 
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-D- 


The goal of this part is to show that every u € M(K) admits a unique decompo- 


sition y = fy — p2 with u1, u2 E€ M(K), m1, u2 = O, and |iuill + lall = lall. 
(The measures u; and u2 are often denoted by u” and u`.) 


Given f € C(K) with f > 0, set 
L(f) = sup{ (u, 8); g € C(K)and0 < g < f on K}. 
1. Check that 0 < L(f) < llalli fll, LAS) =AL(f) VA > 0, and 


Lifit fy =L +L Yfi, f2 € C(K) with fi > 0 and f > 0. 


Given any f € C(K), set 
uı( f) = Lf) — L(f ), where ge = max{ f, 0} and f~ = max{—/, 0}. 


2. Show that the mapping f |> pmı(f) is linear on C(K) and that |u (f) < 
lul FI Yf € CCK), so that wy € M(K). Check that w; > 0. 

3. Set y2 = uw, — wand check that u2 > 0. Show that || || = Ilui |] + llull. 

4. Letv e€ M(K) be such that v > Oand v > u (1.e., v— u > 0). Show that v > u1. 
Similarly if v € M(K) and v > —p, show that v > u2. Deduce the uniqueness 
of the decomposition. 


-E- 


Show that all the above results (except question B6) remain valid when the space 
E = C (Q) is replaced by the subspace 


Eo = {f € C(Q); f = 0 on the boundary of Q}. 
The dual of Eo is often denoted by M (Q) (as opposed to M(Q)). 
-F- 
Dunford—Pettis revisited 


Let (fn) be a sequence in L! (Q). Recall that (fn) is said to be equi-integrable if 
it satisfies the property 


Ve >0 35> 0 such that f| fal <£ Yn, 


4 
@) and VA C Q with A measurable and |A| < 6. 


The goal is to prove that every equi-integrable sequence (f,,) admits a subsequence 
(Saj) such that Ínj — f weakly o(L!, L°®), for some function f € L! (2). 


1. Show that (fn) is bounded in L'(Q). 
2. Check that 
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fin-nifs i fal Yn, Yk, 


Q 
Ll fnl>k] 


where 7; denotes the truncation operation. 
3. Deduce that Ve > 0 3k > 0 such that 


[m-th Vn. 
Q 


[Hint: Use (4); see also Exercise 4.36.] 


Passing to a subsequence, still denoted by (fn), we may assume that fn À u 
weak* in M (Q), for some measure u € M (Q). 
4. Prove that Ve > 0 dg = gs € L (Q) such that 


lu — gell mM < £. 


[Hint: For fixed k, a subsequence of (Tk fn) converges to some limit g weak* in 
o(L®, L!)] 
5. Deduce that u € L! (Q). 


[Hint: Use a Cauchy sequence argument in L!(Q).] 
6. Prove that fy — u weakly o(L!, L®). 


[Hint: Given u € L% (Q), consider a sequence (um) in C2°(Q) such that um —> u 
a.e. on Qand ||umlloo < ||Ulloo Ym (see Exercise 4.25); then use Egorov’s theorem 
(see Theorem 4.29 and Exercise 4.14).] 


PROBLEM 25 (1, 5) 


Let H be a Hilbert space and let C C H be a convex cone with vertex at 0, that 
is, 0 € C and àu + uv E C VA, u > 0, Vu, v € C. We assume that C is nonempty, 
open, and that C £ H. 

Check that 0 ¢ C and that 0 € C. Consider the set 


È = {u € H; (u,v) <0 WwecC}. 


1. Check that £ is a convex cone with vertex at 0, & is closed, and 0 € £. Prove 
that C = {v € H; (u, v) < 0 Vu € X\{0}} and deduce that & is not reduced to 
{0}. 


[Hint: Use Hahn-Banach.] 


2. Let w € C be fixed and consider the set 
K = {u € xX; (u,o) = —1}. 


Prove that K is a nonempty, bounded, closed, convex set such that O ¢ K and 
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E\{0} = U XK. 
r>0 
Draw a figure. 
[Hint: Consider a ball centered at w of radius o > 0 contained in C.] 
3. Let a = Pgo. Prove thata € (-C)N È. 
4. Prove directly, by a simple argument, that (~C) N X 4 Ø. 


5. Let D C H be a nonempty, open, convex set and let x9 ¢ D. Prove that there 
exists some wọ € D such that 


(wo — xo, w — xo) > 0 Vwe D. 


Give a geometric interpretation. 


[Hint: Consider the set C = Up >0 (D — xo).] 


PROBLEM 26 (1, 5) 


The Prox map in the sense of Moreau 
Let H be a Hilbert space and let y : H —> (—o0o, +00] be a convex 1.s.c. function 
such that p Æ +00. 


1. Prove that for every f € H, there exists some u € D(@) such that 
(P) “lf — ul? +e) = int |\f—v?+e@} <1 
=|f—u u) = inf į -|f — v v) =I. 

2 g veH |2 £ 


[Hint: Check first that J > —oo. Then use either a Cauchy sequence argument 
or the fact that H is reflexive.] 


2. Check that u satisfies (P) iff 


(Q) ue D) and (u,v—u)+g(v)—glu) > (f,v—u) Vue DY). 


3. Prove that if u and w are solutions of (P) corresponding to f and f, then |u—a| < 
|f — f|. Deduce the uniqueness of the solution of (P). 


4. Investigate the special case in which g = Ig is the indicator function of a closed 
convex set K. 


5. Let g* be the conjugate function of g and consider the problem 
(P*) ‘fw tor’ = int Hp -vP+ orm) =r 
~|f-—u u*) = inf {| -|f — v vyp =r. 
2 g veH |2 % 


Prove that the solutions u of (P) and u* of (P*) satisfy 
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* * 1 2 
u+u~ =f and se ae E 


6. Given f € H and > 0 let u, denote the solution of the problem 
1 2 : 1 2 
(Pa) 5lf — ual? +g) = inf ysl f—vl tigu), . 
2 veH |2 


Prove that lim,_,9 u} = Pog f = the projection of f on D(g). 
[Hint: Either start with weak convergence or use Exercise 5.3.] 


7. Let K = {v € D(g); ọ(v) = inf 4 p} and assume K Æ Ø. 
Check that K is a closed convex set and prove that lim;— +o 4} = Px f. 
What happens to (u}) as A > +00 when K = Ø? 


8. Prove that lim) — +00 tuz = -Pogat 


[Hint: Start with the case where f = 0 and apply questions 5 and 6.] 


PROBLEM 27 (5) 
Alternate projections 


Let H be a Hilbert space and let K C H be a nonempty closed convex set. Check 
that 
|Pgu — Pxv|? < (Pgu — Perv, u — v) < ju — v|? Vu,ve H. 


Let Kı C H and K2 C H be two nonempty closed convex sets. Set Pi = Px, 
and P) = Px,. Given u € H, define by induction the sequence (un) as follows: 


uo =U, Uy = Plug, u2 = Pui, ... ,U2n—1 = PiUn—2, Un = Pou2n-1, 


-A - 


The purpose of this part is to prove that the sequence (u2 — u2n—1) converges to 
Px0, where K = K3 — K; (note that K is convex, why?). 


1. Given v € A consider the sequence (vn) defined by the same iteration as above 
starting with vo = v. Check that 


2 2 
|U2n — Val” < (Yan — Von, U2n—1 — V2n—1) < |U2n-1 — V2n—1| 
and that 


2 2 
|U2n+1 — V2n+1 |" < (U2n+1 — V2n+1, U2n — V2n) < |U2n — Vanl. 


2. Deduce that the sequence (Jun — vn|) is nonincreasing and thus converges to a 
limit, denoted by £. 
Prove that limy—oo |(W2n — V2n) — (U2n-1 — V2n—1)|? = 0. 
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3. Check that the sequence (|u2n — u2n—1|) is nonincreasing. 


Set d = dist(K,, K2) = inf{|a, — a2|; ay E€ Kı and az € K>}. 
We claim that limy—s oo |U2n — U2n—1| = d. 


4. Given € > 0, choose v € K3 such that dist(v, K1) < d + €. 
Prove that |v2, — van-1| < d + € Vn. 
5. Deduce that limps oo |u2n — U2n—1| = d. 
Set z = Px0. 
6. Check that |z| = d and that |z|? < (z, w) Yw € K2 — Kı. 
7. Prove that the sequence (u2n — U2n—1) converges to z. 
[Hint: Estimate |z — (u2, — u2n—1)| using the above results.] 


8. Give a geometric interpretation. 


-B- 


Throughout the rest of this problem we assume that z = Px0 € K2 — Kı. (This 
assumption holds, for example, if one of the sets Kı or K2 is bounded, why?) 

We claim that there exist aj € Kı and a2 € K2 with a2 — a, = z such that 
U2 — az and u2,—-1 — a, weakly. Note that a; and a2 may depend on the choice 
of ug = u. Draw a figure. 


1. Consider the Hilbert space H = H x H equipped with its natural scalar product. 
Set K = {[b1, bo] € H ; bı € Ky, b2 € K2 and bz — bı = z}. 
Check that X is a nonempty closed convex set. 


2. Let b = [b1, b2] € K . Determine the sequence (v) corresponding to vo = bı. 
Deduce that the sequences (|u2,—1 — b1|) and (|u2, — b2|) are nonincreasing. 


3. Set xn = [Uu2n—-1, U2n] and prove that the sequence (xn) satisfies the following 


property: 


P) For every subsequence (xn, ) that converges weakly to some 


element x € H, then x € K. 


4. Apply Opial’s lemma (see Exercise 5.25, question 3) and conclude. 


PROBLEM 28 (5) 
Projections and orthogonal projections 


Let H be a Hilbert space. An operator P € L(H) such that P? = P is called a 
projection. Check that a projection satisfies the following properties: 


(a) I — P is a projection, 
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(b) NU — P) = R(P) and N(P) = RU — P), 
(c) N(P)O NU — P) = {0}, 
(d) H = N(P) + N(I — P). 

-A- 


An operator P € £(#) is called an orthogonal projection if there exists a closed 
linear subspace M such that P = Py (where Py is defined in Corollary 5.4). Check 
that every orthogonal projection is a projection. 


1. Given a projection P, prove that the following properties are equivalent: 


(a) P is an orthogonal projection, 
(b) P* = P, 

(c) IP] <1, 

(d) N(P) 1 NU — P), 


where the notation X L Y means that (x, y) = 0 Yx € X, Yy E€ Y. 
2. Let T € L(A) be an operator such that 


T*=T and T? =]1. 


Prove that P = 5 — T) is an orthogonal projection. Prove the converse. 


Assuming, in addition, that (Tu, u) > 0 Vu € H, prove that T = J. 


-B- 

Throughout this part, M and N denote two closed linear subspaces of H. Set 
P = Py and Q = Py. 
1. Prove that the following properties are equivalent: 

(a) PQ=QP, 

(b) PQ is a projection, 

(c) QP is a projection. 

In this case, check that 


(i) PQ is the orthogonal projection onto M N N, 
Gi) (P + Q — PQ) is the orthogonal projection onto M + N. 


2. Prove that the following properties are equivalent: 


(a) MLN, 
(b) PQ =0, 
(c) QP =0, 


(d) |Pul? + |Qu|* < |u|? Vue H, 
(e) |Pu] < |u — Qu| Yu €H, 
(f) |Ou| < |u — Pu| Yue H, 
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(g) P + Q isa projection. 


In this case, check that (P + Q) is the orthogonal projection onto M + N (note 
that M + N is closed; why?). 


3. Prove that the following properties are equivalent: 


(a) MCN, 
b) PO =P, 
(c) QP =P, 


(d) |Pu| < |Qu| Vu € H, 
(e) Q — P is a projection. 


In this case, check that Q — P is the orthogonal projection onto M+ N N. 


PROBLEM 29 (5) 


Iterates of nonlinear contractions. 
The ergodic theorems of Opial and Baillon 


Let H be a Hilbert space and let T : H —> H be a nonlinear contraction, that is, 
|[Tu—Tv| < |u — v| Vu,ve H. 


We assume that the set 
K = {u € H; Tu = u} 


of fixed points is nonempty. Check that K is closed and convex. Given f € H set 


n= SHISHISH 4 TP) 


I+T\" 
Hn = (=) Í. 
The goal of this problem is to prove the following: 
(A) Each of the sequences (on) and (un) converges weakly to a fixed point of T. 


(B) If, in addition, T is odd, that is, T(—v) = —Tv Vv € H, then (on) and (un) 
converge strongly. 


It is advisable to solve Exercises 5.22 and 5.25 before starting this problem. In 
the special case that T is linear, see also Exercise 5.21. 


ay ee 
Set 
Un =T" f. 


1. Check that for every v € K, the sequence (Jun — v|) is nonincreasing. Deduce 
that the sequences (on) and (To) are bounded. 
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2. Prove that i 
lon — Ton| < ae —To,| Vn>1. 


[Hint: Note that |To, — Tuil? < |o, — uil? and add these inequalities for 
O0<i<n-l.] 


3. Deduce that the sequence (on) satisfies property (P) of Exercise 5.25. Conclude 
that on — o weakly, with o € K. 


Set i 
S= -(I +T). 
zí +T) 
4. Prove that 


|u — Su) — (v — Sv) |? + |Su — Sv? < |u — v|? Yu, v €H. 


5. Deduce that for every v € K, 
OO 
Solin — hny < If — ol? 
n=0 
and consequently 


1 
— 5 < 
[Un unl < Jn I 


|f—v| Yn. 


6. Conclude that un — u weakly, with u € K. 
-B- 
Throughout the rest of this problem we assume that T is odd, that is, 
T(—v)=-Tv WweH. 
1. Prove that for every integer p, 
2|(u, v) — (TPu, T?v)| < |u|? + |v)? — |TPu|? — |T? v|? Vu, v €H. 


[Hint: Start with the inequality |T Pu — TP v|? < |u — v|? Vu, v € H] 


2. Deduce that for every fixed integer i > 0, 
(i) = lim (un, Uni) exists. 
n—> œ 
Prove that this convergence holds uniformly in i, that is, 


G) |(Uns Unyi) -Ll <en Vi and Yn, with lim e, =0. 
noo 
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3. Similarly, prove that for every fixed integer i > 0, 


m(i) = lim (Un, Uni) exists. 
n—-> oo 


Prove that m(0) = m(1) = m(2) = ---. 
[Hint: Use the result of question A5.] 
4. Deduce that un —> u strongly. 
We now claim that op —> o strongly. 


5. Set 
i 
X= LO: 
P izo 
Prove that 
2n a 
|Gns Ontp) — Xpl S en + I| Yn, Wp. 


[Hint: Use (1).] 
6. Deduce that 


© X = limp>æ Xp exists, 
(ii) Iun, 0) — X| < & Yn, 
(iii) |o|? = X. 


7. Prove that 
2 n—1 2 n—l1 
lon? < 59 0- + — De. 
i=0 i=0 


8. Deduce that lim suppe |on|* < X and conclude. 


PROBLEM 30 (3, 5) 


Variants of Stampacchia’s theorem. The min-max theorem of von Neumann 


Let H be a Hilbert space. 


-A - 


Leta(u, v): H x H — R be a continuous bilinear form such that 
alv, v) > 0 Vue H. 


Let K C H be a nonempty closed convex set. Let f € H. Assume that there exists 
some vo € K such that the set 


{u € K; a(u, vo — u) > (f, vo — u)} 


is bounded. 
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1. Prove that there exists some u € K such that 
a(u, v — u) > (f,v—u) Wek. 
[Hint: Set fè = f + £vo and consider the bilinear form as (u, v) = a(u, v) + 
e(u, v), € > 0. Then, pass to the limit as € > 0 using Exercise 5.14.] 
2. Recover Stampacchia’s theorem. 


3. Give a geometric interpretation in the case that K is bounded and a(u, v) = 0 
Vu,v € H. 


-B- 
Let b(u, v): H x H — R be a bilinear form that is continuous and coercive. Let 


ọ : H > (—oo, +00] be a convex l.s.c. function such that ¢ # +00. 


1. Prove that there exists a unique u € D(@) such that 
b(u,v —u)+(v)—y(u)> 0 Vue D@). 


[Hint: Apply the result of question A1 in the space H x R with K = epi ọ, 
f = [0, -1], aU, V) = b(u, v) with U = [u, A] and V = [v, u]. Note that a 
is not coercive.] 


2. Recover Stampacchia’s theorem. 


-C- 
Let Hı and Hz be two Hilbert spaces and let A C H1, B C Hz be two nonempty, 


bounded, closed convex sets. 


1. Let F(A, u) : Hı x HM — R be a continuous bilinear form. Prove that there 
exist à € A and H € B such that 


a) FQ, u) < FA, m) < FO, H) VAEA, YueB. 


[Hint: Apply question Al with H = Hı x Ho, K = Ax B, and atu, v) = 
F(A, m) — F(A, u), where u = [A, m], v = [A, u].] 


2. Deduce that 


2 F(a, F(a, 
(2) a ne A, u) = mar ran (A, u). 


Note that all min and max are achieved (why?). 


[Hint: Check that without any further assumptions, max min < min max; use 
(1) to prove the reverse inequality. ] 
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3. Prove that (2) implies the existence of some À € A and H € B satisfying (1). 


-D- 


Let E and F be two reflexive Banach spaces; let A C E and B C F be two 
nonempty, bounded, closed convex sets. Let K : E x F —> R be a function satisfying 
the following assumptions: 


(a) For every fixed v € B the function u > K (u, v) is convex and L.s.c. 
(b) For every fixed u € A the function v  K (u, v) is concave and u.s.c., i.e., the 
function v  —K(u, v) is convex and l.s.c. 


Our goal is to prove that 


min max K (u, v) = max min K (u, v). 
ucA veB veB ucA 


We shall argue by contradiction and assume that there exists a constant y such 
that 


max min K(u,v) < y < min max K(u, v). 
veB ucA ucA veB 


1. For every u € A, set 
B, = {v € B; K(u, v) > y} 
and for every v € B, set 
Ay = {u € A; K(u, v) < y}. 


Check that Nuca Bu = Ø and Nueg Ay = Ø. 


2. Choose u1, u2,..., Un € A and v1, v2,..., Um € B such that ON Bu; = Ø and 
Av, = Ø (justify). Apply the result of C1 with Hı = R”, Hp = R”, 


n 
Al = 4A = (Aj, A2,..-, An); AG >O Vi and Sama}, 
i=l 
m 


B' = į = (M, 42- Mm) Wj ZO Vj and Yi nj = 1p, 
j=1 


and F(A, u) = Èj àiujK (uj, vj). Setu = Yi; Ajuj and U =}_; Hjv;. Prove 
that “+ 


K (u, ve) < Kuz, v) Vk =1,2,...,n, Vl=1,2,...,m. 
3. Check that on the other hand, 


min K(uz,v) < y and max K(u, vg) > y. 


[Hint: Argue by contradiction. ] 


Problems 483 


4. Conclude. 


PROBLEM 31 (3, 5) 
Monotone operators. The theorem of Minty-Browder 


Let E be a reflexive Banach space. A (nonlinear) mapping 
A: D(A) Cc E > E* 
is said to be monotone if it satisfies 
(Au — Av, u— v) > 0 VWu,v € D(A) 


(here D(A) denotes any subset of E). 
-A- 


Let A : D(A) C E — E* be a monotone mapping and let K C E be a nonempty, 
bounded, closed convex set. Our goal is to prove that there exists some u € K such 
that 

(Av,u— v) > 0 WwebD(A)NK. 


For this purpose, set, for each v € D(A) NA K, 
K, = {u € K; (Av, v — u) > 0}. 


We have to prove that Nvep(ajnk Ky # %; we shall argue by contradiction and 
assume that 


N Ky =p. 
veD(A)NK 


1. Check that K, is closed and convex. 
2. Deduce that there exist v1, v2,..., Un € D(A) A K such that 


n 
N Ky =o. 


i=1 


Set B = {A = (Aq, à2,..., An); A; => 0 Vi and ee ài = 1}, and consider the 
bilinear form 
F : R” x R” > R 
defined by 
F(A, wW) =}; j= Aimy (Adj, vi — vj). 
3. Check that F (å, à) < OVA € R”. 
4. Prove that there exists some A € B such that F(A, u) < 0 Yu € B. 
[Hint: Apply question C1 of Problem 30.] 
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5. Setu = J; Aivi and prove that 
(Avj,@—v;) <0 Vj=1,2,....0. 


6. Conclude. 


-B- 
Throughout the rest of this problem, we assume that D(A) = E, A: E > E* is 


monotone, and A is continuous. 


1. Let K C E bea nonempty, bounded, closed convex set. Prove that there exists 
some u € K such that (Au, w — u) >OVwe K. 


[Hint: Consider v; = (1 — t)u + tw witht € (0, 1) and w € K.] 


2. Let K be a closed convex set containing 0 (K need not be bounded). Assume 
that the set {u € K; (Au, u) < 0} is bounded. Prove that there exists some 
u € K such that 
(Au,v-—u)>0 Wek. 


[Hint: Apply B1 to the set Kr = {v € K; ||v|| < R} with R large enough. ] 


3. Assume here that 
(Av, v) 


lim 
lvl>œ lvl 


Prove that A is surjective. 


4. Assume here that E is a Hilbert space identified with E*. Prove that J + A is 
bijective from E onto itself. 


PROBLEM 32 (5) 
Extension of contractions. The theorem of Kirszbraun—Valentine 
via the method of Schoenberg 
Let H be a Hilbert space and let J be a finite set of indices. 
An 
Let (y;)iez be elements of H and let (ci)icz be elements of R. Set 
pu) = max{|u — yi? — ci}, we H, 
icl 
and 
JW ={i €I; |u — yil? — ci = pu). 


1. Check that inf„c y g(u) is achieved by some unique element uo € H. 
2. Prove that maxjes(ug)(U, uo — yi) => OV" €H. 
3. Deduce that 
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(1) ug € conv U {yi} 
ie J (uo) 


4. Conversely, if uo € H satisfies (1), prove that g (uo) = infyey ọ(u). 
5. Extend this result to the case in which g(u) = maxje,; {fi(u)} and each f; : 
H —> Ris a convex C! function. 


-B- 
Let (x;)icz and (yi)icz be elements of H such that 
Iyi — yl < |xi— xj] Yi, jer. 
We claim that given any p € H, there exists some q € conv (Use ral yi}) such that 
laq—ylslp—xl Viel. 
1. Set P = {A = (Aj)iers Aj = O Vi and 0,-, Ai = 1}. 


Prove that for every p € H and for every A € P, 
2 


Sony (Zex) —yj| <$ ajlp -xjl 


jel icl jel 


2 
[Hint: Check that X` je; a;l (ier iyi) — y;| =} Pi jer àiàjlyi =H 
2. Consider the function 
y(u) = max{|u — yil? — |p — xil?} 
icl 


Let uo € H be such that (uo) = inf uc u (u). Prove that (uo) < 0. 
[Hint: Apply questions A3 and B1.] 
3. Conclude. 


-C- 
1. Extend the result of part B to the case that J is an infinite set of indices. 


2. Let D C H by any subset of H and let S : D —> H be a contraction, i.e., 
|Su — Sv| < |u — v| Vu,ve D. 


Prove that there exists a contraction T defined on all of H that extends S and 
such that 
T(H) C conv S(D). 


[Hint: Use Zorn’s lemma and question C1.] 
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PROBLEM 33 (4, 6) 


Multiplication operator in LP 


Let Q be a measure space (having finite or infinite measure). Set E = L? (Q) with 
1 < p < œ. Leta: Q — R be a measurable function. Consider the unbounded 
linear operator A : D(A) C E — E defined by 


D(A) = {u € L’ (Q); au € L?(Q)} and Au = au. 


1. Prove that D(A) is dense in E. 
[Hint: Given u € E, consider the sequence un (x) = (1 + n7! la(x)|)~!u(x).] 
2. Show that A closed. 
3. Prove that D(A) = E iff a e L” (Q). 
[Hint: Apply the closed graph theorem. ] 
4. Determine N (A) and N(A)+. 
5. Determine D(A*), A*, N(A*), and N(A*)+. 
6. Prove that A is surjective iff there exists œ > 0 such that |a(x)| > «œ a.e. on Q. 
[Hint: Use question 3.] 
In what follows we assume that a € L® (Q). 


7. Determine the eigenvalues and the spectrum of A. Check that o (A) C [infga, 
supo a] and that infoa € o (A), supoa € o (A). Here info and supo refer to 
the ess info and ess supo (defined in Section 8.5). 


8. In case Q is an open set in R^ (equipped with the Lebesgue measure) and 
a € C(Q)N L® (2), prove that o (A) = a(Q). 


9. Prove that o (A) = {0} iff a = 0 a.e. on Q. 


10. Assume that Q has no atoms. Prove that A is compact iff a = 0 a.e. on Q. 


PROBLEM 34 (4, 6) 
Spectral analysis of the Hardy operator Tu(x) = i J u(t)dt 
Ere 


Let E = C((0, 1]) equipped with the norm ||u|| = sup;ejo,1] lu Œ). Given u € E 
define the function Tu on [0, 1] by 


l fuldt ifxe(0,1], 


RS TO) ifx=0. 
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Check that Tu € E and that ||Tu|| < ||u|| Vu € E, so that T € L(E). 
1. Prove that EV(T) = (0, 1] and determine the corresponding eigenfunctions. 
2. Check that ||7'|| c(z) = 1. Is T a compact operator from E into itself? 


3. Show that o (T) = [0, 1]. Give an explicit formula for (T — àI)! when A € 
p(T). Prove that (T —A/) is surjective from E onto E forevery à € R,d ¢ {0, 1}. 
Check that T and (T — I) are not surjective. 


4. In this question we consider T as a bounded operator from E = C((0, 1]) into 
F = L4(0, 1) with 1 < q < œ. Prove that T € K(E, F). 


[Hint: Consider the operator (Tsu) (x) = — ie u(t)dt withe > 0 and estimate 
|Z: — Tl cce,r) as € > 0.] 


-B- 
In this part we set E = C!({0, 1]) equipped with the norm 


lul = sup |u(t)| + sup |u (0). 
te[0,1] te[0,1] 


Given u € C!({0, 1]) we define Tu as in part A. 
1. Check that if u € C!({0, 1]), then Tu € C!({O, 1]) and || Tul] < llull Yu € E. 
2. Prove that EV(T) = (0, 5] U {1}. 
3. Prove that o (T) = [0, 5] U {1}. 


-C- 


In this part we set E = L?(0, 1) with 1 < p < oo. Given u € L?(0, 1) define 
Tu by 


Tu(x) = f u(t)dt forx e (0, 1]. 


Check that Tu € C((0, 1]) and that Tu € L1 (0, 1) for every q < p. Our goal is to 
prove that Tu € L? (0, 1) and that 


P 
(1) Tulle 0,1) < ae] lullo, Vue E. 


1. Prove that (1) holds when u € C,.((0, 1)). 


[Hint: Set g(x) = h u(t)dt; check that |g|? € C!({0, 1]) and compute its 
derivative. Estimate ||Tu||~> using the formula 


1 : 1 
[ rworar= f eae = — f jooota (-) 
=), r 


and integrating by parts. ] 
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2. Prove that (1) holds for every u € E. 

In what follows we consider T as a bounded operator from E into itself. 
3. Show that EV(T) = (0, 7D) 
4. Deduce that ||T || c(£) = TAR Is T a compact operator from E into itself? 


5. Prove that o (T) = [0, sA 
6. Determine T*. 


7. In this question we consider T as a bounded operator from E = LP (0, 1) into 
F = L1 (0, 1) with 1 < q < p < œ. Show that T € K(E, F). 


PROBLEM 35 (6) 
Cotlar’s lemma 
Let H be a Hilbert space identified with its dual space. 
-A- 
Assume T € £(#), so that T* € L(A). 


1. Prove that ||T*T || = IIT 12. 


2. Assume in this question that T is self-adjoint. 
Show that 
7 | = Wry for every integer N. 


3. Deduce that (for a general T € L(H)), 


\(7*T)% || = || 77% for every integer N. 


-B- 
Let (T;), 1 < j < m, be a finite collection of operators in £(H). Assume that 
Vj, k € {1,2,...,m}, 
(1) IT TKI < oF — k), 
2) ITTF < ok - j), 


where w : Z — [0, œ). 
Set 


m—l1 


o= 5 w(i). 


i=—(m—1) 
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The goal of this problem is to show that 


m 


De 


j=l 


(3) 


Set 


and fix an integer N. 


1. Show that 


IT: Th Th Th +: Th Thy I 
Soa (ji — ki)wo(ki — j2)@(j2 — k2) ++ @(kn-1 — jn)@(in — kw), 
for any choice of the integers j1, k1, ..., jn, kw E {1,2,..., m}. 
2. Deduce that 
Ded 2 2 IT} Ta + Tip Tey ll Smo™, 
j k İn kN 


where the summation is taken over all possible choices of the integers j;, ki € 
{1,2,..., m}. 


3. Prove that 
|(U*U)™ < mo?™ 


and deduce that (3) holds. 
PROBLEM 36 (6) 
More on the Riesz—Fredholm theory 
Let E be a Banach space and let T € K(E). For every integer k > 1 set 


Ne=N(I—T)*) and Ry = R(I—TY*). 


1. Check that Vk > 1, Reai C Re, Ry is closed, T(R) C Re, and I — T) Rk C 
Rey. 


2. Prove that there exists an integer p > 1 such that 


Revi Æ Rk Wk < p (no condition if p = 1), 
Rg = Ry VK = p. 


3. Check that Vk > 1, Ne C Ngai, dmNg < œ, T(N) C Nx, and 
(A — T)Nx+1 C Nk. 
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4. Show that 
codim Rg = dim Ng Vk > 1, 


and deduce that 


Ng+1 Æ Ne Vk < p (no condition if p = 1), 
Nk+ı = Ne Vk = p. 


5. Prove that 
Rp O Np = {0}, 
Rp+ Np =E. 


6. Prove that (Z — T) restricted to Rp is bijective from Rp onto itself. 
7. Assume here in addition that E is a Hilbert space and that T is self-adjoint. 
Prove that p = 1. 
PROBLEM 37 (6) 


Courant—Fischer min—max principle. Rayleigh—Ritz method 


Let H be an infinite-dimensional separable Hilbert space. Let T be a self-adjoint 
compact operator from H into itself such that (Tx,x) > 0 Vx e H. Denote by 
(uk), k > 1, its eigenvalues, repeated with their multiplicities, and arranged in 
nonincreasing order: 

My > eg 2-20. 


Let (ej) be an associated orthonormal basis composed of eigenvectors. Let Ex be 


the space spanned by {e1, e2,..., ex}. For x Æ O we define the Rayleigh quotient 
T 7 
R(x) = (Tx, x) 
|x|? 


1. Prove that Vk > 1, 
min R(x) = uk. 
xEEk 
x#0 


2. Prove that Yk > 2, 


max R(x) = uk, 
xeEŁ | 
x#0 

and 
max R = lı. 
mak (x) = mı 
x#0 


3. Let & be any k-dimensional subspace of H with k > 1. Prove that 


minR(x) < uk. 
xex 
x#0 
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[Hint: If k > 2, show that £ N EES # {0} and apply question 2.] 


4. Deduce that Vk > 1, 
max mink (x) = 


ECH xex 
dim 2=k x40 


5. Let & be any (k — 1)-dimensional subspace of H with k > 2. Prove that 


max R(x) > uk. 
xext 


x#0 


[Hint: Prove that £+ N Ez Æ {0}.] 


6. Deduce that Yk > 1, 
min max x R(x) = 


EC B yl 
dim S=k— 1” F20 


7. Assume here that N (T) {0}, so that R(x) 4 0 Yx Æ 0, or equivalently 
l, 


uk > 0 Yk. Show that Yk > 


1 
min tex Rí a —, 
ECH xeEx x 
dim 2=k x40 Mk 
and 
1 1 
max ARG) —, 
CH xeA xX 
ie k-1x ee 


where X and A are closed subspaces of H. 
In particular, for k = 1, 


and, moreover, Vk > 2, 


min a 
xeEL, R(X) Mk 
x40 
8. Let V be aclosed subspace of H (finite- or infinite-dimensional). Let Py be the 
orthogonal projection from H onto V and consider the operator S : V > V 


defined by S = Py o Tjy. Check that S is a self-adjoint compact operator from 
V into itself such that (Sx, x) >OVx €V. 


9. Denote by (vg), k > 1, the eigenvalues of S, repeated with their multiplicities 
and arranged in nonincreasing order. Prove that Vk with 1 < k < dim V, 


max minR(x) = vz. 
ECV xed 
dim S=k x40 
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() 


(2) 


(3) 


Problems 


Deduce that vg < wz Yk with 1 < k < dim V. 


. Consider now an increasing sequence V) of closed subspaces of H such that 


LJv™ =H. 
n 


Set S = Py) o Tiy and let ww) denote the eigenvalues of S™ arranged as 


(n) 
k 


in question 9. Prove that for each fixed k the sequence n +> v; ` is nondecreasing 


and converges, as n — 00, tO uk. 
PROBLEM 38 (2, 6, 11) 
Fredholm—Noether operators 
Let E and F be Banach spaces and let T € L(E, F). 
ZAR 
The goal of part A is to prove that the following conditions are equivalent: 
(a) R(T) is closed and has finite codimension in F, 
(b) N(T) admits a complement in E. 


There exist S € L(F, E) and K € K(F, F) such that 
ToS=lp+K. 


There exist U € L(F, E) and a finite-rank 
projection P in F such that T o U = Ip — P. 


Moreover, one can choose U and P such that dim R(P) = codim R(T). 


1. Prove that (1) > (3) 


[Hint: Let X be a complement of N (T) in E. Then Tx is bijective from X onto 
R(T). Denote by Uo its inverse. Let Q be a projection from F onto R(T) and 
set U = Uo o Q.] 


. Prove that (2) > (3). 


[Hint: Use Exercise 6.25.] 


. Prove that (3) > (1). 


[Hint: To establish part (a) of (1) note that R(T) D R(Ir — P) and apply 
Proposition 11.5. Similarly, show that R(U*) is closed and thus R(U) is also 
closed. Finally, prove that there exist finite-dimensional spaces X; and YX in 
E such that N(T) + R(U) + X) = E and N(T) A R(U) C Xp. Then apply 
Proposition 11.7.] 


4. Conclude. 
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-B- 


Prove that the following conditions are equivalent: 


(4) (a) R(T) is closed and admits a complement, 
(b) dim N(T) < œ. 

(5) There exists 5 € L(F, E) and Ke K(E, E) such that 
SoT=Igt+K. 

6) There exist U € L(F, E) and a finite-rank 
projection P in E such that U o T = lg — P. 


2 


One says that an operator T € L(E, F) is Fredholm (or Noether) if it satisfies 


(EN) fs R(T) is closed and has finite codimension, 


(b) dim N(T) < œ. 


(The property that R(T) is closed can be deduced from the other assumptions; see 
Exercise 2.27.) 
The class of operators satisfying (FN) is denoted by ®(E, F). The index of T is 
by definition 
ind T = dim N (T) — codim R(T). 


1. Assume that T € ®(E, F uF Show that there exist U € L(F, E) and finite-rank 
projections P in F (resp. P in E) such that 


és fe ToU =[Ip—P, 
b) UoT=Ig—P, 


with dim R(P) = codim R(T), dim R(P) = dim N (T). 
[Hint: Use the operator U constructed in question A1.] 


An operator V € L(F, E) satisfying 


S (a) ToV=IfF+K, 
b) “Vor Sick kK. 


with K € K(F) and Ke K(E), is called a pseudoinverse of T (or an inverse 
modulo compact operators). 


2. Show that any pseudoinverse V belongs to ®(F, E). 


3. Prove that an operator T € L(E, F) belongs to ®(E, F) iff R(T) is closed, 
dim N(T) < œ, and dim N(T*) < co. Moreover, 
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ind T = dim N(T) — dim N (T*). 


[Hint: Apply Propositions 11.14 and 2.18.] 


. Let T € O(E, F). Prove that T* € ®(F*, E*) and that 


ind T* = — ind T. 


[Hint: Apply Proposition 11.13 and Theorem 2.19.] 


. Conversely, let T € L(E, F) be such that T* € ®(F*, E*). Prove that T € 


®(E, F). 


. Assume that J € L(E, F) is bijective and K € K(E, F). Show that T = J+ K 


belongs to ®(E, F) andind T = 0. Conversely, if T € ®(E, F) andind T = 0, 
prove that T can be written as T = J + K with J and K as above (one may 
even choose K to be of finite rank). 


[Hint: Applying Theorem 6.6, prove that Ig + J~!o K belongs to ®(E, E) and 
has index zero. For the converse, consider an isomorphism from N (T) onto a 
complement Y of R(T).] 


. Let T € O(E, F) and K € K(E, F). Prove that T + K € ®(E, F). 


. Under the assumptions of the previous question, show that 


ind(T + K) = ind T. 


[Hint: Set E = E x Y, F= F x N(T), and T: E> F defined by Tx, y) = 
(Tx + Kx, 0). Show that T = J + K, where J is bijective from E onto F and 
K e K(E, F). Then apply question 6.] 


. Let T € ®(E, F). Prove that there exists ¢ > 0 (depending on T) such that for 


every M € L(E, F) with ||M|| < £, we have T + M € ®(E, F). Show that 
ind(T + M) = indT. 
[Hint: Let V be a pseudoinverse of T. Then W = Ig + (V o M) is bijective 


if ||M|| < ||V|~!. Check that T + M = (T o W)+ compact; then apply the 
previous question. ] 


. Let (H;), t € [0, 1], be a family of operators in L(E, F). Assume that t > H; is 


continuous from [0, 1] into L(E, F), and that H, € ®(E, F) Vt € [0, 1]. Prove 
that ind H; is constant on [0, 1]. 


. Let E1, E2, and E3 be Banach spaces and let T) € ® (E1, E2), T € P(E2, E3). 


Prove that Tz o Ti € ®© (E1, E3). 


. With the same notation as above, show that 
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ind(T> o T;) = ind T; + ind 7). 


[Hint: Consider the family of operators H, : E; x E2 —> E> x E3 defined in 
matrix notation, for t € [0, 1], by 


et 10\f/d—-n!I tI T 0 
'~\0T —tI Q-ĐÐ)IJ OI?’ 


where J is the identity operator in E2. Check that t +> H; is continuous from 
[0, 1] into L(E1 x E2, E2 x E3). Using the previous question, show that for 
each t, H, € ®(E| x E2, E2 x E3). Compute ind Ho and ind H;.] 


13. Let T € ®(E, F). Compute the index of any pseudoinverse V of T. 


-D- 
In this part we study two simple examples. 
1. Assume dim E < oo and dim F < oo. Show that any linear operator T from E 
into F belongs to ®(E, F) and compute its index. 


2. Let E = F = £. Consider the shift operators S, and S¢ defined in Exercise 6.18. 
Prove that for every A € R,A 4 +1, Æ —1, we have S, — Al € (£7, £7), 
and Sp — AI € ®(€?, 7). Compute their indices. 

Show that S, + I, Se + I do not belong to ® (£, 4°). 


[Hint: Use the results of Exercise 6.18.] 


PROBLEM 39 (5, 6) 
Square root of a self-adjoint nonnegative operator 


Let H be a Hilbert space. Let $ € L(H); we say that S is nonnegative, and we 
write S > 0, if (Sx, x) > 0 Vx € H. When S1, S2 € L(A), we write S$; > S2 (or 
So < $1) if S$; — So > 0. 


thee 
1. Let S € L(H) be such that S* = S and 0 < S < I. Show that || S?|| = IISI? < 1, 
and that 0 < $? < S <I. 
[Hint: Use Exercise 6.24.] 


2. Let S € L(H) be suchthat S* = Sand S > 0. Let P(t) = X agtt be a polynomial 
such that ag > 0 Vk. Prove that [P(S)]* = P(S) and P(S) > 0. 


3. Let (Sn) be a sequence in £(H) such that S$ = Sn Vn and Sn+1 < Sp Vn. 
Assume that ||S;,|| < M Yn, for some constant M. Prove that for every x € H, 
Sn x converges as n — œ to a limit, denoted by Sx, and that $ € L(A) with 
SEN 
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[Hint: Let n > m. Use Exercise 6.24 to prove that |S,x — Sinx |? < 2M (Spx — 
Sax, x).] 
-B- 


Assume that T € £L(H) satisfies T* = T, T > 0, and ||T|| < 1. Consider the 
sequence (S,,) defined by 


1 
Snati = a + 5 (T — S2), n>=0, 


starting with Sọ = I. 
1. Show that S = Sn Vn > 0. 
2. Show that i i 
T= Sai = 50 - Sn)? + 50-7), 

and deduce that J — S, > 0 Vn. 
3. Prove that $, > 0 Vn. 

[Hint: Show by induction that J — S, < I using questions A.1 and B.2.] 
4. Deduce that ||, || < 1 Yn. 


5. Prove that 
1 
Sn — Snt1 = 5 [= Sn) + UZ = Sn-1)] 0 (Sn-1 — Sn) Yn 


and deduce that S,_; — Sn > 0 Wn. 


[Hint: Show by induction that (7—S,) = P,(7—T) and (Sp—1—Sn) = Qna (I-T), 
where P, and Q, are polynomials with nonnegative coefficients. ] 


6. Show that limy_,..S,x = Sx exists. Prove that S € L(A) satisfies S* = S, 
S > 0, || S|] < 1, and S$? = T. 
-C- 


1. LetU € L(A) besuch that U* = U and U > 0. Prove that there exists V € L(A) 
such that V* = V, V > 0, and V? =U. 


[Hint: Apply the construction of part B to T = U/||U||.] 


Next, we prove the uniqueness of V. More precisely, if W is any operator 
W e L(A) such that W* = W, W > 0, and W? = U, then W = V. The operator 
V is called the square root of U and is denoted by U!/?. 


2. Prove that the operator V constructed above commutes with every operator X 
that commutes with U (i.e., X o U = U o X implies X o V = V o X). 


3. Prove that W commutes with U and deduce that V commutes with W. 
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4. Check that (V — W) o (V + W) = 0 and deduce that V = W on R(V + W). 
Show that N(V) = N(W) = N(U) = N(V + W). Conclude that V = W on H. 


[Hint: Note that V = W on R(V + W) = N(U)+, and that V = W = 0 on 
N(U).] 

5. Show that ||U!/?|| = U 1⁄2. 

6. Let Uj, U2 € £(H) be such that Uf = U1, Už = U2, Ui = 0, U2 = 0, and 


U, o U2 = U2 o U1. Prove that U1 o U2 > 0. 


[Hint: Introduce U i /2 and U; / zj 


-D- 


Let U € K(H) be such that U* = U and U > 0. Prove that its square root 
V belongs to K(H). Assuming that H is separable, compute V on a Hilbert basis 
composed of eigenvectors of U . Find the eigenvalues of V. 


PROBLEM 40 (4, 5, 6) 
Hilbert-Schmidt operators 
-A - 


Let E and F be separable Hilbert spaces, both identified with their dual spaces. 
The norms on £ and on F are denoted by the same symbol | |. Let T € L(E, F), so 
that T* € L(F, E). 


1. Let (eg) (resp. (fk)) be any orthonormal basis of E (resp. F). Show that 
EZ IT (ex)? < 00 iff X IT*(fk)|? < œ, and that 


DOIT? = ira. 
k=1 k=1 


2. Let (eg) and (é;) be two orthonormal bases of E. Show that yy |T (ek) k < œ 
iff X] |IT(&) |? < œ and that 


SITE? = Y ITE. 
k=1 k=1 


One says that T € L(E, F) is a Hilbert-Schmidt operator and one writes T € 
HS(E, F) if there exists some orthonormal basis (e) of E such that 


XU ITC? < 00. 


k=1 


3. Prove that HS(E, F) is a linear subspace of L(E, F) and that 
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a 1/2 
IT las = (Sirer) 


k=1 


defines a norm on HS(E, F). Let || || denote the standard norm or L(E, F). 
Show that 
ITI < IITs YT € HS(E, F). 


. Prove that HS(E, F) equipped with the norm || |}4s is a Banach space. Show 


that in fact, it is a Hilbert space. 


. Show that HS(E, F) C K(E, F). 


[Hint: Given x € E, write x = Po, xep and set Ta (x) = Xp; xeT (ek). 
Show that ||7, — T|| ~ Oas n > ~.] 


. Show that any finite-rank operator from E into F belongs to HS(E, F). 
. Let T € L(E, F). Prove that T € HS(E, F) iff T* € HS(F, E) and that 


IT *llnscr,£) = IIT IIHSE,F)- 


. Assume that T € K(E, E) with T* = T, and let (Ax) denote the sequence of 


eigenvalues of T. Show that T € HS(E, E) iff XX, Ae < oo and that 
Co 
IT W355 = > Az. 
k=1 


Construct an example of an operator T € K(E, E) with E = £? such that 
T ¢ HS(E, E). 


. Let G be another separable Hilbert space. Let Ti € L(E, F) and To € L(F, G). 


Show that T> o Ti € HS(E, G) if either T; or T belongs to HS. 


. Let T € HS(E, E) and assume N (I +T) = {0}. Show that (J + T) is bijective 


and that (J + T)~! = I + S with S € HS(E, E). 


. Let (ex) (resp. (f;,)) be an orthonormal basis of E (resp. F). Consider the operator 


Tk e : E — F defined by 
Tk e (x) = (x, ek) fe. 
Show that (Tk e) is an orthonormal basis of HS (E, F). 


-B- 


Assume that Q is an open subset of IR. In what follows we take E = F = L?(Q). 


Let K € L?(Q x Q), and consider the operator 


a) Taye) = | Kæ ua. 
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1. Show that T € L(E, E) and that 
ITee, s < IK Irex. 
2. Show that T € HS(E, E) and that 


ITIHSE,E) < WK lexo: 


[Hint: Let (ej) be an orthonormal basis of L? (Q). Check that the family 
ejk = €j Q ek, Where (ej  ek)(x, y) = ej (x)ex(y), is an orthonormal basis of 
L? (Q x 2). Then write 


IT evli = 2 Te, e? = JIK, ej 8 e)l] 
j=l 


j=l 


3. Conversely, let T € HS(E, E). Prove that there exists a unique function K € 
L?(Q x Q) such that (1) holds. K is called the kernel of T. 


(Hint: Let tj = (Tex, ej) and check that pas [tj kl? < oo. Define K = 
ESk tjkej ® ex and prove that (1) holds.] 


4. Assume that Q = (0, 1), E = L? (Q), and consider the operator 


(Tu)(x) = f u(t)dt. 
0 


Show that T € HS(E, E) and compute ||T || Hs. 


PROBLEM 41 (1, 6) 
The Krein—Rutman theorem 


Let E be a Banach space and let P C E be a closed convex set containing 0. 
Assume that P is a convex cone with vertex at 0, i.e., Ax + uy € P VA > 0, 
u>O0,x € Prandye P. 

Assume that 


(1) Int P £9 
and 
(2) P ŁE. 


Let T € K(E) be such that 


(3) T(P \ {0} C Int P. 
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. Show that (Int P) A (— P) = Ø. 


[Hint: Use Exercise 1.7.] 


In what follows we fix some u € Int P. 


. Show that there exists a > O such that 


lx +ul| >a YxeP. 


[Hint: Argue by contradiction and deduce that —u € P.] 


. Check that there exists r > 0 such that 


Tu—rueP. 


. Assume that some x € P satisfies 


T(x+u)=dAx_ forsomedr €R. 


Prove that à > r. 


[Hint: It is convenient to introduce an order relation on E defined by y > z if 
y — z € P. Show by induction that (*)" x > u, n = 1,2,....] 


. Consider the nonlinear map 


x+u 
rœ=r( ): xeP. 
lx + ul| 


Show that F : P — P is continuous and F(P) C K for some compact set 
K C E. Deduce that there exists some x; € P such that 


T(xj + u) = 4x1 


with A; = |x; + ul] > r. 


[Hint: Apply the Schauder fixed-point theorem; see Exercise 6.26.] 


. Deduce that for every € > 0 there exists xs € P such that 


T (Xe + EU) = AgXe 


with A, = ||x_ + cul >r. 


Prove that there exist x9 € Int P and zp > O such that 


Txo = 0X0. 
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[Hint: Show that (xs) is bounded. Deduce that there exists a sequence £n — 0 
such that xs, — xo and às, — uo with the required properties.] 


-B- 


1. Given two points a € Int P and b € E, b ¢ P, prove that there exists a unique 
o € (0, 1) such that 


(l-—tya+tbeIntP Vt e[0,o), 
(l-—o)a+obeP, 
(-—that+tb€é P Vt € (o, 1]. 
Then we set t (a, b) = o /(1 — o), with O < t (a, b) < w. 
2. Let x € P \ {0} be such that 


Tx =px forsomewe R. 


Prove that u = uo and x = mxo for some m > 0, where uo and xo have been 
constructed in question A7. 


[Hint: Suppose by contradiction that x Æ mxo, Ym > 0. Show that u > 0, 
x € Int P, and —x ¢ P. Set y = xo — Tox, where to = T(x0, —x). Compute 
Ty and deduce that u < uo. Then reverse the roles of xo and x.] 


3. Let x € E \ {0} be such that 
Tx = pux forsomew eR. 


Prove that either u = uo and x = mxo with m € R,m #0, or |u| < uo. 


[Hint: In view of question 2 one may assume that x ¢ P and —x ¢ P.Ifu>0 
consider T (xo, x), and if u < 0 consider both t (xo, x) and t (xo, —x).] 


4. Deduce that N(T — ol) = Rxo. In other words, the geometric multiplicity of 
the eigenvalue uo is one. 


5. Prove that N((T — pol )‘) = Rxo for all k > 2. In other words, the algebraic 
multiplicity of the eigenvalue uo is also one. 


[Hint: In view of Problem 36, it suffices to show that N((T — uo”) = Rxo.] 


PROBLEM 42 (6) 
Lomonosov’s theorem on invariant subspaces 


Let E be an infinite-dimensional Banach space and let T € K(E), T 4 0. The 
goal of part A is to prove that there exists a nontrivial, closed, invariant subspace Z 
of T, i.e., T(Z) C Z, with Z Æ {0}, and Z Æ E. 
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Set 
A= span{I,T,T’,...} 


= your, with à; € R and J is a finite subset of {0, 1, 2,... | : 
icl 

For every y € E, set Ay = {Sy; S € A}. Clearly, y € Ay and thus A, # {0} 
for every y # 0. Moreover, Ay is a subspace of E and T (Ay) C Ay, so that 
T (Ay) Cc Ay. If Ay Æ E for some y Æ 0, then Ay is a nontrivial, closed, invariant 
subspace of T. Therefore we can assume that 


(1) Ay=E VWyeE, y #0. 
Since T Æ 0, we may fix some x9 € E such that Txo Æ 0, and some r such that 


„ < WPxoll Nol 
2T ~ 2 


Set 
C = {x € E; |x —xoll < r}. 


1. Check that 0 ¢ C and that 


[Tx = Txoll < 5 llTxoll Yx €C, 


so that 


jæ 


|Tx|| > 5 llTxol] Yx €C. 


N 


Deduce that 0 ¢ T (C). 


2. Prove that for every y € E, y # 0, there exists some S € A, denoted by Sy, 
such that 2 
Sy — oy 
IISy — xoll = 5 
[Hint: Use assumption (1).] 


3. Deduce that for every y € E, y Æ 0, there exists some £ > 0 (depending on y), 
denoted by ey, such that 


|[Sz—xoll sr Vz € BY, €), 


where S is as in question 2. 
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4. Consider a finite covering of T(C) by balls B(yj, že) with j € J, J finite. 
Set, for j € J and x € E, 


qj (x) = max{0, £y; — ||Tx — yji} and q(x) = Do gj(x). 
JEJ 
Check that the functions qj, j € J, and q are continuous on E. Show that 
Vx EC, 
1 
>min}—-e,,7 > 0. 
q(x) 2 jeJ È | 
Set 


F(x) = S Li Sy (TH) x eC, 
ig 


5. Prove that F is continuous from C into E and that 


| F(x) —xoll <r Vx eC. 


[Hint: Use question 3.] 


6. Prove that F(C) C K, where K is a compact subset of C. Deduce that there 
exists € € C such that F (£) = &. 


[Hint: Apply the Schauder fixed-point theorem; see Exercise 6.26.] 


7. Set 


qj €)(Sy, 0 T), 
eran 7% 


with £ as in question 6. Show that U € K(E). Deduce that Z = N(I — U) is 
finite-dimensional; check that € € Z. 


8. Prove that T (Z) C Z and conclude. 
[Hint: Show that U € A and deduce that T o U = U o T.] 


9. Construct a linear operator T : R? —> R? that has no invariant subspaces except 
the trivial ones. 


-B- 


We now establish a stronger version of the above result. Assume that T € K(E) 
and T Æ 0. Let R € L(E) be such that Ro T = T o R. Prove that R admits a 
nontrivial, closed, invariant subspace. 


[Hint: Set B = span {/, R, R*,...} and By = {Sy; S € B}. Check that all the 
steps in part A still hold with A replaced by B and A, by By.] 
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PROBLEM 43 (2, 4, 5, 6) 
Normal operators 


Let H be a Hilbert space identified with its dual space. An operator T € £(#) is 
said to be normal if it satisfies 


ToT*=T* oT. 


1. Prove that T is normal iff it satisfies 


|Tu| =|T*u| Vue H. 


(Hint: Compute |T (u + v)|?.] 
Throughout the rest of this problem we assume that T is normal. 


2. Assume that u € N(T — àI) and v € N(T — uI) with A Æ u. Show that 
(u,v) = 0. 


[Hint: Prove, using question 1, that N(T* — wl) = N(T — pl), and compute 
(Tu, v).] 


3. Prove that R(T) = R(T*) = N(T)+ = N(T*)+. 
4. Let f e R(T). Check that there exists u € R(T*) satisfying f = Tu. 
[Hint: Note that H = R(T) ® N(T).] 


5. Consider a sequence un E€ R(T*) suchthatu, > wasn > oo. Write un = T* Yn 
for some y, € H. Show that Ty, converges as n — oo to a limit z € H that 
satisfies T*z = f. 


[Hint: Use question 1 and a Cauchy sequence argument. ] 
6. Deduce that R(T) = R(T*). 

[Hint: Use the fact that VN(T) = N(T*).] 
7. Show that || T? = IT |2. 

[Hint: Write |Tu|? < |T*Tu] |u| = |T7u| |u|. 
8. Deduce that |T? || = ||T ||? for every integer p > 1. 


[Hint: Consider first the case p = 2*. For a general integer p, choose any k such 
that 2 > p and write |T% = ||T2"|| = ||T2-? 7? |J 


9. Prove that N(T*) = N(T) and deduce that N(T”) = N(T) for every integer 
pal. 


[Hint: Note that if T?u = 0, then Tu € N(T) A R(T).] 
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PROBLEM 44 (5, 6) 


Tsometries and unitary operators. Skew-adjoint operators. 
Polar decomposition and Cayley transform. 


Let H be a Hilbert space identified with its dual space and let T € C(H). One 
says that 


(i) T is an isometry if |Tu| = |u| Vu € A, 
(ii) T is a unitary operator if T is an isometry that is also surjective, 
(iii) T is skew-adjoint (or antisymmetric) if T* = —T. 


-A- 


1. Assume that T is an isometry. Check that |T || = 1. 
2. Prove that T € L(A) is an isometry iff T* o T = 1. 


3. Assume that T € £(#) is an isometry. Prove that the following conditions are 
equivalent: 


(a) T is a unitary operator, 
(b) T* is injective, 

(c) ToT*=17, 

(d) T* is an isometry, 

(e) T* is a unitary operator. 


4. Give an example of an isometry that is not a unitary operator. 
[Hint: Use Exercise 6.18.] 


5. Assume that T is an isometry. Prove that R(T) is closed and that T o T* = 
Pror) = the orthogonal projection on R(T). 


6. Assume that T is an isometry. Prove that 
either T is a unitary operator and then o (T) C {—1, +1}, 
or T is not a unitary operator and then o (T) = [—1, +1]. 


7. Assume that T € K(#) is an isometry. Show that dim H < oo. 
8. Prove that T € L(H) is skew-adjoint iff (Tu, u) = 0 Vu € H. 
9. Assume that T € £L(H) is skew-adjoint. Show that o (T) C {0}. 
[Hint: Use Lax—Milgram.] 
10. Assume that T € L(A) is skew-adjoint. Set 


U=(T+Do(T-D!. 


Check that U is well defined, that U = (T—I)~!o(T+I),andthat UoT = ToU. 
Prove that U is a unitary operator (U is called the Cayley transform of T). 
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11. Conversely, let T € £(H) be such that 1 ¢ o (T). Assume that U = (T + I)o 
(T — 1)~! is an isometry. Prove that T is skew-adjoint. 


-B- 
We will say that an operator T € £(H) satisfies property (1) if 


(1) there exists an isometry J from N (T) into N(T*). 


The goal of part B is to prove that every operator T € £(H) satisfying property 
(1) can be factored as 
T=U0oP, 


where U € £(H)is an isometry and P € £(H) is a self-adjoint nonnegative operator 
(recall that nonnegative means (Pu, u) > 0 Vu € H). Such a factorization is called 
a polar decomposition of T. In addition, P is uniquely determined on H, and U is 
uniquely determined on N (T)+ (but not on H). 


1. Check that assumption (1) is satisfied in the following cases: 
(i) T is injective, 
(ii) dim H < oo, 
(iii) T is normal (see Problem 43), 
(iv) T = I — K with K e K(A). 
2. Give an example in which (1) is not satisfied. 


[Hint: Use Exercise 6.18.] 


3. Assume that we have a polar decomposition T = Uo P. Prove that P? = T*oT. 
4. Deduce that P is uniquely determined on H. 

[Hint: Use Problem 39.] 
5. Let T = U o P bea polar decomposition of 7. Show that U is uniquely deter- 


mined on N(T)+. 
6. Assume that T admits a polar decomposition. Show that (1) holds. 
[Hint: Set J = Ujncr).] 
7. Prove that every operator T € £(H) satisfying (1) admits a polar decomposition. 


8. Assume that T satisfies the stronger assumption 
(2) there exists an isometry J from N(T) onto N(T*). 


Show that T admits a polar decomposition T = U o P, where U is a unitary 
operator. 


9. Deduce that every normal T € £(#H) admits a polar decomposition T = U o P 
where U is a unitary operator and Uo P = Po U. 
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10. Show that every operator T € £(H) satisfying (2) can be factored as T = 
P o U, where U € £(H) is a unitary operator and P € £(H) is a self-adjoint 
nonnegative operator. 


[Hint: Apply question 8 to T*.] 


11. Show that every operator T € (H) satisfying (1) admits a polar decomposition 
T = U o P, where P € K(A). 


12. Assume that H is separable and T € K(#) (but T does not necessarily sat- 
isfy (1)). Prove that there exist two orthonormal bases (e„) and (f,,) of H such 
that 


ee) 


Tu= X an(u, en) fn Vu € H, 


n=1 


where (œn) is a sequence such that a, > 0 Vn anda, —> Oasn —> oo. Compute 
T*. Conversely, show that any operator of this form must be compact. 


PROBLEM 45 (8) 
Strong maximum principle 


Consider the bilinear form 
1 
a(u, v) = i pu'v' + quv, 
0 


where p € c!({0, 1]), p 2> «æ > Qon (0, 1), and q € C((0, 1]). We assume that a is 
coercive on Hy (0, 1) (but we make no sign assumption on q). 


Given f € L7(0, 1), letu € H*(0, 1) be the solution of 


T Pee +qu=f on(@,1), 


u(0) = u(1) = 0. 


Assume that f > 0 a.e. on (0, 1) and f Æ 0. Our goal is to prove that 


(2) u'(0) > 0, u'(1) < 0 
and 
(3) u(x) >0 Vx € (0,1). 


1. Assume that Y € H'(0, 1) satisfies 


a(w,v) <0 Wve HA, 1), v > 0on (0, 1), 


(4) 
WO) <0, Wd) <9. 


Prove that y < 0 on (0, 1). 
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[Hint: Take v = yt in (4) and use Exercise 8.11.] 


Consider the problem 


(5) =p’) +q% =0 on (0,1), 
¿(0)=0, ¢d) = 1. 


. Show that (5) has a unique solution ¢ and that ¢ > 0 on (0, 1). 
. Check that u > 0 on (0, 1) and deduce that u’(0) > 0 and u’(1) < 0. 
. Prove that 


1 
© p(1)|u’(1)| = i fe 


[Hint: Multiply (1) by ¢ and (5) by u.] 
Set p(x) = (e* — 1), B > 0. 


. Check that if B is sufficiently large (depending only on p and q), then 


(7) —(pe') +q <0 on (0,1). 


In what follows we fix B such that (7) holds. 


. Let A = (e? = es Prove that 


¢> Ag on(0, 1). 


[Hint: Apply question 1 to wy = Ay — ¢. ] 


. Deduce that u’(1) < 0. 


[Hint: Apply question 4.] 


. Check that u’(0) > 0. 


[Hint: Change f into (1 — t).] 


. Fix ô € (0, 5) so small that 


1, u(x) Le 
> -u (0) Vx Ee (0,5) and —>-—lw(1)| Vx ed —4, 1). 
2 E 2 


u(x) 
x 
Why does such ô exist? Let v be the solution of the problem 


—(pv') +qvu=0 on(6,1—5), 
v(6) = vl — ô) = y, 


where 5 
us min{u’ (0), |u‘(1)]}. 


Show that u > v > Oon (ô, 1 — ô). 


. Prove that v > 0 on (6, 1 — ô). 
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[Hint: Assume by contradiction that v(xo) = 0 for some xo € (6, 1 — ô), and 
apply Theorem 7.3 (Cauchy—Lipschitz—Picard) as in Exercise 8.33.] 
11. Deduce that u(x) > 0 Vx e (0, 1). 


Finally, we present a sharper form of the strong maximum principle. 


12. Prove that there is a constant a > O (depending only on p and q) such that 


1 
u(x) > ax — » | f@mtd — t)dt. 
0 


[Hint: Start with the case where p = 1 and q = k? is a positive constant; 
use an explicit solution of (1). Next, consider the case where p = 1 and no 
further assumption is made on q. Finally, reduce the general case to the previous 
situation, using a change of variable. ] 


PROBLEM 46 (8) 
The method of subsolutions and supersolutions 
Let h(t) : [0, +20) — [0, +00) be a continuous nondecreasing function. Assume 


that there exist two functions v, w € C?({0, 1]) satisfying 


O<vu<w on J = (0, 1), 
(1) —v" +v < h(v) on 7, v(0) =v) =0, 
—w"+w>h(w) onl, w(0)>0,w(1) > 0, 


(v is called a subsolution and w a supersolution). The goal is to prove that there exists 
a solution u € C*({0, 1]) of the problem 


—u" +u = h(u) onl, 
(2) u(0) = u(1) = 0, 


v<u<w on I. 
Consider the sequence (un)n>1 defined inductively by 


=u” + Un = h(un-1) onl,n>=1, 


a un (0) = un (1) = 0, 


starting from uo = w. 
1. Show that v < u; < won 1. 


[Hint: Apply the maximum principle to (u; — w) and to (u1 — v).] 


2. Prove by induction that for every n > 1, 


v<u,onl and ups, <un onl. 
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. Deduce that the sequence (un) converges in L*(J) toa limit u and that h (un) > 


h(u) in L2(1). 


. Show that u € Hy (I), and that 


fue +f ug = [ row Vo € H(I). 


. Conclude that u € C?([0, 1]) is a classical solution of (2). 


In what follows we choose h(t) = t®, where 0 < œ < 1. The goal is to prove 
that there exists a unique function u € C 2([0, 1]) satisfying 


—u" +u =u" onl, 
(4) u(0) = u(1) = 0, 
u(x) > 0 Vx el. 
. Let v(x) = esin(zx) and w(x) = 1. Show that if £ is sufficiently small, 


assumption (1) is satisfied. Deduce that there exists a solution of (4). 


We now turn to the question of uniqueness. Let u be the solution of (4) 
obtained by the above method, starting with uo = 1. Letu € C?({0, 1]) be 
another solution of (4). 


. Show that & < 1 on 1. 


[Hint: Consider a point x9 € [0, 1] where u achieves its maximum. ] 


. Prove that the sequence (uy )n>1 defined by (3), starting with uo = 1, satisfies 


u<u, onl, 


1 
f (a%u — u“ ŭ) = 0. 
0 


[Hint: Write &%u — u” ŭ = uŭ (ŭ%7! — uw?!) and note that u%7! < &%-1.] 


and deduce that & < u on 1. 


. Show that 


. Conclude that & = u on J. 


We now present an alternative proof of existence. Set, for every u € Hy (I), 


o1 1 2 4 1 
rw=; fo +d- | e(u), 


where g(t) = HEDH, 0 <a < 1, and tt = max (t, 0). 


. Prove that fea aoe a constant C such that 


1 
Fw) = sllellgn — Clug Yu € Hy (D). 
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12. Deduce that 


m= inf F(v) >-o, 
ve Hd (1) 


and that the infimum is achieved. 


[Hint: Let (un) be a minimizing sequence. Check that a subsequence (un, ) 


converges weakly in Hd (T) to a limit u and that he g(Un,) > i g(u). The 
reader is warned that the functional F is not convex; why?] 


13. Show that m < 0. 


[Hint: Prove that F(ev) < 0 for all v € ii (I) such that vt Æ 0 and for all € 
sufficiently small.] 


14. Check that 
g(b) — g(a) > (a*)*(b—a) Ya,bER. 


15. Letu € HED) be a minimizer of F on HÉ (I). Prove that 
1 1 
f (u'v' + uv) =) (ut)*v Yve H(I). 
0 0 


[Hint: Write that F (u) < F(u + tv), apply question 14, and let t > 0.] 
16. Deduce that u € C?({0, 1]) is a solution of 


u(0) = u(1) = 0. 


Prove that u > 0 on J and u Æ 0. 
17. Conclude that u > 0 on Z using the strong maximum principle (see Problem 45). 


PROBLEM 47 (8) 
Poincaré—Wirtinger’s inequalities 
Let J = (0, 1). 
JNS 
1. Prove that 
O lull < lu'lzig Yu € Wh), where T = fe 


[Hint: Note that u = u(xq) for some xọ € [0, 1].] 
2. Show that the constant 1 in (1) is optimal, i.e., 


(2) sup{||u — Tlr); u € WHI), and u'l = 1} = 1. 
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[Hint: Consider a sequence (un) of smooth functions on [0, 1] such that u’, > 0 
on (0, 1) Yn, un(1) = 1 Yn, un(x) = 0 Vx € [0,1 — +], Yn.] 


n 


3. Prove that the sup in (2) is not achieved, i.e., there exists no function u € w! (1) 
such that 
lu — ull Læ = 1 and lulli = 1. 


4. Prove that 
1 
(3) lalla < 5lle'll nay Vu € Wy"! (1). 


[Hint: Write that |u(x) — u(0)| < fo lw’) |dt and |u(x) —u(D)| < f} lu'®ldt.] 


5. Show that 5 is the best constant in (3). Is it achieved? 


[Hint: Fix a € (0, 1) and consider a function u € Wy” (I) increasing on (0, a), 
decreasing on (a, 1), with u(a) = 1.] 


6. Deduce that the following inequalities hold: 


(4) lu — alza < Cllu'llzea) Yu € WYP). 
and 

13 
(5) lulzaq) < Cllu'llzea) Yu € Wy?) 


with 1 < q < œ and 1 < p < œ. 
Prove that the best constants in (4) and (5) are achieved when | < q < œ and 
l<p<m. 


(Hint: Minimize |x’ ||,» 7) in the class u € W}? (T) such that ||u — tll zaq) = 1, 
resp. u € Wy?) and ||“ ||L¢(7) = 1] 


-B- 


The next goal is to find the best constant in (4) when p = q = 2, i.e., 
(6) lu — Tlr) < Clu’) Yu € H'O). 
Set H = {f € L7(1); fı f = 0} and V = {v € H! (1I); f, v = 0}. 


1. Check that for every f € H there exists a unique u € V such that 


furs [re Ye V. 
I I 
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2. Prove that u € H° (I) and satisfies 


—u" =f ae.onl, 
u'(0) = u’(1) = 0. 


3. Show that the operator T : H —> H defined by Tf = u is self-adjoint, compact, 
and that f, fTf >OVf €H. 

4. Let A; be the largest eigenvalue of T. Prove that (6) holds with C = ~A; and 
that ./1 is the best constant in (6). 


[Hint: Use Exercise 6.24.] 
5. Compute explicitly the best constant in (6). 


-C- 
1. Prove that 
(7) lu — Tlr < af u Olt — dt Yu € W' (1). 
2. Deduce that 
(8) lu — ulzi < Switi Vue WID). 


3. Show that the constant 1/2 in (8) is optimal, i.e., 
= 1,1 / 1 
(9) sup{|lu—“|lziqy, we W° (I), and |u zig) = 1} = 7 


4. Is the sup in (9) achieved? 


PROBLEM 48 (8) 


A nonlinear problem 


Let j : [—1,+1] — [0, +00) be a continuous convex function such that j € 
C?((—1, +1)), ©) = 0, j’(0) = 0, and 


lim j’(t) = lim j'(t) = —oo. 
Min DSE Tend yee 


(A good example to keep in mind is j(t) = 1 — v1 — t?, t e [—-1, +1].) Given 
f € L’(O, 1), define the function g : HÈ (0, 1) > (—oo, +00] by 


1 1. 1 p 
Pr 1 fu? + fo i@)— fo fv ifve H}, 1) and lolz < 1, 
+00 otherwise. 
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. Check that g is convex 1.s.c. on Hy (0, 1) and that lim] »|) 1 > +00 y(v) = +00. 
0 


. Deduce that there exists a unique u € Hy (0, 1) such that 


gtu)= min ¢(v). 
veH!(0,1) 


The goal is to prove that if f € L°(0, 1) then ||u||z-0¢0,1) < 1, u € H2(0, 1), 
and u satisfies 


—u" + j'(u)= f on (0, 1), 


(1) u(0) = u(1) = 0. 


. Check that 


j®=j@O2j7 @OC=-a@ Vell +1], Vae (—1, +1). 
[Hint: Use the convexity of j.] 
Fix a € [0, 1). 


. Set v = min(u, a). Prove that v € Hè (0, 1) and that 


[Hint: Write v = a — (a — u)™ and use Exercise 8.11.] 


. Prove that 


1 12 + 
sf ws] G-f@u-o. 
[u>a] [u>a] 


[Hint: Write that g(u) < (v), where v is defined in question 4. Then use 
question 3.] 


. Choose a € [0, 1) such that f(x) < j’(a) Vx € [0, 1] and prove that u(x) < a 


Vx € [0, 1]. 
[Hint: Show that i, w? = 0, where w = (u — a)” belongs to Hy (0, 1); why?] 


. Conclude that ||u|| 20,1) < 1. 


[Hint: Apply the previous argument, replacing u by —u, j(t) by j(—t), and f 
by —f.] 


. Deduce that u belongs to H?(0, 1) and satisfies (1). 


[Hint: Write that g(u) < y(u + ev) with v € He (0, 1) and £ small.] 


. Check that u € C?({0, 1]) if f € C([0, 1). 
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10. Conversely, show that any function u € C2({0, 1]) such that lu\|z2°0,1) < 1, 
and satisfying (1), is a minimizer of on Hy (0, 1). 


[Hint: Use question 3 with t = v(x) anda = u(x).] 


Assume now that f € L7(0, 1). Set fa = Ta f, where T, is the truncation 
operation (defined in Chapter 4 after Theorem 4.12). Let un be the solution of 
(1) corresponding to fh. 


11. Prove that || j’(un)llz20,1) < C asn > œ. 
[Hint: Multiply (1) by j’(un)-] 
12. Deduce that ||un || 420,1) < C- 


13. Show that a subsequence (uy,) converges weakly in H (0, 1) to a limit u € 
H?(0, 1) with Un, > u in C! ([0, 1]). Prove that |ju(x)| < 1 a.e. on (0, 1), and 
j' (w) € L?(0, 1). 


[Hint: Apply Fatou’s lemma to the sequence by j’ (Com eal 


14. Show that j’(u,,) converges weakly in L?(0, 1) to j’(u) and deduce that (1) 
holds. 


[Hint: Apply Exercise 4.16.] 


15. Deduce that ||| ,-0(0,1) < 1 if one assumes, in addition, that 


lim inf j’()(1 —1)'3 50 and limsup j()(1+1)!7 <0. 
i t}—1 


[Hint: Assume, by contradiction, that u(xọ) = 1 for some xo € (0,1). 
Check that |u’(x)| < |x — xo|!/*llw\|,2 Yx e (0,1) and |u(x) — 1| < 
$ |x — xol?/? llu” llz2 Yx € (0, 1). Deduce that j'(u) ¢ L? (0, 1).] 


PROBLEM 49 (8) 
Min—max principles for the eigenvalues of Sturm—Liouville operators 


Consider the Sturm—Liouville operator Au = —(pu')’ + qu on (0,1) with 
Dirichlet boundary condition u(0) = u(1) = 0. Assume that p € C 1({0, 1]), 
p(x) >a > 0 Yx e€ [0, 1], and q € C([0, 1]). Set 


1 
a(u, v) = f (pu'v' +quv) Yu, v € H (0,1). 
0 


Note that we make no further assumption on q, so that the bilinear form a need not 
be coercive. Fix M sufficiently large that a(u, v) = a(u,v) + M i uv is coercive 
(e.g., M > —minyeo,1] g(x)). Let (Ax) be the sequence of eigenvalues of A. The 
space H = Hy (0, 1) is equipped with the scalar product a(u, v), now denoted by 
(u, v), and the corresponding norm |u|q = a(u, u)!/2, Given any f € L?(0, 1), 
let u € Hy (0, 1) be the unique solution of the problem 
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1 
aur) = f fv Yve HL, 1). 
0 


Set u = Tf and consider T as an operator from H into itself. 


1. 


Show that T is self-adjoint and compact. 


[Hint: Recall that the identity map from H into L7(0, 1) is compact. ] 


. Let (Ax) be the sequence of eigenvalues of A (in the sense of Theorem 8.22) with 


corresponding eigenfunctions (eg), and let (ug) be the sequence of eigenvalues 
of T. Check that ug > 0 Vk and show that 


1 
Ae=——M Yk and T(ex) = wren Vk. 
Hk 


. Prove that 


1 
Tw wu = | w Wwe dH, 
0 


and deduce that 


1 alw, w 
—— = L dam Yw e€ H, w £0, 
Rw) fiw? 
where R is the Rayleigh quotient associated with T, i.e., R(w) = See (see 
A 


Problem 37). 


. Prove that 

(1) ay = min a 
we 0 w2 
w40 

and Vk > 2, 

At = 

7 a(w, w) 1 l 
min i we HJO, 1),w#0and | we; =OVj=1,2,...,k—1f. 
fo w? 0 


[Hint: Apply question 2 in Problem 37 and show that (w,ej)q = O iff 
i, we; = 0.] 


. Prove that Vk > 1, 


: [ao] 
Ak = min max s 


T 
ECHL (0,1) HEX u? 

dim == “*0 Jo 
and 
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. | atu, u) 
At = max min : 
ACHLO,1L) “SA 
codim A=k—1 "7? 


where & and A are closed subspaces of Hig (0, 1). 


[Hint: Apply question 7 in Problem 37.] 


. Prove similar results for the Sturm—Liouville operator with Neumann boundary 


conditions. 


We now return to formula (1) and discuss further properties of the eigen- 
functions corresponding to the first eigenvalue 41. In particular, we will see that 
there is a positive eigenfunction generating the eigenspace associated to A}. 


. Let wo € Hy (0, 1) be a minimizer of (1) such that is wo = 1. Show that 


Awọ = àwọ on (0, 1). 


. Set w, = |wo|. Check that w; is also a minimizer of (1) and deduce that 


(2) Aw, =A,u,; on (0, 1). 


[Hint: Use Exercise 8.11.] 


. Prove that w; > 0 on (0, 1), wi (0) > 0, and wi (1) < 0. 


[Hint: Apply the strong maximum principle to the operator A + M; see Prob- 
lem 45.] 


. Assume that w € HÉ (0, 1) satisfies 


Aw=A,w_ on (0,1). 
Prove that w is a multiple of w1. 


[Hint: Recall that eigenvalues are simple; see Exercise 8.33. Find another proof 
that does not rely on the simplicity of eigenvalues; use w?/w1 as test function 
in (2).] 


. Show that any function y € eh (0, 1) satisfying 


1 
Ay=uy on (0,1), Yz=0 on(0,1), and J yal, 
0 
for some u € R, must coincide with wy. 


[Hint: If u Æ 1, check that fi ww, = 0. Deduce that u = i1.] 
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PROBLEM 50 (8) 
Another nonlinear problem 


Let q € C([0, 1]) and consider the bilinear form 
1 
a(u, v) a (u'v' +quv), u,v € HAO, 1). 
0 
Assume that there exists vı € Hè (0, 1) such that 


(1) a(vı, v1) <0. 

1. Check that assumption (1) is equivalent to 
(2) Ai (A) < 0, 
where A, (A) is the first eigenvalue of the operator Au = —u” + qu with zero 
Dirichlet condition. 

2. Verify that 


1 1 f! 
(3) —oo<m= inf [saws | wt | <0. 
ueHe (0,1) 2 4 Jo 


[Hint: Use u = ev, with e > 0 sufficiently small.] 
3. Prove that the inf in (3) is achieved by some uo. 
(Warning: The functional in (3) is not convex; why?] 
Our goal is to prove that (3) admits precisely two minimizers. 


4. Prove that uo belongs to C 2({0, 1]) and satisfies 


—u" +qu +u? =0 on (0,1), 


e u(0) = u(1) = 0. 


5. Set u} = |uo|. Show that uw; is also a minimizer for (3). Deduce that u1 satis- 
fies (4). 


[Hint: Apply Exercise 8.11.] 
6. Prove that uı (x) > 0 Yx € (0, 1), v4 (0) > 0, and u (1) < 0. 


[Hint: Choose a constant a so large that —u + a?u1 = f > 0, f Æ 0. Then use 
the strong maximum principle.] 


7. Let uo € HÉ (0, 1) be again any minimizer in (3). Prove that either uo(x) > 0 
Vx € (0, 1), or uo(x) < 0 Yx € (0, 1). 


(Hint: Check that |wo(x)| > 0 Yx € (0, 1).] 
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8. Let U; be any solution of (4) satisfying U; > 0 on [0,1], and U; Æ O. Set 
p1 =U K Consider the functional 
i 2 l2 
om = [ (Wal? 40+ 50°) 
defined on the set 
K= fo € HE, 1); p > 0 on (0, 1) and /p € HÈ (O, D] l 


Prove that 
1 f! j 
(5) ®(p) — &(p1) = J) (o— pi)? Woe K. 


(Hint: Let u € C!((0, 1)). Note that 


> Ui uu! y Ur 


and deduce (using integration by parts) that 


1 1 U! 
J u? — UP) = af g C TUD Yue H0, D. 
0 0 


Then apply equation (4) to establish (5).] 
9. Deduce that there exists exactly one nontrivial solution u of (4) such that u > 0 
on [0, 1]. Denote it by Up. 
[Comment: There exist in general many sign-changing solutions of (4).] 
10. Prove that there exist exactly two minimizers for (3): Up and — Uo. 


PROBLEM 51 (8) 


Harmonic oscillator. Hermite polynomials. 


Let p € C(R) be such that p > 0 on R. Consider the space 
+00 
v= [ventas f p? < oo} 
—oo 
equipped with the scalar product 


+00 
(u, v)y = f (u'v' + uv + puv), 
=O 


and the corresponding norm |u|y = (u, u) g 


1. Check that V is a separable Hilbert space. 
2. Show that C% (R) is dense in V. 
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[Hint: Let ¢, be a sequence of cut-off functions as in the proof of Theorem 8.7. 
Given u € V, consider ¢„u and then use convolution. ] 


Consider the bilinear form 
+00 
a(u, v) = f u'v' + puv, u,veV. 
= 00O 


In what follows we assume that there exist constants ê > 0 and A > O such that 


(1) p(x) >6 Vx € Rwith |x| > A. 


3. Prove that a is coercive on V. Deduce that for every f € L?(R) there exists a 
unique solution u € V of the problem 


+00 
(2) a(u, v) = f fv Woe. 


4. Assuming that f € L? (R) N C(R), show that u satisfies 


u € C?R), 
(3) —u" + pu= f onR, 
u(x) > 0 as |x| > œ. 
5. Conversely, prove that any solution u of (3) belongs to V and satisfies (2). 


(Hint: Multiply the equation —u” + pu = f by ¢?u and use the fact that a is 
coercive. | 


In what follows we assume that 


(4) [Jim pO) = +00. 


6. Given f € L? (R), setu = T f, where u is the solution of (2). Prove that T : 
L? (R) —> L?(R) is self-adjoint and compact. 


[Hint: Using Corollary 4.27 check that V C L? (R) with compact injection.] 


7. Deduce that there exist a sequence (àn) of positive numbers with A, — oo as 
n — oo, and a Hilbert basis (e,) of L? R) satisfying 


5) én E VNC R), 
—e!! + pen = Ànen onR. 
In what follows we take p(x) = x’. 
8. Check that (5) admits a solution of the form e, (x) = enw /2 P,(x), where A, = 
(2n + 1) and P,(x) is a polynomial of degree n. 


Partial Solutions of the Problems 


Problem 1 


5. In view of Zorn’s lemma (Lemma 1.1) it suffices to check that F is inductive. Let 
(Aj)icz be a totally ordered subset of F. Set A = ier Ai and check that A is 
nonempty, A is an extreme set of K, A € F, and A is an upper bound for (A; ier. 

6. Suppose not, that there are two distinct points a,b € Mo. By Hahn—Banach 
(Theorem 1.7) there exists some f € E* such that (f, a) 4 (f, b). Set 


Mı = f € Mo; (f, x) = max (f, oi} . 
yeMo 
Clearly Mı € F and Mo < Mı. Since Mo is maximal, it follows that Mı = Mo. 
This is absurd, since the points a and b cannot both belong to Mı. 
8. Let Kı be the closed convex hull of all the extreme points of K. Assume, by 
contradiction, that there exists some point a € K such that a ¢ K,. Then there 
exists some hyperplane strictly separating {a} and Kı. Let f € E* be such that 


(f,x) <(f,a) Vxe Ky. 


Note that 
B= [x E€ K; (f, x) = max (fiy) } 
yeK 


is an extreme set of K such that B N Kı = Ø. But B contains at least one extreme 
point of K; absurd. 
9. (a) E = {x = (xi); Ixi] = 1 Vi}, 
(b) E€ = {x = (xi); |x;| = 1 Vi, and x; is stationary for large 7}, 
(c) E=G, 
(d) E = {x = (xj); Jj such that |x;| = 1, and x; = 0 Vi Æ j}, 
(e) E = {x = Q); Ve lal? = 1}, 
(ff) E=9. 
To see that € = Ø in the case (f) let f € L! (R) be any function such that fr lfl= 
1. By a translation we may always assume that ane Ifl = ie |f| = 1/2. Then 
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write f = (g + h)/2 with 


2f on (—œ, 0), 0 on (—oo, 0), 
g= and h= 
(0) on (0, +00), 2f on (0,+00). 
Problem 2 


Determine dy(x) for the function g defined by g(x) = —./x for x > 0 and 
g(x) = +œ for x < 0. 


-A- 


4. (a) dga) = F(x), 
(b) dg(x) = mo) if x Æ 0 and dg(0) = Bg», 


0 ifx e Int K, 
(c) dg(x) = . 
outward normal cone atx ifx € Boundary of K, 


dp(xX) = K+ if K isa linear subspace, 
(d) dg(x) = Dø(x) = differential of y at x. 
5. Study the following example: In E = R? (equipped with the Euclidean norm), 


g=Ic_ with C = {[x1, x2]; G1 — D? +.x5 < 1}, 


and 
y = Ip with D = {[x1, x2]; x1 = 0}. 


-B- 


1. Let C = epig. Apply Hahn—Banach (first geometric form) with A = Int C and 
B = [xo, g(x0)]. Note that A Æ Ø (why?). Hence there exist some f € E* and 
some constants k and a such that || f || + |k| 4 0 and 


(fix) +kA > a> (f, xo) +kø(xo) Yx € DY), VA > g(x). 


Check that k > 0 and deduce that -if € ðg(xo). 


6. Note that inf z (Ø + Y) = 0, and so there exists some g € E* such that g*(—g) + 
w*(g) = 0. Check that fo — g € dy(x), and that g € IY (x); thus fo € I(x) + 
ay (x). 


-C- 
1. For every R > 0 and every xọ € E we have 
g(x) < k(|xol| + R)+ C = M(R) Yx e E with ||x — xoll < R. 


Thus i 
fll < T (kllxoll + kR +C- ø(x0)) Vf € ðp(x0). 
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Letting R > œ we see that || f || < k Yf € dg(xo) and consequently 
p(x) — (xo) > —k|lx — xoll Vx, xo € E. 
We have D(y*) C k Bes. Indeed, if f € D(g*), write 
(f,x) <p) + 9*(f) < klixll +C + gP). 
Choosing ||x|| = R, we obtain 
RIFI <kR+C+9*(f) VR>0 


and the conclusion follows by letting R —> oo. 
2. Check, with the help of a basis of R”, that every point xo € A satisfies assump- 
tion (1). 
-D- 
The main difficulty is to show that if f € d/c(x) with g(x) = 0 and f Æ 0, 
then there exists some A > 0 such that f € Ad0g(x). Apply Hahn—Banach (first 
geometric form) in E x R to the convex sets A = Int(epig) and B = {[y, 0] € 


E x R; (f, y — x) = 0} (check that A N B = Ø). Thus, there exist some g € E* 
and some constant k such that || g|| + |k| 4 0 and 


(g,y) + ku > (g,z) Viy, u]€epiọ, Viz, 0] € B. 


It follows, in particular, that k > O and that 


(g, y) +kp(y) = (g,.x) Vy €E. 


In fact, k Æ 0 (since k = 0 would imply g = 0). Thus -È € g(x) (since 
(x) = 0). Moreover, g 4 0 (why?). Finally, we have (g, x) > (g, z) Y[z, 0] € B 
and consequently (g, u) < O Yu € E such that ( f, u) > 0. It follows that g = 0 
on the set f7! ({0}). We conclude that there is a constant 0 < 0 such that g = 8 f 
(see Lemma 3.2). 


Problem 3 
-A- 


3. Either x € S(xn) Wn and then we have W(xn+41) < W(x) + €n41 Vn. Passing to 
the limit one obtains (a) < w(x) and a fortiori w(x) — w(a) + d(x, a) > 0. 
Or 3N such that x ¢ S(xy) and then x ¢ S(x,) Vn > N. It follows that 

Wx) — Wan) + d(x, Xn) > 0 Wn N. 


Passing to the limit also yields w(x) — yY (a) + d(x, a) > 0. 
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-B- 


. The set M equipped with the distance d(x, y) = A||x — y|| is complete (since y 
is l.s.c.) and nonempty (xo € M). Note that yw > 0. By the result of part A there 
exists some x; € M such that 


w(x) — W(x) +Allx —x1 |] > 0 Vx eM. 


Ifx ¢ M we have W(x) > wW(xo) — Allxo — x|| (by definition of M), while 
wv (x0) — Allxo — xl] = Y1) — Allx — xı || (Since xı € M). 
Combining the two cases, we see that 


w(x) — W(x) +Allx —x1 |] > 0 Vx € E. 


On the other hand, since x} € M, we have y (x1) < W(xg) — Allxo — xı ||. But 
wW(xo) < £ and w(x1) > 0. Consequently ||xo — xı || < €/A. 

. Consider the functions w(x) = w(x) — w(x1) and 6(x) = Allx — xı l|, so that 
0 € 0(w + 8)(x1). We know that 3 (w + 0) = dw + 06 and that 90 (x1) = à Bg*. 
It follows that 0 € dg(x1) — f +å Bg. 

. Let us check that D(g) C D(0@). Given any x9 € D(@), we know, from the 
previous questions, that Ye > 0,WA > 0,4x; € D(dq@) such that ||x;—xQ|| < £€/À. 
Clearly R(0g) C D(g*). Conversely, let us check that D(g*) C R(dg). Given 
any fo € D(g*) we know that Ve > 0, 4x0 € D(@) such that fo € dey(xo), and 
thus VA > 0, 3 fı € R(0g) such that || f — foll <A. 


-C- 


. Let fo € E*. Since (Ic)*(fo) < co, we know that Ve > 0, 4x9 € C such 
that fo € deIc(xq). It follows that VA > 0, dx; € C,3fı € əİc(xı) with 
fi — foll < 4. Clearly we have sup, -c(fi,x) = (fi, x1). 

. Let x9 be a boundary point of C. Then Ve > 0, da € E,a ¢ C, such that 
la — xoll < £. Separating C and {a} by a closed hyperplane we obtain some 
fo € E* such that fo Æ O and (fo,x — a) < 0 Vx e C. Of course, we may 
assume that || fo|| = 1. Thus, we have (fo, x — xo) < € Vx € C and consequently 
fo € %¢1c¢ (xo). Applying the result of part B with A = ./e we find some xı € C 
and some fı € 0c (x1) such that ||x; — xoll < v£ and || fi — foll < vE. Since 
fı 4 0 (provided e < 1), we see that there exists a supporting hyperplane to C 
at x1. 


Problem 4 


. Argue by induction and apply question 7 of Exercise 1.23. 
. Note that x = six + y) + (x — y)], and so by convexity, 


1 1 
Phx) < EZ + y) + Yr — »| < z [Pr + y+ Yn —y)] Vx, y. 
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Thus w(x) < Wn4i1(x). We have g | 0, Yn $ 6 and Qn+1 = (Gn + Wn). 
Therefore 6 = 0. 


4. The sequence (y%) is nondecreasing and converges to a limit, denoted by œ. 
Since 0 < gn, it follows that ø < 0* and œ < 6”. On the other hand, we have 
(F. x) — Pn (2) < Pif) Vx € E, Yf € E*. Thus (f, x) —0(x) < w(f) Yx € E, 
Yf € E*, that is, 0* < œw. We conclude that w = 6*. 


5. Applying question 1 of Exercise 1.23, we see that Yj}; = AO + wy). The 
sequence (w;) is nonincreasing and thus it converges to a limit ¢ such that ¢ = 
5(6* + £). It follows that ¢ = 6% (since ¢ < 00). 


-B- 


From the convexity and the homogeneity of g we obtain 


= ee ea 
w+» =e (i +a n>) 


1 1 
<19(=) +a no( >) = 700) + — (9) 


In order to establish (1) choose x = 5(X + Y) and y = 5(X — Y). 


2. Using (1) we find that Yx, y € E, Yt € (0, 1), 


1 
Pnyx) = z Pn) + Wn(x)} 
E 1(1 1 
$3 {nt +y)+ qo F — y) 
1 


1 
+ yee +y) + jaan = »} ; 


Applying A1 and the induction assumption we have Yx, y € E and Yt € (0, 1), 


TOER | Cones + 9) + l (2+ 5) vv}. 
2 | 4 40 —1) qn 


Choosing z such that = = gq; (2+ fr), thatis, £ = 1/2(1 + gaz), we conclude 
that 


1 C 
Pn+1(x) < 7 (: + =) {Pn +y) n(x —y)} Vx, ye BE. 


It follows that gn4i(x) < $O + Zot) Yn (x) Vx € E. 
3. With x Æ y and t € (0, 1) write 
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1 
O(tx + (1 —t)y) < On (tx + (1 —t)y)+ zO +(1-—t)y) 


1 
Stha) E A — An) + 5, 00x + A = ty) 
<10(x) + A- t0) 


1 
+(+ t)y) — tgo(x) — (1 — t)po (y) 


G 
+ Emo) +A = Da0) | 
< tô (x) + (1 — t)0 (y), 


for n large enough, since go is strictly convex. 
-C- 


Take go(x) = 4||x||7 and yo(x) = 5a7||x||3, with œ > 0 sufficiently small. The 
norm || || is defined through the relation 0 (x) = 5 lx \|7. 


Problem 5 
-B- 


1. It suffices to prove that there is a constant c > 0 such that B(O, c) C K. By (iii) 
we have (J, (nK) = E and thus J, (nK) = E. Applying Baire’s theorem, 
one sees that Int(K) Æ Ø, and hence there exist some yo € E and a constant 
c > Osuch that B(yo, 4c) C K. Since K is convex and symmetric it follows that 
B(O, 2c) C K. 


We claim that B(0, c) C K. Fix x € E with ||x|| < c. There exist yj, z1 € P 
such that || y1 || < 1/2, ||z1|| < 1/2 and ||x — (yı — z1)|| < c/2. Next, there exist 
y2, z2 € P such that ||y2|| < 1/4, ||z2|| < 1/4, and 


lx — G1 = 21) — (y2 = 22) || < ¢/4. 


Iterating this construction, one obtains sequences (yn) and (zn) in P such that 
Ilynll < 1/2”, |lznl| < 1/2”, and 


x — Oiz) 
i=1 


Then write x = y — z with y = } <; y; and z = 72121, so that x € K. 

2. Write Xn = Yn — Zn With Yn, Zn € P, |lynl| < C/2”, and ||zp|| < C/2”. Then 
1 < f&n) < fn). Set un = X ;_;yi and u = S°P2,y;. On the one hand, 
f(un) = n, and on the other hand, f(u — un) > 0. It follows that f(u) > n Vn; 
absurd. 

3. Consider a complement of F (see Section 2.4). 


<c/2”. 


Partial Solutions of the Problems 527 
-C- 


(a) One has F = P — P = E; one can also check (i) directly: if f > 0 on P, then 
| f(w)| < lullo f (1) Yu € E. 

(b) Here F = {u € E; u(0) = u(1) = 0} is a closed subspace of finite codimension. 

(c) One has F = E. Indeed, if u € E there is a constant c > 0 such that |u(t)| < 
ct(1 — t) Yt € [0, 1] and one can write u = v — w with w = ct(1 — t) and 
v=u+ct(l—t). 


Problem 7 
Py Ne 


2. Fix x € M with ||x|| < 1. Let € > 0. Since dist(x, N) < a, there exists some 
y € N such that ||x — y|| < a + £, and thus || y|| < 1 +a + £. On the other hand, 
diste L) < b and so dist(y, L) < b(||y|| + £) < bd + a + 28). It follows 
that dist(x, L) <a +£ +b(1 +a + 2e) Ve > 0. 


-B- 


In order to construct an example such that A* + B* 4 (A + B)* it suffices to 
consider any unbounded operator A : D(A) C E — F that is densely defined, 
closed, and such that D(A) Æ E. Then take B = —A. We have (A + B)* = 0 with 
D((A + B)*) = F*, while A* + B* = 0 with D(A* + B*) = D(A*). [Note that 
D(A*) 4 F*; why?]. 


3. A+ B is closed; indeed, let (u,,) be a sequence in E such that u, —> u in E and 
(A+ B)un > f in F. Note that 


||Bul| < k| Au + Bul| + k||Bul| + Clu] Yu € D(A) 


and thus 


k 
Bul] < Tg!” + Bul| + llull Yu € D(A). 


C 
l—k 
It follows that (Bun) is a Cauchy sequence. Let Bun —> g, and so u € D(B) 
with Bu = g. On the other hand, Aun —> f — Bu, and so u € D(A) with 
Au + Bu = f. Clearly one has 


p(A, A+ B)= sup inf {|u — v|| + || Au — (Av + Bv)II} 
ueD(A) ve D(A) 
lu||+]]|Aul|s1 


IA 
n 
i= 

uo) 


|Bul| <k+C. 


lle ||+]|Aul|s1 
4. The same argument shows that under assumption (H*), one has 


p(A*, A* + B®) < k EC 
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[There are some minor changes, since the dual norm on E* x F* is given by 


ILA, gllle+xe* = max{|| f\le*, llglle}-] 
5. Lett € [0, 1]. For every u € D(A) one has 


|| Bul] < k| Aull + Chull < k| Au + tBul| + t|| Bull) + Chull, 


and thus 


k 
Pals ae tBul + 7 g” 


Fix any £ > 0 such that 1/e = n is an integer, set) < 4, and EREC") < ;- 


Set Aj = A+ €B, so that A} = A* + eB” and, moreover, 


C 
| Bull < lul +g!” Yu € D(A), 


and also 


* * 


C * 
a lATull + allel Yv € D(4*). 


IB*vl| < 


It follows that (A; + €B)* = Aj} + £€B*, i.e., (A + 2e B)* = A* + 2e B*, and so 
on, step by step with A; = A+ jeB and j <n- 1. 


Problem 8 


1. Let 7 be the topology corresponding to the metric d. Since Bg» equipped with 
the topology o (E, E*) is compact, it suffices to check that the canonical injection 
(Ber, o (E*, E)) > (Ber, T) is continuous. This amounts to proving that for 
every fo € Bg and for every £ > 0 there exists a neighborhood V (f?) of f° for 
o (E*, E) such that 


V(f) N Bes C {f € Bess d(f, f°) < e}. 


Let (e!) be the canonical basis of £!. Choose 
Vf?) = (Ff € Et; |\(f — f°, e)| < 6 Vi = 1,2,...,n} 


with 6 + (1/2""!) < e. 

2. Note that (Bex, d) is a complete metric space (since it is compact). The sets Fg 
are closed for the topology T, and, moreover, (Jp; Fk = Bex (since ( f, x”) > 0 
for every f € E*). Baire’s theorem says that there exists some integer kg such 
that Int (Fk) A Ø. 

3. Write f° = (fÈ, FÈ, sash f’; ...) and consider the elements f € Bg» of the 
form 


E e £1, 41,...), 


so that 
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[00] 


d(f, f°) < 5 — <p. 


Such f’s belong to Fy, and one has, for every n > ko, 


N oo 
See + > GENS) 
i=1 


OO 
EIS pat <e. 
i=1 i=N+1 
It follows that 
lee) N N 
0 
YS etl se+ lA rls e+ Doli, 
i=N+1 i=l i=l 
and thus 
lee) N 


Xll s e+20 [x7] Yn > ko. 


i=l i=l 


4. The conclusion is clear, since for each fixed i the sequence x; tends to 0 as 
n > œ. 
5. Given € > 0, set 


Fy = {f € Bers (f, x” —x")| < e Ym,n > k}. 


By the same method as above one finds integers kg and N such that 


N 
lx" x" Se +2) kra Vm,n > ko. 
i=l 


It follows that (x”) is a Cauchy sequence in ¢!. 
6. See Exercises 4.18 and 4.19. 


Problem 9 
-A- 


1. A is open for the strong topology (since it is open for the topology o (E*, E)). 
Thus (by Hahn—Banach applied in E*) there exist some £ € E**, € Æ 0, anda 
constant œ such that 


(,f)<a<&g) VfeA, VgeB. 


Fix fo € A and a neighborhood V of 0 for the topology o (E*, E) such that 
fo+ V C A. We may always assume that V is symmetric; otherwise, consider 
V N (—V). We have (£, fo + g) < a Vg € V, and hence there exists a constant 
C such that |(&, g)| < C Vg € V. Therefore £ : E* — R is continuous for the 
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topology o (E*, E). In view of Proposition 3.14 there exists some x € E such 
that (£, f) = (f, x) Vf € E*. 

2. See the solution of Exercise 3.7. 

3. Let V be an open set for the topology o(£*, E) that is convex, and such that 
0 € V and V N (A — B) = Ø. Separating V and (A — B), we find some x € E, 
x Æ 0, and a constant @ such that 


(f,x)<a<(g—h,x) YfeV,YgEeA, YheB. 


Since V is also a neighborhood of 0 for the strong topology, there exists some 
r > Osuchthatr Bg» C V.Thusg« > r||x|| > 0, which leads to a strict separation 
of Aand B. 

4. Let f,g € AF and let V be a convex neighborhood of 0 for o (E*, E). Then 
(f+V)NA AGBand(g+V)NA AVG. Thus (¢tf+d-HNg+VINAFGD 
Vt € [0, 1]. 


-B- 


1. If E is reflexive, then Moe = N = the closure of N for the strong topology, 


since o (E*, E) = o (E*, E**) and N is convex. Let E = £!, so that E* = €™; 
taking N = co we have N+ = {0} and N++ = e~. 

2. Foreveryx € E,setg(x) = sup peel (f, x)—w(f)}.Theng : E > (—o, +00] 
is convex and |.s.c. In order to show that ¢ # +00 and that g* = y, one may 
follow the same arguments as in Proposition 1.10 and Theorem 1.11, except that 
here one uses question A3 instead of the usual Hahn—Banach theorem. 

3. (1) One knows (Corollary 2.18) that N(A) = R(A*)+ and thus N(A)t = 
R(A*yL+ = RAS =” If E is reflexive, then N(A)! = RAY. 

(ii) Argue as in the proof of Theorem 3.24 and apply question A3. 

4. Suppose, by contradiction, that there exists some € € Bg» such that & ¢ 
IBR E E Applying question A3 in E**, we may find some f € E* and a 
constant œ such that 


(f,x)<a<(& f) Vx e Beg. 


Thus || fI < @ < (£, f) < Il fll; absurd. 
5. Assume, by contradiction, that there exists some ug € E with ||uo|| < 1 and 
Auo ¢convA(Sp) 


a constant œ such that 


ae Applying question A3, we may find some xp € E and 


(Au, xo) < œ < (Auo, xo) Vu € SE; 


thus (Au — Aug, xo) < 0 Vu € Sg. On the other hand, there is some t > O such 
that ||uo +txo|| = 1, and by monotonicity, we have (A (uo + txo) — Auo, xo) = 0; 
absurd. 
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Problem 10 
SAC 


1. Bg» is compact and metrizable for the topology o (E*, E) (see Theorem 3.28). It 

follows, by a standard result in point-set topology, that there exists a subset in B g» 
that is countable and dense for o (E*, E). Let T denote the topology associated 
to the metric d. It is easy to see that the canonical injection i: (Bg, o (E, E*)) > 
(Bg, T) is continuous (see part (b) in the proof of Theorem 3.28). [Note that 
in general, i—! is not continuous; otherwise, Bg would be metrizable for the 
topology o (E, E*) and E* would be separable (see Exercise 3.24). However, 
there are examples in which Æ is separable and E* is not, for instance E = L! (Q) 
and E* = L™(Q).] 
Since B is compact for ø (E, E*), it follows (by Corollary 2.4) that B is bounded. 
Thus B is acompact (metric) space for the topology 7 and, moreover, the topolo- 
gies o (E, E*) and JT coincide on B. 

2. Consider the closed linear space spanned by the x,,’s. 


-B- 
For each i choose a; € Br such that (g;, aj) > 3/4. 
-C- 


4. For each n € E** set h(n) = sup;>ı(n, fi); the function h : E* > R is 
continuous for the strong topology on E**, since we have A(n) — h(j2)| < 
lni — nll Yni, n2 € E™. 

5. A subsequence of the sequence (xn) converges to x for o (E, E*) (by assump- 
tion (Q) and we have (&, fi) = (fi, x) Vi > 1. 


On the other hand, x belongs to the closure of [x1, x2,..., Xk, ... ] for the topology 
o(E, E*) and thus also for the strong topology (by Theorem 3.7). In particular, 
x € M and consequently £ — x € M. It follows that € = x since 


1 
0 = SUPE = x, fi) Z 5 = xll. 
i>1 


-D- 
; ; =o (E*,E*) . 
1. A is bounded by assumption (Q) and Corollary 2.4. It follows that A is 
compact for the topology o (E**, E*) by Theorem 3.16. But the result of part C 
shows that B = ee = 1 or more precisely that J(B) = Tay i 5 
Consequently J (B) is compact for the topology o(E**, E*). Since the map 
JT! : J(E) > E is continuous from o (E**, E*) to o (E, E*), it follows that B 
is compact for o (E, E*). 
2. Already established in question C4. 
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Problem 11 
-A- 


. Separating {0} and Cı we find some x; € E and a constant a such that O < œ < 
(f, x1) Vf € Cı. If needed, replace x; by a multiple of x1. 

. One has to find a finite subset A C E such that A C (1/d,)Be and Y4 = Ø. We 
first claim that N AcF YA = Ø, where F denotes the family of all finite subsets A 
in (1/d|) Be. Assume, by contradiction, that f € Oac#rYA; we have 


(f,x1) <1 and (f/x) <1 Vx € (1/d1)Be. 


Thus || f|| < dı and so f € C1; it follows that (f, x1) > 1; absurd. 

By compactness there is a finite sequence A}, A5,..., A’ such that N} Yy = ø. 
Set A’ = A, U A}, U A’. It is easy to check that Yy = Ø. 

. For every finite subset A in (1/d,—1) Be consider the set 


k-1 
Y; = [Fe cuss isise (Ua) va] < | 
i=l 


One proves, as in question 3, that there is some A such that Y4 = Ø. 
. Write the set UX Ak as a sequence (x,,) that tends to 0. 


-B- 
. Applying Hahn—Banach in co, there exist some @ € £! (= (co)*; see Chapter 11) 
with 6 Æ 0, and a constant œ such that 
(0,6) <æ <(0,T(f)) VE € co with |El <1, Vf EC. 
It follows that 
0< [lA <a <> Ol fxn) Yf EC. 
Letting x = >> nxn, we obtain 
(f,x)>a>0 Vf EC. 


If needed, replace x by a multiple of x and conclude. 

. Fix any fo ¢ C; set C=C- fo. Then 0 ¢ Č and for each integer n the 
set C N (nBg=) is closed for o (E*, E). Hence, there is some x € E such that 
(f,x) >z lyfe Č. The set V = {f € E*; (f — fo, x) < 1} is a neighborhood 
of fo for o (E*, E) and V N C = Ø. 
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Problem 12 
oe 
2. Apply the results of questions 1, 7, and 4 in Exercise 1.23 to the functions * 
and y*. 
3. We have 0** = (y+ w)*. Following the same argument as in the proof of 


Theorem 1.11, it is easy to see that epi 0** = epi 0 (warning: in general, 0 need 
not be L.s.c.). 


Therefore we obtain D(@**) C D(@), i.e., D(( + w)*) C D(g*) + D(W*). 


-B- 


1. It suffices to check that for every fixed x € E the set (M, x) is bounded. In fact, 
it suffices to check that (M, x) is bounded below (choose +x). Given x € E, 
x #0, write x = A(a — b) with à > 0, a € D(g), and b € Dy). We have 


(f-—g,a)<9(@+¢*(f -8), 
(g, b) < Yb) + w*(g), 


and thus 


-(g, T) <-(fa)+9@+¥b)+a YgeM. 


Consequently (M, x) > C, where C depends only on x, f, and a. 

2. Use the same method as above. 

3. Leta € R be fixed and let ( fn) be a sequence in E* such that 0 ( fa) < œ and fa > f. 
Thus, there is a sequence (gn) in E* such that g* (fn — gn) + Y* (8n) < a+ (1/n). 
Consequently, (gn) is bounded and we may assume that gn, — g for o (E*, E). 
Since g* and w® are 1.s.c. for o (E*, E), it follows that g*(f — g) + Y* (e) < a, 
and so 0 (f) <a. 

4. (i) We have 0 = 0* = (9+ )*. 


(ii) Write that (g + w)*(0) = (y* Vw*)(0) and note that 
inf {g"(—g) + w*(g)} 
gcE* 

is achieved by the result of question B1. 


(iii) This is a direct consequence of (i). 


Remark. Assumption (H) holds if there is some x9 € D(g) N D(w) such that ¢ is 
continuous at xo. 


Problem 13 
he 


1. By question 5 of Exercise 1.25 we know that 
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lim + (lx +l — Ixl?) = (Fx, 9. 
A020 


A>0 


If A < 0 set u = —A and write 
= (lx + Avi? =e?) = -+ (1x + wy)? — et?) 
2À 2u ` 
. Let t, — 0 be such that (F(x + ty), y) > £. We have 
1 
5 (lx + Ayll? — Ix + myl?) = (FG + my), O = ta)y)- 


Passing to the limit (with à € R fixed) we obtain 5 (lx + Ayll? — Ixl?) = 22. 
Dividing by A (distinguish the cases à > 0 and A < 0) and letting à — 0 leads 
to (Fx, y) = £. The uniqueness of the limit allows us to conclude that 


lim (Fœ + ty), y) = (Fx, y) 


(check the details). 
. Recall that F is monotone by question 4 of Exercise 1.1. 


Alternative proof. It suffices to show that if xn — x then Fx, — Fx foro (E*, E). 
Assume x, — x. If E is reflexive or separable there is a subsequence such that 
Fxn, — f for o (E*, E). Recall that (Fxn, Xn) = xnl and || Fxpll = [xnll- 
Passing to the limit we obtain (f, x) = ||x||? and || fl] < |x|]. Thus f = Fx; 
the uniqueness of the limit allows us to conclude that Fx, — Fx for o (E*, E) 
(check the details). 


-B- 


. If xn > x, then Fx, — Fx for o (E*, E) and || Fxp|| = |lxnl| > |lx]] = || Fx. 
It follows from Proposition 3.32 that Fx, > Fx. 

. Assume, by contradiction, that there are two sequences (x,), and (yn) such that 
lIxnll < M, llynll < M, llxn — ynll > 0, and || Fxn — Fyn] > € > 0. Passing to 
a subsequence we may assume that ||x,|| —> £, and ||yal| —> £ with e < 22, so 
that £ Æ 0. Set an = Xn/||Xn|| and by = yn/|lyYn||. We have ||an|| = |lbnl| = 1, 
lan — by || —> 0, and || Fa, — Fb, || > £" > 0 for n large enough. Since E* is 
uniformly convex there exists ô > 0 such that 


Fan t+ Fbn 
2 


On the other hand, the inequality of question A4 leads to 
2 < || Fan + Fbnl| + llan — brll; 


this is impossible. 
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3. We have 
g(x) — (xo) = (F x0, x — xo) 


and 
(xo) — (x) = (Fx, xo — x). 


It follows that 

0 < g(x) — (xo) — (F x0, x — xo) < (Fx — Fxo, x — xo) 
and therefore 

Ip(x) — p(xo) — (Fx0, x — xo)| < || Fx — Fxoll Ilx — xoll. 


The conclusion is derived easily with the help of question B1. 


-C- 
Write 
If +gll= sup (f +8, x) 
xE 
I[x[l<1 
= sup (fx ty) + (g, x— y) + (g, x— y) (f8. y)} 
xE 
I[x[|<1 


1 1 
= IfI? + zll? —(f—g,y) + sup lp +y) +ga — y)}. 


xE 
Ix{|<1 
From the computation in question B3 we see that for every x, y € E, 
lp(x + y) — g&) — (Fx, y)| < |F@ + y) — Fœ) lly 


and 
lp — y)— gx) + (Fx, y)| < |F@ —y) — Fœ yll. 


It follows that for every x, y € E, 
gx +y) +g- y) < 2x) + IdE +y) — F@)| EFE- y) — Fœ). 


Therefore, if || f || < 1 and ||g|| < 1, we obtain for every y € E, 


If+sll s2—(f—g,y) +llyll p UEG +y) -= FEWE = y) -= FO). 


xE 
lx <1 


Fix £ > 0 and assume that || f — g|| > £. Since F is uniformly continuous, there 
exists some œ > Q0 such that for || y|| < æ we have 


sup {|F@ + y) — Fœ) + IEE — y) — Fœ ll} < €/2. 


xE 
lxl<1 
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On the other hand, there exists some yo € E, yo Æ 0, such that ( f — g, yo) = e|lyoll, 
and we may assume that || yo|| = œ. We conclude that 


E E 
IF + ll $2 —ellyoll + 5 lyol = 2 = 5%- 


Problem 14 
2 Ase 


2. Assume that x, —> x in E and set fa = Sxn, so that Vf € E*, 


1 1 
(S1) sll fall? + 9" (fn) — (fas Xn) < slr + 9"(f) — (F, Xn). 


It follows that the sequence ( fọn) is bounded (why?) and thus there is a subsequence 


such that fh, ze g foro (E*, E). Passing to the limit in (S1) (note that the function 
fr si fll? + g*(f) is Ls.c. for o (E*, E)), we find that 


1 1 
sllall” + y*(g) — (g, x) < ALA + 9*(f)—(f.x) Vf e E* 


(one uses also Proposition 3.13). Thus g = Sx; the uniqueness of the limit implies 


that fn À sx (check the details). Returning to (S1) and choosing f = Sx, we 
obtain lim sup]| fy ||? < || Sx||?. We conclude with the help of Proposition 3.32 
that fa > Sx. 


-B- 


1. The convexity of w follows from question 7 of Exercise 1.23. Equality (i) is 
a consequence of Theorem 1.12, and equality (ii) follows from question 1 of 
Exercise 1.24. 

2. We have 


(Sx, y) < VO) + W*(Sx) = WO) + (Sx, x) — WO) 


and thus 
0< wv) —- W@) —(Sx,y—x) Vx, ye. 


Changing x into y and y into x, we obtain 


0< W(x) — Wy) — (Sy,x—y) Wx, ye E. 


We conclude that 


0 < YO) — WX) — (Sx, y = x) < (Sy — Sx, y = x). 
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Problem 15 
-A- 
2. Note that (x) > ||x|| — |la|| with a € A being fixed and thus w(x) — +00 as 


||x || —> œœ; therefore c exists. In order to establish the uniqueness it suffices to 
check that 


ci +c2 
g? (2 


1 1 
> ) < 59 61) + 59 2) Yc, c2 € E with cy # c2. 


Let c1, c2 € E with cı Æ c2. Fix some 0 < € < ||c1 — c2||. In view of Exer- 
cise 3.29, and because A is bounded, there exists some ô > 0 such that 


since ||(c1 — y) — (c2 — y)|| > £. Taking SUP, eA leads to 


(c1 — y) + (c2 — y) 
2 


1 1 
< -lle — yll? + =lc2 — yl? -8 Vy EA, 
2 2 


o(a te 2 l > 1 , 
a z: JS — ô. 
Y ( 5 ) < 5° (c1) z’ (c2) 


3. We know that (o (A)) < g(x) Yx € C, x Æ o(A). If A is not reduced to a 
single point there exists some x9 € A, x9 Æ o (A), and we have 


(o (A)) < (xo) = sup ||xo — yl| < diam A. 
yeA 


-B- 


1. Note that the sequence (¢,(x)) is nonincreasing. 
3. We have 
Po) < Plon) < On(On) < n(x) Vx EC. 


Taking x = o, we find that all the limits are equal. It is easy to see that the sequence 
(on) is bounded, and thus for a subsequence, on, — o weakly o (E, E*). Hence 
we have 

g(a) < liminf g(on,) < g(x) Vx EC. 


It follows that g(a) = infc g and, by uniqueness, © = o. The uniqueness of the 
limit implies that on — o (check the details). 

4. Assume, by contradiction, that there exist some € > 0 and a subsequence (on, ) 
such that |lo,, — o|| > € Vk. Using once more Exercise 3.29 we obtain some 
ô > 0 such that 


2 1 1 2 1 2 
Org (5m tO) ) < 50a Omn) +500) -8 Yk, 


and since g < @,,, we deduce that 
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2 1 1 2 1 2 
0 (5 Om +0) ) < 50m (On) thO- Vk. 


This leads to a contradiction, since ø is 1.s.c. 


. Note that g(x) = ||x — a|| and thus o = a. 
. Write 


|x — an? = Ix -ata—a,|*? = |x — a|? +2(x —a,a— an) + la — anl?, 
and thus 
g(x) = lim sup |x — an|? = |x — a|? + lim sup |an — a|? = |x — a|? + ° (a). 
n->00 n= 
It follows that o = a. 


SC: 


. We have |jan+1 — Tx|| < |lan — x || Yn, Vx € C, and therefore gn+1ı (Tx) < n(x) 


Vx € C. Passing to the limit leads to g(Tx) < g(x) Vx €e C. In particular 
g(To) < (o) and thus To =o. 


. Let x, y € C be fixed points of T; set z = tx + (1 — t)y witht € [0, 1]. We have 


ITz= xl < @ -= )lly—=xl| and Tz- yl < tly — xl 


and therefore ||Tz — x|| = (1—1f)||y—-xl, Tz — yll = tly — x||. The conclusion 
follows from the fact that E is strictly convex. (Recall that uniform convexity 
implies strict convexity; see Exercise 3.31). 
Problem 16 
-A- 


. We have (Au — f,u) > 0 Vu € D(A) and using (P) we see that f = AO = 0. 
. Let (u„) be a sequence in D(A) such that u, — x in E and Au, —> f in E*. 


We have (Au — Aun, u — un) > 0 Vu € D(A). Passing to the limit we obtain 
(Au — f,u — x) > 0 Vu € D(A). From (P) we deduce that x € D(A) and 
Ax = f. 


. It is easy to check that if t € (0, 1), the convexity inequality 


(A(tu + (1 — t)v), tu + (1 — t)v) < t(Au, u) + (1 —1t)(Av, v) 


is equivalent to (Au — Av, u —v) > 0. 


. Letu € N(A); we have (Av, v — u) > 0, Vu € D(A). Replacing v by Av, we 


see that (Av, u) = 0 Vu € D(A); that is, u € R(A)t. 


-B- 


. Note that (A*v, v) = (Av, v) Vu € D(A) A D(A’). 


Partial Solutions of the Problems 539 


2. 


The first claim is a direct consequence of (P) and the assumption that v ¢ D(A). 
Choosing f = —A*v, we have some u € D(A) such that (Au + A*v, u—v) <0 
and consequently (A*v, v) > (Au, u) > 0. 


. Applying question A4 to A* (this is permissible since A* is monotone), we see 


that N(A*) C N(A**) = N(A); therefore N(A) = N(A*). We always have 
R(A) = N(A*)+ (see Corollary 2.18), and since E is reflexive, we also have 
R(A*) = N(A)+. 


-C- 


. The map u € D(A) b> [u, Au] is an isometry from D(A), equipped with the 


graph norm, onto G(A), which is a closed subspace of E x E*. 


. Note that 


(Au — f,u—x) > —||Aull lll — IF Il Mell + (f x). 


. Using the properties below (see Problem 13) 


tim (Ix + ty? [xô = (Fx,y) Vx, y € E, 
im = (f+ igl? — IfI = (8, FA) Vig e E", 
we find that for all v € D(A), 
(Av, F7! (Auo — f)) + (F (uo — x), v) + (Auo — f, v) + (Av, uo — x) = 0. 
It follows that F7! (Auo — f) + uo — x € D(A*) and 


(S1) A*[FT! (Auo — f) + uo — x] + (Auo — f) + F (uo — x) = 0. 


. Letx € E and f € E* be such that (Au — f, u — x) > 0O Yu € D(A). One has to 


prove that x € D(A) and Ax = f. We know that there exists some ug € D(A) 
satisfying (S1). Applying (M*) leads to 


(Auo — f + F (uo — x), F71 (Auo — f) + uo — x) < 0, 
that is, 
lAuo— fll? + luo- xl? + (Auo — f, uo—x)+(F(uo— x), F7'(Auo— f)) < 0. 
It follows that 
lAuo — fI? + lluo — xl? < luo — xl| Il Auo — fll; 


therefore uo = x and Auo = f. 


. Apply to the operator A* the implication (M*) = (P). 
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Problem 18 


- [G(a) — G(b) — g(b)(a — b) = 0] = [g(@) = g(b)]. 

. Passing to a subsequence we may assume that an, — a (possibly 00). We have 
ih (g(t)—g(b))dt = Oand therefore g(a) = g(b). It follows that g(an,) > g(b). 
. Note that 


0< f 1Gtun) = G0- swan =) = f can- f Gw- f sdm- 


and use assumption (ii). Then apply Theorem 4.9. 

. Since g(u,) is bounded in LP (why?), we deduce (see Exercise 4.16) that 
g(Un,) > g(u) strongly in L1 for every q € [1, p’). The uniqueness of the 
limit implies that g (un) > g(u). 

. If g is increasing then un, —> u a.e., and using once more Exercise 4.16 we see 
that un, —> u strongly in L4 for every q € [1, p). 

and 9. Applying question 4 and Theorem 4.9, we know that there exists some 
function f € L! such that 


(S1) IG(un,) — GU) — gU)lun =u) < f Yk. 


From (S1) and (3) we deduce that jun, |? < f for some other function 7 ei 
The conclusion follows by dominated convergence. 
. I don’t know. 


Problem 19 


. Note that the set K = {u € L*(R);u > 0 a.e.} is a closed convex subset of 
L?(R). Thus, it is also closed for the weak L? topology. It remains to check that 
u € L'(R) and that fr u < 1. Let A C R be any measurable set with finite 
measure. We have f} un —> f4 u since x4 € L? (R) and thus f} u < 1. It follows 
that u € L! (R) and that fg u < 1. Next, write 


1 
geef u+ L (uty — uw) 
f jeje” eg a [lx] <M] a ss 


= —u)|. 
$ me ck ial ‘i 


For each fixed M the last integral tends to 0 as n — oo (since u — u weakly in 
L? (R)). We deduce that 
1 
|e (Un — u) 


lim sup VM > 0. 


n—> oo 


. Write 
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1 1 1 
——u(x)dx a —u(x)dx +f —u(x)dx 
J |x| tlxl>ay |x|% tals x|” 


< f edx + chu <1+Cllull2 Vue K. 


8. E is not reflexive. Assume, by contradiction, that E is reflexive and consider the 
sequence un = X[n,n+1]. Since (un) is bounded in Æ, there is a subsequence un, 
such that uy, — u weakly o (E, E*).Inparticular, f fun, > f fuy f € LOR) 
and therefore f fu = 0 for every f € L (R) with compact support. It follows 
that u = 0 a.e. On the other hand, if we choose f = 1 we see that fu =1; 
absurd. 


Problem 20 
-A- 


2. Note that 


f (x) = (1 = 2) xta = xl/Pyp-2 = (1 ge P\P 2] <0. 
P 


-B- 


— 


. Replacing x by f(x) and y by g(x) in (1) and integrating over Q, we obtain 
If + slp +if—sllp < 2 faro +IP”. 


On the other hand, letting u(x) = |f(x)|” and v(x) = |g(x)|?" and using the 
fact that p/p’ > 1, we obtain 


fe aa v)P/P = |u + Js = (Mell pp F lvli p/p)?” 
= (F15 + lglg)”. 


Applying (2) with x = || f'|| p and y = ||g|lp leads to (5). 


-C- 


— 


. Method (i). By Hölder’s inequality we have 
ure < [lull pllell p+ ell lvlly 
< (hulle + lelg)? delg + yli). 


Moreover, equality holds when g = |u|? *u|| I and y = |v]? vlog with 
a = p' — p. Applying the above inequality tou = f + g and v = f — g, we 
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obtain 


F+ ell? + — P \1/p = LT : 
If glip II f glip EE [leit + KARG 


Using Hölder’s inequality we obtain 


J f@t+w+se-—w) <Ilfilple+ vip + lelle- Vip 
< (SIE + Isih de + ve, + lle — vlg”. 
On the other hand, inequality (4) applied with p’ in place of p says that 
p py A P P\p'/p 

lot WIP, + lo — VIE, < zel? + WPI ””, 
and (6) follows. 
Method (ii). Applying (1) with x > f(x), y > g(x) and p > p’, we obtain 

LŒ EO HIO — O < 2 FGI? + gP 
and thus 
(f(x) + gy? IEE — sexy? P/F < 2P/P' FO)? + gw). 

Integrating over Q2, we obtain, with the notation of Exercise 4.11, 

[f+ el? +1f — sl? Ipyp < UFI + lglg”. 


The conclusion follows from the fact that [u + v] p/p = [Ul p/p + Lvl pp: (since 
p/p’ < 1). 


Problem 21 
SA's 


1. Use monotone convergence to prove that a(t + 0) = a(t). Note that if f = Xo 
with œ C Q measurable, then a(1 — 0) = |@|, while a(1) = 0. 

2. Given t > 0, let wn = [| fa] > t], œ = [If] > tl, Xn = Xon», and xX = Xo. It 
is easy to check that x (x) < lim inf xn (x) for a.e. x € Q (distinguish the cases 
x E€ wand x ¢ w). Applying Fatou’s lemma, we see that 


a(t) af x <limint | Xn = lim inf a, (t). 
Q Q 


On the other hand, let 5 € (0, t) and write 
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[s=] n+ f un = | Xn + a(t — ô). 
Q [| fl<t—6] (lfl>t—4] [lflst—6] 


Since x, — 0 a.e. on the set [| f| < t — 6], we have, by dominated convergence, 
Stti<t—ai Xn — 0. It follows that lim sup fo xn < a(t — 6) Y8 € (0, t). 


-B- 


1. Consider the measurable function H : Q x (0, co) —> R defined by 


Het ne if| fol >t 
0 PIFO <t. 
Note that 
I H(x,t)du = a(t)g(t) fora.e.t € (0, 00), 
Q 
while 


o0 If ()| 
i, A(x,s)ds = / g(s)ds = G(|f (x)|) forae.x € Q. 
0 0 


Then use Fubini and Tonelli. - 
2. Given A > 0 consider the function f : Q — R defined by 


fœ) on[| fl > Al, 


TEE f on [If] < à], 


so that its distribution function & is given by 


TE o if <À, 
a(t) iff >A. 


Apply to f the result of question B1. 


-C- 


3. Use the inequality f,|f| < |Al!/”L fl, with A = [|f| > t] and note that 


Sa |f| = ta(t). 
4. Let C = sup; ~o t?a(t). We have 


nes 1 
/ IfI < aat f a(t)dt+A|A| < C (1 + —) AP HAJAJ Yà >O. 
A À p- 


Choose A = |A|~!/?. 
6. Write 
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CO 


oo À 
IfI} = pf a(t)tPTldt = pf wodi + p | a(t)t?—!dt 
0 0 À 


À tP! oo ppl 
= ptf f aar+ airy, f 


t’ 


and choose À appropriately. 


Problem 22 


1. Apply the closed graph theorem. 

3. We know, by Problem 21, question B3, that ||g,||1 = ia y, (t)dt. Applying 
question 2 and once more question B3 of Problem 21, we see that ||g, ||] < 
Nila (à)à + SE adt]. On the other hand, since || f — galloo < A, we have 


UFI > t cigal > t= àl. 
4. By question 3 we know that 


f soas <Nı [o+ f ewa] VA > 0. 
N à 


Multiplying this inequality by 4?~? and integrating leads to 


is MPA gh i B(s)ds 
0 À 
<M p waaraan f aran f aoar], 
0 0 À 


1 o0 1 o0 
ath B(s)s?—'ds < Ny (1 + —){ a(A)jar—!da. 
E 0 a 0 


From question B3 of Problem 21 we deduce that IFIS < pN, as finally, we 
note that pi/P < elle < 2Vp>1. 


that is, 


Problem 23 
awe 


1. The sets X, are closed and Ux n = X. Hence, there is some integer no such that 
Int(Xno) Æ Ø. Thus, there exists Ag C Q measurable with |Ao| < oo, and there 
exists some p > 0 such that 


[xe eX and f xs- xaol <0] > [If tk 
2 B 


We first claim that 


<E ve = no]. 


(S1) / | fel <4e WA C Q measurable with|A| < p, and Vk > no. 
A 
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Indeed, let A C Q be measurable with |A| < p; consider the sets 
By = AQUA and B = B,\A. 


We have 


[ix — XAol < |A| <P and [xe =a XAo| < |A| <P, 


f’ <e and fn 
fr [anf 


Applying the preceding inequality with A replaced by A N [fx > 0] and by 
AN [fk < 0], we are led to (S1). The conclusion of question 1 is obvious, since 
there exists some p’ > 0 such that 


and therefore 


<e Vk>no. 


It follows that 


<2e VYk> no. 


f |f| <4e YA C Q measurable with |A] < p’, Vk =1,2,...,no. 
A 


2. There is some integer no such that Int(Y,,) 4 Ø. Thus, there exists Ag C Q 
measurable and there exists some p > 0 such that 


[xs € Y and d(xB, xa) < p] > If fk <evk = mo. 
B 


Fix an integer j such that 2~/ < p. We claim that 
(S2) i I fel < 4e VA C Q measurable with A N Q; = Ø, Yk > no. 
A 


Indeed, let A C Q be measurable with A N Q; = Ø; consider the sets 
By = Ao UA and Bo = B,\A. 


We have d(xB,, XAo) < Wi < p and d(xp),XAo) < QI < p; therefore 
| fo, fl < £ and | Je fal < £, Yk > no. We then proceed as in question 1. 

4. Let us prove, for example, that (i) => (b). Suppose, by contradiction, that (b) fails. 
There exist some £ọ > 0, a sequence (A, ) of measurable sets in Q, and a sequence 
(fn) in F such that |An| —> O and f An | fal = £o Yn. By the Eberlein-Šmulian 


theorem there exists a subsequence such that fn, — f weakly o(L', L). Thus 
(see question 3) (f,,,) is equi-integrable and we obtain a contradiction. 
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5. Assume, for example, that f adn > &A) for every A C Q with A measurable 
and |A| < oo. We claim that (b) holds. 


Indeed, consider the sequence 


Lea 


In view of the Baire category theorem there exist nọ, Ag C Q measurable with 
|Ag| < œ, and p > 0 such that 


[xe e xana f ixe -xal <| = (|f me 


Let A C Q be measurable with |A| < p; with the same method as in question 1 
one obtains 


fn 


It follows that 


y= fra eX <e Vj >n, ve = al 


<E vk = no]. 


< 2e + |E(B2) — €(B))| < 4e + f Sno| Vk 2 no. 
A 


/ [fel < 8e+ 2 | |fno| WA measurable with |A| < p, Vk > no, 
A A 


and the conclusion is easy. 


-B- 


1. We have F C Fe +eBe C Fẹ + e Bex. But Fe + €Bex is compact for the 
topology o (E**, E*) (since it is a sum of two compact sets). It follows that G is 
compact for o (E**, E*). Also, since G C E + €Bg» Ve > 0, we deduce that 
G C E. These properties imply that G is compact for o (E, E*). 

2. Given € > 0 choose w C Q measurable with |w| < co such that Jaw |f| <e/2 
Yf € F, and choose n such that fi fi>n] | f|<e/2 Yf € F (see Exercise 4.36). Set 
Fe = (Xo Tn (f)) fef. Clearly, Fs is bounded in L®(q) and thus it is contained in 
a compact subset of L! (Q) for o(L!, L®). On the other hand, for every f € F, 
we have 


[H-n fi-n f nsf f iss 


Thus, F C F, + €Bp with E = L! (Q). 
-C- 


4. Applying A5 we know that (fn) satisfies (b) and (c). In view of B2 the set (fn) 
has a compact closure in the topology o(L!, L). Thus (by Eberlein-Šmulian) 
there is a subsequence such that fa, — f weakly o(L!, L®). It follows that 
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— 


«A= a f YA measurable. The uniqueness of the limit implies that fa — f 
weakly ø (L!, L°) (check the details). 


-D- 


. Apply Exercise 4.36. 
. Set 


ou) = sup f Ifl, 
fEF YU fl>t] 


so that ® > 0, @ is nonincreasing, and lim;_,.9 ® (t) = 0. We may always assume 
that B(t) > 0 Vt > 0; otherwise, there exists some T such that || f loo < T, forall 
f € F, and the conclusion is obvious. Consider a function g : [0, 00) > (0, œœ) 
such that g is nondecreasing and lim;_,o0 g(t) = œ. Set G(t) = h g(s)ds,t > 0, 
so that G is increasing, convex, and lim;-.9. G(t)/t = +00. We recall (see 
Problem 21) that for every f, 


fourv=f a(t)g(t)dt and f i= f Or 
0 (lfl>t] t 


Set (t) = ee a(s)ds, so that B(t) < ®(t) and p’(t) = —a(t). We claim that if 
we choose g(t) = [®(t)] -1/2 ‘then the corresponding function G has the required 
property. Indeed, for every f € F, we have 


fourv=f aoga < | -P'OB dt 


oo 1/2 1/2 
= 2160" =2| f awas] =2| fisi] <C. 
0 


Problem 24 
-B- 


. Clearly A is convex, and so is Fee (see Problem 9, question A4). Suppose 


by contradiction that wo ¢ Ae. By Hahn-Banach (applied in E* with the 


weak* topology) there exist fo € C(Q) and B € R such that 


(S1) fih < Ê < (no, fo) Yu EA. 


On the other hand, we have 
(S2) sup | ufo = || follo; 
uEeAJQ 


indeed, A is dense in the unit ball of L!(Q) (by Corollary 4.23) and LÙ is the 
dual of L! (see Theorem 4.14). Combining (S1) and (S2) yields 
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Il folloo < B < (Ho, fo) < Il folloo, 


since ||uol| < 1. This is impossible. 
. Bg» is metrizable because E = C(Q) is separable (see Theorem 3.28). Since 
Lo € ae ie) C Bp» there exists a sequence (vn) in A such that v, A no. Then 


apply Proposition 3.13. 


. Clearly (u, 1) < ||ul| Vu. On the other hand, if || fllo < 1 and u > 0 we have 


(u, f) < (u, 1) and thus ||/.|] = supy flosi f) < (m, 1). 


. Set At = {u € A; u(x) > 0 Yx € Q}. Repeat the same proof as in question 3 
with A being replaced by A‘; check that 


sup [ut = I fo loo 


ueAt 


and that 
(uo, fo) < Ifo llo- 


. We claim that ||u + dalla, = lullzı + 1. Clearly |u + da|lay < lull: + 1. To 
prove the reverse inequality, fix any € > 0 and choose r > 0 sufficiently small 
that Sear |u| < £. Let w = Q\B(a,r) and pick g € Ce(œ) with ||| E(w) < 1 


and 
l ug > lull zio) —€&. 
w 


Then let 0 € Ce(B (a, r)) be such that 60 (a) = 1 and ||0l|Læ(2) < 1. Check that 
lo + 8llzæ) < 1 and 


(u + ôa, @ +) = llull — 2e + 1. 
-D- 


. Clearly L(f1) + L(f2) < Lf, + f2). For the reverse inequality, note that if 
0 < g < fit fo, then one can write g = gı + g2 with O < gı < fı and 
0 < g2 < fo; take, for example, gı = max{g — fo, 0} and g2 = g — gı. 

. If f = h + k with h,k € C(K), we have 


fief Sh =F p k, 


so that 
ftth +k =h +kt+ fT, 
and thus 
LOFT) + Lh) + Lk) = Lh) + Lk) + L( f7), 
i.e., 


ulf) = (h) + ni(k). 
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Note that L(f+) < alfi and LOf-) < lll foil Thus (Al < 
lll fll. If f = 0 we have u1 (f) = Lf) = 0, so that pı > 0. 


. If f > 0, we have (taking g = f) L(f) > (u, f), so that (u1, f) = L(f) = 
(u, f), Le. y2 = “1 — u = O. Next, note that if g € C(K) and 0 < g < 1, we 
have —1 < 2g — 1 < 1 and thus 

(u, 2g — 1) < llull. 
Therefore 
1 
L(1) = sup{ (u, g);0<g << z H 1) + Ilall, 
i.e., 
2(u1, 1) = 2L(1) < (m1, 1) — (u2, 1) + Ilall. 
Thus 


laill + all = (er + u2, 1) < lial 
and consequently |||] = luill + lu2ll 


-E- 


One can repeat all the above proofs without modification. The only change occurs 


in question D3, where we have used the function 1, which is no longer admissible. 
We introduce, instead of 1, a sequence (0n) in Eo such that 6, + 1 asn + oo. Note 
that for every v € M(Q), v > 0, we have (v, 0n} F |lvIl. 


If g € Eg and0 < g < 0, we have —6, < 2g — 0n < On and thus (uw, 2g —0,) < 


lu]||. Hence 


1 
L(On) = sup{ (u, 8); 0 <8 <n} < z MH, On) + llall) 


i.e., 


2(u1, On) = 2L (On) < (H1, On) — (u2, On) + lell. 


Letting n > o0 yields |u || + lu2l] < lall: 


AN 


Problem 25 


. Let vo € C and let u € X\{0}; if B(vo, o) C C then (u, vo + pz) < 0 Yz € H 


with |z| < 1. It follows that (u, vo) + plu| < 0. Conversely, let v9 € H be such 
that (u, vo) < 0 Vu € \{0}. In order to prove that vo € C, assume by contradiction 
that v9 ¢ C and separate C and {vo}. 


. Ifu € È, then (u, w) + pļu| < 0; therefore p|u| < 1 for every u € K. 
. If (—C) N È = Ø separate (—C) and ©, and obtain a contradiction. 
. Since a € (—C) N ÈX we may write —a = (wo — xo) with u > 0 and wọ € D. 


On the other hand, since a € &\{0} we have (a,v) < 0 Yv €e C and thus 
(a, w — xo) < 0 Yw € D. It follows that (xp — wo, w — xo) < 0 Yw € D. 
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Problem 26 


1. By Proposition 1.10 there exist some g € H and some constant C such that 
g(v) > (g,v) + C Vu e H; therefore J > —oo. Let (un) be a minimizing 
sequence, that is, s\f — unl? + o(un) = I, —> I. Using the parallelogram law 
we obtain 


2 
Un — Um 


2 


2 
Un + Um 


2 


r- = 5 (If — unl? + If — umt?) 


Un +u 
= In + Im—g (un) — (um) < In + Im — 29 (=) ` 


It follows that | #5 |? < Ip + In — 21. 
2. If u satisfies (Q) we have 


1 2 1 2 1 j 
zf 7 v| +ø) = zf — ul +u) + z -v| Wed. 
Conversely, if u satisfies (P) we have 
1 2 1 3 
aif —ul +ou) < 5f vl +e) Yv eH; 
choose v = (1 — t)u + tw with t € (0, 1) and note that 
2 
2 


EN E T. + lu wl 
u= u u, u w u w|, 
2: 2: ` 2 


and 
g(v) < (1 — t)plu) + te(w). 
3. Choose v = ñ in (Q), v = u in (Q), and add. 
5. By (Q) we have 
(f —u,v)—g(v) <(f—u,u)— pu) We 


and thus y*(f — u) = (f — u, u) — g(u). It follows that 


clu? + otf —w) =~; ow) + SFP 

UPH — u) = SIF — uP — ow) + SIF? 
Letting u* = f — u, one obtains 

nlf — WP + gt’) = iS- ul? — ou) + IS 

5 u Pw) = -lf ul epu) Ife, 
and one checks easily that 


If- vo? +w) Wed. 


a E E E E 
ZIT TPT S7 
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(Recall that (u, v) < g(u) + g*(v).) 
6. We have 


1 1 
(P,) sf — ual? + Aplus) < aif — vl +49) Vu € A. 


Using that fact that g(u,) > (g,ua) + C, it is easy to see that |u,| remains 
bounded as A — 0. We may therefore assume that u}, — uo weakly (A, — 0) 
with uo € D(g) (why?). Passing to the limit in (P,,,) (how?), we obtain 


1 2 1 2 
zf- uo < zIf v? Wwe DE), 


and we deduce that uo = Pog f. The uniqueness of the limit implies that u) — uo 
weakly as A — 0. To see that u) —> uo we note that 


1 1 
<lim sup| f — ual? < =|f — v? Yv € Dg), 
2 A>0 2 


which implies that lim sup} olf — ua| < |f — uo| and the strong convergence 
follows. 


Alternative proof. Combining (Q)) and (Q,,) we obtain 


1 1 
(Ge f) Ph f) ua i) £0 VA, u > 0. 


We deduce from Exercise 5.3, question 1, that (u) — f) converges strongly as 
à — 0 to some limit. In order to identify the limit one may proceed as above. 

7. We have sif — u|? +Ap(ua) < sif — v|? + Ag(v) Vu € H, and in particular, 
|f — ual < |f — v| Yv € K. We may therefore assume that u), + Uoo weakly 
(An — +00) and we obtain | f — uoo| < |f — v| Vu € K. On the other hand, we 
have 


1 
pua) < If- v? +w) WweH, 


and passing to the limit, we obtain g (uœ) < g(v) Yv € H. Thus, u% € K, U% = 
Pg f (why?), and u) — uœ weakly as A — +00 (why?). Finally, note that 
lim sup, pool f — ual < |f — uol: 

If K = Ø, then |u,| —> œ as à —> +00 (argue by contradiction). 


8. If f = 0 check that (1/A)u, = =u} j VA > 0. In the general case (in which 
f 4 0) denote by u, and uz the solutions of (P,) corresponding respectively to f 
and to 0. We know, by question 3, that |u} —,.| < | f| and thus a — tm] —>0 
as à > +00. 

Problem 27 


-A - 


3. By definition of the projection we have 
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|U2n+2 — U2n+1| = |P2v2n+1 — U2n+1| < [U2n — Until 
(since uzn € K2), and similarly 
|U2n+1 — U2n| = |Piv2an — U2n| < |Man—1 — anl. 


It follows that 
|U2n+2 — U2n+1| < [U2n — U2n—11- 


-B- 


To see that a; and az may depend on ug take convex sets Kı and K2 as shown in 
Figure 9. 


Kı Ky 


Fig. 9 


Problem 28 
-À - 
1. (a) => (b). Note that (u, Pv) = (Pu, Pv) = (Pu, v) Yu, v € H. 
(b) => (c). We have |Pu|? = (Pu, Pu) = (u, P?u) = (u, Pu) Yu € H. 


(c) = (d). From (c) we have ((u — Pu) — (v — Pv), u — v) > 0 VYu,v € H 
and therefore (u, u — v) > 0 Vu € N(P) and Wv € N(I — P). 
Replacing u by Au, we obtain (d). 


(d) => (a). Set M = NC — P) and check that P = Py. 


-B- 


1. (b) > (c). Note that (P Q) = PQ and pass to the adjoints. 
(c) = (a) QP isa projection operator and || Q P || < 1. Thus QP is an orthog- 
onal projection and therefore (Q P)* = QP, that is, PQ = QP. 
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(i) Check that V(J — PQ) = MON. 

(ii) Applying (i) to (Z — P) and (I — Q), we see that (J — P)(I — Q) is the 
orthogonal projection onto M L A NŁ. Therefore J — (I — P)(I — Q) = 
P + Q — PQ is the orthogonal projection onto (M+ N N+)+ = M + N. 


2. Itis easy to check that 
@) => b) e 0) > (d) (e) e O > a). 


Clearly (b) + (c) > (g). Conversely, we claim that (g) => (b) + (c). Indeed, we 

have PQ + QP = 0. Multiplying this identity on the left and on the right by P, 

we obtain PQ — QP = 0; thus, PQ = 0. Finally, apply case (ii) of question B1. 
3. Replace N by N+ and apply question B2. 


Problem 29 


- A- 


5. Note that X; olMi — itil? < |f — v|? and that | — until < |ti — hisi] Yi = 
0,1,...,7. 


-B- 


2. Since 0 € K, the sequence (|un|) is nonincreasing and thus it converges to some 
limit, say a. Applying the result of B1 with u = un and v = uy+;, we obtain 


2; 2 
2| (un, Un+i) — (n+p, Unt pti) < 2(\unl* — |un+p+il ) 


< 2(\un|? — a). 


Therefore (i) = limy—+o0(Un, Uu+i) exists and we have 
(uns Unti) — LW) < lun|? — a? = en. 
3. Applying to S the above result, we see that 
| (Un, Uni) — m(i)| < eh Vi, Yn. 
In particular, we have 
lanl? —m(O)| < £, and | (Uns Anyi) = MO) < &, 
and therefore 
Im(0) — m(1)| < 28n + |Hnl|lUn — Unyil > 0 asn —> oo, 


It follows that m (0) = m(1) and similarly, m(1) = m(2), etc. 
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4. We have established that | (un, Un+i) — m(0)| < £/, Vi, Yn. Passing to the limit 
as i — oo we obtain |(un, u) — m(0)| < £}, and then, as n — oo, we obtain 
|u|? = m(0). Thus, |un| — |u| and consequently un —> u strongly. 

5. Applying (1) and adding the corresponding inequalities fori = 0, 1,..., p — 1, 


leads to 
( (n+ p) n ) 
Un, On+p On Xp 
P P 


< En. 


We deduce that 
2 
| (un, on+p) = Xpl < En + = lun (lon+pl + lonl) < En + att 


(since |un| < |f| Yn). 
6. We have 


1 1 
|Xp = Xql < 2En + 2n E + 2) If? + |n, On+p — On+q)| 


and thus lim SUP p q> |Xp — Xq| < 2en Yn. 
7. Write that 


n—ln—i-—l1 


n lonl? -Fur HE dX, (uj, uji) 


and apply (1). 
8. Note that ye (n — i)eGi) = ia Xj and use the fact that X; > X as 
jaro. 


Problem 30 
-C- 


3. Choose A € A and ji € B such that 
min m: max FOA,W= may F(A, u) and max min min F(A, u) = min F(A, p). 
pe be 
-D- 


2. The sets B, and A, are compact for the weak topology. Applying the convexity 
of K in u and the concavity of K in v, we obtain 


K (Ermo) < XO AiK (ui, vj) 
i i 


and 
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K | uj, X ujoj > X ujK(ui, vj). 
J J 


It follows that 


yak (Sam) < FO, u) <9 AK ui, Y ujoj 
j i i j 
and in particular 


Dui KG, vj) FA u) YneB', 
j 


XO AiK (u, o) > FA, W VWae A’. 


L 
Applying (1), we see that 
Š uj KG, vj) < XOAK (u, v) VàaecA, Vue B’. 
j i 


Finally, choose A and u to be the elements of the canonical basis. 


Problem 31 
ee 
3. Note that Dei, Aid (Avj, vi — vj) = 5 oi pid (Avj — Avi, vi — vj). 


-B- 


2. Forevery R > 0 there exists some upg € Kp suchthat (Aur, v — ur} > 0Yv € Kpr. 
Choosing v = 0 we see that there exists a constant M (independent of R) such 
that |lur|| < M YR. Fix any R > M. Given w € K, take v = (1 — t)ur + tw 
with t > 0 sufficiently small (so that v € Kp). 

3. Take K = E. First, prove that there exists some u € E such that Au = 0. Then, 
replace A by the map v œ> Av — f (f € E* being fixed). 


Problem 32 
2. For € > 0 small enough we have 
pluo) < p (uo + £v) = max{]uo — yil? — ci + 2e(v, uo — ui)} + O (e°) 
l 
= max {|uo — yil? — ci + 2e(v, uo — yi)} + O (e°) 
ieJ (uo) 
< y(uo) +2e max {(v, uo — yi)} + O (e°). 
ieJ (ug) 
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3. Argue by contradiction and apply Hahn—Banach. 
4. Note that for every u, v € H, we have 


pw) — plu) => max {|v — yi? — |u — yi|?} > 2 max {(u — yi, v — u)}. 
icJ(u) icJ(u) 


5. Condition (1) is replaced by 0 € conv (Uier(u) tf U. 


-B- 


1. Letting ox = } jep Àixi and oy = J jeq Ài Yi, We obtain 


icl iel 
2 2 Zad a 
S Ajlo- yj? = -loy + $ ajl? = 5 Do didylyi = vl 
jel jel ijel 
1 
<5 DO ajli — xl = lox? +O Ajly 
i,jel jel 
= -lox — p + > Ajlxj — pr. 
jel 


2. Write uo = ies(uy)*i¥i- By the result of B1 we have 


X lwo- $O Alp- xl. 


jEJ (uo) JEJ (uo) 


It follows that DV je s(up) +i PMO) < 0 and thus ọ(uọ) < 0. 


Remark. One could also establish the existence of q by applying the von Neumann 
min—max theorem (see Problem 30, part D) to the function 


2 
(x tr) —yj| — do ujlp—x)P. 
iel 


jel 
C= 


KW = DH 


jel 


1. Set K; = {z € H;|z—y;| < |p — x;|} and K = conv (Uer tyi). One has to 
show that (N icrK i) Æ Ø. This is done by contradiction and reduction to a finite 
set I. 

2. Consider the ordered set of all contractions T : D(T) C H — H that extend S 
and such that T(D(T)) C conv S(D). By Zorn’s lemma it has a maximal element 
Ty and D(Tp) = H (why?). 
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1: 


2. 


Problem 33 


Note that |au,| < n|u|, so that un € D(A). Moreover, |un| < |u| and un > u 
a.e. 

Let un —> u and aun —> f in LP. Passing to a subsequence, we may assume 
that un —> u a.e. and au, —> f ae. Thus au = f. 


. If D(A) = E, the closed graph theorem (Theorem 2.9) implies the existence of 


a constant C such that 


fiese f ul? Wue LP. 
Q Q 


Hence the mapping v b> Je |a|?v is a continuous linear functional on L!. By 
Theorem 4.14 there exists f € L° such that 


fares f fo Wwe L!. 
2 2 


Thusa € L”. 


. N(A) = {u € L”; u = 0 a.e. on [a £ 0]} and N(A)t = {f € LP; f =Oae. 


on [a = 0]}. 
To verify the second assertion, let f € N(A)+. Then fo fu = 0 Vu € N(A). 
Taking u = IFIP? f Xja=0])» we see that f = 0 a.e. on [a = 0]. 


. D(A*)={veE L”; ave LP'} and A*v = av. 


Indeed, if v € D(A*), there exists a constant C such that 


f v(au) 
2 


The linear functional u € D(A) > JS o v(au) can be extended by Hahn-Banach 
(or by density) to a continuous linear functional on all of L? . Hence, by Theorem 
4.11, there exists some f € L? " such that 


[van = f fu Vu € D(A). 
2 2 


Given any ọ € L?, take u = (1 + |a|)~!g, so that 


f av f 
ọ= Q. 
g 1+ Jal g 1+ lal 


<Cllullp Yu € D(A). 


Thus f = av € L”. 


. Assume that there exists a > 0 such that |a(x)| > œ a.e. Then A is surjective, 


since any f € LP can be written as au = f, where u = a`! f € D(A). 
Conversely, assume that A is surjective. Then a Æ 0 a.e. Moreover, Vf € L?, 
a`! f € LP. Applying question 3 to the function a~!, we see that a~! € L®. 
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ve 


10. 


1. 


EV(A) = {A € R; |[a =A]| > 0}, 
p(A) = {A € R; de > 0 such that |a(x) — à| > € a.e. on Q}, 


and 


o(A)={AER; Ve>0,|[la—A| < €]| > O}. 


Set M = supgoa and let us show that M € o(A). By definition of M we 
know that a < M ae. on Q and Ve > 0 |[a > M — e]| > 0. Thus, Ve > 0 
[la — M| < €]| > 0 and therefore M € o(A). 


Note that o (A) coincides with the smallest closed set F C R such that a(x) € F 
a.e. in Q. (The existence of a smallest such set can be established as in Proposi- 
tion 4.17.) 

Let us show that o (A) = {0}. Let A € o (A) with à Æ 0. Then A € EV(A) (by 
Theorem 6.8) and thus |[a = A]| > 0. Set w = [a = A]. Then N(A — AJ) is a 
finite-dimensional space not reduced to {0}. On the other hand, N(A — XJ) is 
clearly isomorphic to L? (w). Then w consists of a finite number of atoms (see 
Remark 6 in Chapter 4) and it has at least one atom, since L? (w) is not reduced 
to {0}. Impossible. 


Problem 34 
-A- 


Clearly 0 ¢ EV(T). Assume that A € EV(T) and A Æ 0. Let u be the corre- 
sponding eigenfunction, so that 


f u(t)dt = àu(x). 
x Jo 


Thus u € C!((0, 1]) and satisfies 
u=dut+axu’. 


Integrating this ODE, we see that u(x) = Cx~!*!/*, for some constant C. Since 
u € C([0, 1]), we must have O < A < 1. Conversely, any à € (0, 1] is an 
eigenvalue with corresponding eigenspace Cx~!+!/*, 


. We already know that [0, 1] C o (T) C [—1, +1]. We will now prove that for any 


à € R, à ¢ {0, 1}, the equation 
(S1) Tu-Ar~u=feeE 


admits at least one solution u € E. 


Assuming that we have a solution u, set g(x) = Io u(t)dt. Then 


g —ìxg' = xf, 
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and hence we must have 


1 1 
g(x) = ait f tTI f @di ex, 


x 


for some constant C. Therefore 


1 
(S2) u(x) = g'(x) = seers f t1 F(t)dt — ~ £0) + Sate 


x 


If X < 0 or if A > 1 we must choose 


1 
(S3) C= -f tl fdt 
à Jo 


in order to make u continuous at x = 0, and then the unique solution u of (S1) is 
given by 


(S4 ux) =(T-AN Tf = =x the Í . t Fat — ~ £0), 


with i 
u0) = — f0). 
It follows that o (T) = [0, 1] and p(T) = (—oo, 0) U (1, œ). 


When 0 < à < 1, the function u given by 


1 
(S5) u(x) = ete f tT1À fdt — To 


x 


with i 
0) = — f (0), 
u0) = — f0) 
is still a solution of (S1). But the solution of (S1) is not unique, since we can add 
to u any multiple of xT!t1/. Hence, for à € (0, 1), the operator (T — XJ) is 


surjective but not injective. 


When 2 = 0, the operator T is injective but not surjective. Indeed for every 
u € E, Tu € C!((0, 1). 


When à = 1, (T — /) is not injective and is not surjective. We already know 
that N(T — I) consists of constant functions. Suppose now that u is a solution 
of Tu — u = f. Then f(0) = u(0) — u(0) = 0 and therefore (T — I) is not 
surjective. 

4. A direct computation gives 


1 


ii 
€ 4 
Teu — Tull t10,1) < qp llon ifq > 1, 


q 
1) 
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and 


\|Teu — Tullio, < € log + 1/e)|u||L°¢0,1). 


Thus ||7; — T\lc¢z,7) > 0. Clearly Te € K(E, F) (why?), and we may then 
apply Theorem 6.1 to conclude that T € K(E, F). 


-B- 


. It is convenient to write 


x 1 
Tu(x) = -f uod = | u(xs)ds 


and therefore 


1 
ray) = f u'(xs)sds. 
0 


. Assume that A € EV(T). By question Al the corresponding eigenfunction must 
be u(x) = Cx~!*!/*, This function belongs to C! ([0, 1]) only when0 < A < 1/2 
orA = 1. 
. We will show that if A ¢ [0, 5] U {1}, then (T — AJ) is bijective. Consider the 
equation 

Tu — àu = f € C!((0, 1)). 


When à < Oor à > 1 we know, by part A, that if a solution exists, it must be 
given by (S4). Rewrite it as 


1 f! “tpn 1 
u(x) = — 35 : s fœs)ds — ~ f0), 


and thus u € C!({0, 1]). 


When 1 > à > 1/2, we know from part A that (S1) admits solutions u € 
C([0, 1]). Moreover, all solutions u are given by (S2). We will see that there is a 
(unique) choice of the constant C in (S2) such that u € C '({0, 1]). 

Write 


1 
u(x) =x itl Fall PAGO f())at LO. OS] 
f(x) f (0) 
a A2 


A natural choice for C is such that 


1 fo c 


1 
Si =1/ Zoa 
z [ t (FO — f(O))dt Laie ae 0, 


and then u becomes 
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ov apa f —1/à = f(x) fO 
u(x) = 35% SE Os A Oa E 
Changing variables yields 
1 fl fœ fO 
u(x) =-5 | nAg a —5- 
Direct inspection shows that indeed u € C 1([0, 1]) with 
1 1 
w(x) = -5f SIP f'(xs)ds — oe 


= Oh 


1. We have 


1 1 1 d 
I Tu(x)|Pdx = -— D+ I loa)!" (sign pag e), 
0 p- 1 p- 1 0 xP 


and therefore, by Holder, 


1 7 1 p 1 ; 
f |Tu(x)|?dx < —— p dx p 'oorras| ; 
0 p—1 [Jo 0 


P —1 
Tull) < — || Tull? ull p. 
Il Ip £ 527l lp lullp 


p-l 
P 


etx) 
X 


3. Clearly 0 ¢ EV (T). Suppose that à € EV(T) and à Æ 0. As in part A we see 
that the corresponding eigenfunction is u = Cx~!+!/*. This function belongs to 
L?(0, 1) iff0 <A < p/(p— 1). 

5. Assume that A < 0. Let us prove that A € p(T). For f € C([0, 1]), let Sf be the 
right-hand side in (S4). Clearly 


11 f* 1 
ISf()l < a) IfOldt + fO). 


Therefore S can be extended as a bounded operator from L? (0, 1) into itself. 
Since we have 


(T—ìAI)S=S(T—Aà\I)=I onC((0, 1)), 


the same holds on L? (0, 1). Consequently A € p(T). 


Suggestion for further investigation: prove that for A € (0, p the operator 
(T —A1) is surjective from L? (0, 1) onto itself. Hint: start with formula (S5) and 
show that ||ullp < CII f||p using the same method as in questions C1 and C2. 
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6. (T*v)(x) = f} ar. 

7. Check that T; is a compact operator from L? (0, 1) into C([0, 1]) with the help 
of Ascoli’s theorem. Then prove that 


Lt 
IT: — T|lear, La < Ce? P. 


Problem 35 
-A- 
1. Clearly ||T*T || < ||7'||?. On the other hand, 


[Tx|? = (Tx, Tx) = (T*Tx, x) < ||T*T | |xl?. 


Thus ||7'||? < |7*7 1. 
2. By induction we have 


IT% = Tř V integer k. 


Given any integer N, fix k such that N < 2*. 


Then i g è i 
ITI = IT = TYTN < TATY, 
and thus 
ITY < IT^. 
-B- 
Set 


X = |T} Tk Th Th ++ Th Tx ll- 
By assumption (1) we have 
X < o° (ji — ki)? (a — ka) +- -07 Gin — kw), 
and by assumption (2), 
X < |T} lo? (ki — j2)? (ko — js) -0° (kn-1 — Jn) IITey Il 
< w Ow" (ky — j2)@* (ka = j3) -o° (k—-1 — jn), 

since |T; = ITZ T12 < oO). 

Multiplying the above estimates, we obtain 


X < aoOo(j — ki) (kı — j2) +- @(jn-1 — kn-1)@(kn-1 — jn)oCin — ky). 


Summing over ky, then over jy, then over ky—1, then over jy_1,..., then over k2, 
then over jz, then over kı, yields a bound by o?™. Finally, summing over jı gives 
the bound mo2%. 
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3. 


. From question 9 we know that v; 


We have 
(U*U)" | < ULL -JO SIT Ta Th To + TH Thy ll < mo7%. 
hi k h Jn kw 
Therefore 
IUI < m?o, 
and the desired conclusion follows by letting N —> ov. 
Problem 36 
. To see that Rg is closed, note that (J — T)* = I — S for some S € K(E) and 
apply Theorem 6.6. 
. Suppose Rg+ı = Ry for some q > 1. Then Ryy; = Ry Wk = q. On the 


other hand, we cannot have Ry4; 4 Rx Vk > 1 (see part (c) in the proof of 
Theorem 6.6). 


. From Theorem 6.6(b) and (d) we have 


Re = N(I — T*)*)* 
and thus 


codim Ry = dim N((I — T*)*) = dim N((I — T)*) = dim Nx. 


. Letx € Rp N Np. Then x = (I — T)?& for some € € E and J —T)?x = 0. It 


follows that € € N2p = Np and thus x = 0. On the other hand, 
codim Rp = dim Np; 


combining this with the fact that Rp N Np = {0}, we conclude that E = Rp + Np. 


. (T — T)Rp = Rp+1 = Rp. Theorem 6.6(c) applied in the space Rp allows us to 


conclude that (J — T) is also injective on Rp. 


. It suffices to show that No = N. Let x € No. Then (I — T)*x = 0 and thus 


|Z — T)x|? = (I —T)x, (I — T)x) = (I — T)*x, x) = 0. 


Problem 37 


© is nondecreasing in n and ve? <p Vk > 1 


and Wn. Thus it suffices to prove that 


(S1) lim inf v” > ug. 


->00 
In fact, using question 9, one has, Yk < n, 


max min R(x) = pe 


gcy™® xex 
dim D=k *#0 
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Note that from the assumption on V™, 


(S2) lim Pyw(x)=x Wx € A. 
n—>oo 
Thus Py (e1), ..., Py (ex) are linearly independent for n > Nx sufficiently 


large (depending on k, but recall that k is fixed); this implies 


(S3) > min RG); 


xEE(n,k) 
x#0 


where E (n, k) is the space spanned by {Py (e1), ..., Py (ex)}. However, it is 
clear from (S2) that 


(S4) lim min R(x)= my R(x). 
n> xeEE(n,k) 
x#0 A 


Inequality (S1) follows from (S3), (S4), and question 1. 


Problem 38 
-A- 


2. Use Exercise 6.25 or apply question | to the operator (Ir + K), that satisfies (1) 
(why?). Then write 
To(SoM)=I1-—-P. 


3. Clearly RU — P) is closed and codim R(Ip — P) is finite. By Proposition 11.5 
we know that any space X D R(Ip — P) is also closed and has finite codimension. 
In particular, (1)(a) holds. 


Next, we have 
U* o T* = Ip — P*, 


where P* is a compact operator (since P is). Thus we may argue as above and 
conclude that R(U*) is closed. From Theorem 2.19 we infer that R(U) is also 
closed. 


We now prove that N(T)+R(U)+ È; = E for some finite-dimensional space £4. 
Given any x € E, write x = xı +x2 with xı = x—U (Tx) and x2 = U (T x). Note 
that Tx; = Tx — (T o U)(Tx) = P(T x) by (3). Therefore xı € T! (R(P)) = 
N(T) + X, where X; is finite-dimensional, since R(P) is. Consequently, any 
x € E belongs to N(T) + R(U) + È. 


Finally, we prove that N(T) O R(U) C Xo with X; finite-dimensional. Indeed, 
letx € N(T) AN R(U). Then x = Uy for some y € F and Tx = (T o U)(y) = 0. 
Thus, by (3), y— Py = Oand therefore y € R(P). Consequently x € U(R(P)) = 
2, which is finite-dimensional, since R(P) is. Applying Proposition 11.7, we 
conclude that N (T) admits a complement in E. 
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-B- 
(4) => (6). Let Uo be as in question 1 of part A. Then Up o T = J on X. Given 


any x € E write x = xı + x2 with x; € X and x2 € N(T). Then 


(Uo o T)(x) = (Uo o T)(x1) = x1 = x — x2 = x — Px, 


where P is a finite-rank projection onto N (T). 


(5) > (6). Use Exercise 2.26. 
(6) = (4). From (6) it is clear that dim N(T) < oo. Also, since T* o (U)* = 


Ig» — (P)*, we may apply part A ((2) > (1)) to T* in E* and deduce that R(T*) is 
closed in E*. Therefore R(T) is closed in F. 


As in question 3 of part A, we construct finite-dimensional spaces £3 and Yq in 


F such that 


N(U) + R(T) +33 = F, 
N(U)N R(T) C Xa, 


and we conclude (using Proposition 11.7) that R(T) admits a complement. 


pmi 


Č 


. Note that Q o T = T and thus U o T = Uoo Qo T = UopoT =1-—P. 


2. Use (2) => (1) and (5) > (4). 


. Let Z C F be a closed subspace. From Proposition 11.13 we know that Z has 


finite codimension iff Z+ is finite-dimensional, and then codim Z = dim Z+. 
Apply this to Z = R(T), with Z+ = N(T*) (by Proposition 2.18). 


. We already know that dim N(T*) = codim R(T) < oo. Next, we have 


dim N(T) < oo, and thus codim N(T)+ < co (by Proposition 11.13). But 
N(T)+ = R(T") (by Theorem 2.19). Therefore codim R(T*) < oo and, more- 
over, codim R(T*) = dim N (T). 


. From Theorem 2.19 we know that R(T) is closed. Since N(T*) = R(T)+ 


is finite-dimensional, Proposition 11.11 yields that codim R(T) < oo. Since 
R(T*) = N(T)+ and codim R(T*) < 00, we deduce from Proposition 11.11 
that dim N(T) < œ. 


. Write T = J (Ig + J7! o K). By Theorem 6.6 we know that (Ie +J! oK) € 


®(E, E) andind(Ig + J7! o K) = 0. Thus T € ®(E, F) andind T = 0, since 
J is an isomorphism. 

Conversely, assume that T € ®(E, F) and ind T = 0. Let X be a complement 
of N(T) in E and let Y be a complement of R(T) in F. Since ind T = 0, we 
have dim N (T) = dim Y. Let A be an isomorphism from N (T) onto Y. Given 
x € E, write x = xı + x2 with xı € X and x2 € N(T). Set Jx = Tx, + Ax2. 
Clearly J is bijective and Tx = Tx; = Jx — Axz is a desired decomposition. 


. Use a pseudoinverse. E 2 
. Let X and Y be as in question 6. Set E = E x Y and F = F x N (T). Consider 


the operator T : E — F defined by 


566 


11. 
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T(x, y) = (Tx + Kx, 0). 


Clearly 
R(T) = R(T + K) x {0}, 


N(T)=N(T +K) xY. 
Thus T € ®(E, F) and 
codim R(T) = codim R(T + K) + dim N (T), 
dim N (T) = dim N (T + K) + dim Y = dim N (T + K) + codim R(T). 


We claim that T = PLR where Tis bijective from E onto F, and K E€ K(E, F). 
Indeed, writing x = xı + x2, with xı € X and x2 € N (T), we have 


T (x,y) = (Txi + Kx, 0) = Jx, y) + K(x, y), 


where i7 
J(x, y) = (Tx1 + y, x2) 


and i 
K(x, y) = (Kx, 0) E (y, x2). 


Clearly J is bijective and K is compact (since y and xz are finite-dimensional 
variables). Applying question 6, we see that 


ind T = 0 = dim N (T) — codim R(T). 
It follows that 


ind(T + K) = dim N (T + K) — codim R(T + K) = dim N (T) —codim R(T). 


. Let V be a pseudoinverse of T and set ¢ = ||V||~! (any £ > Oif V = 0). From 


(8)(b) we have 7 
Vo(T+M)=I5-+(VoOM)+K. 


If || M|| < £ we see that ||V o M|| < 1, and thus W = Ig + (V o M) is bijective 
from E onto E (see Proposition 6.7). Multiplying the equation 


Vo(T+M)=W+K 
on the left by T and using (8)(a) yields 
T+M=(ToW)+(ToK)—Ko(T+M). 
Since W is bijective, it is clear (from the definition of ®(F, F)) that To W € 
®(E, F) and ind(T o W) = ind T. Applying the previous question, we conclude 


that T + M €e (E, F) and ind(T + M) = ind(T o W) = indT. 
Check that V; o V2 is a pseudoinverse for Tz o T}. 
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12. Note that Ho(x2, x2) = (Tıxı, T2x2), so that ind Hp = ind Tı + ind T2. On the 
other hand, Hı (x2, x2) = (x2, — T2 (Tı xı )), so that ind Hy = ind(7> o Tı). 
13. ind V = — ind T by (8), questions 6 and 12. 


-D- 


1. ind T = dim E—dim F, since dim R(T) = dim E—dim N (T) andcodim R(T) = 
dim F — dim R(T). 

2. When |A| < 1, ind(S, — AJ) = —1 and ind(Sg — AJ) = +1. When |A| > 1, 
(S$; —AT) and (S¢e—AJ) are bijective; thus ind (S, —AZ) = Oandind(S;,—AJ) = 0. 


Problem 41 
-A- 


1. Assume by contradiction that a € (Int P) N (—P). From Exercise 1.7 we have 
0= 5a + 5(—a) € Int P and this implies P = E. 

2. Suppose not; then there exists a sequence (xn) in P such that x, + u — 0. Since 
(x, +u)—u = x, € P, we obtain at the limit —u € P.This contradicts question 1. 

3. Clearly u Æ 0 (since 0 ¢ Int P by (2)). From (3) we have Tu € Int C and thus 
B(Tu, p) C C for some p > 0. Then choose 0 < r < p/|lu|l. 

4. Since Ax = T(x + u) > Tu > ru, we have cx > U. Assuming Cys > u, we 
obtain (*)"” 7x > Tu and thus (4)"(Ax — Tu) > Tu > ru. Hence (4)"Ax > ru, 
i.e., Èt > u. On the other hand, Ax = T(x + u) € Int P, which implies 
that A > 0 (by question 1). If we had O < à < r we could pass to the limit as 
n — œ and obtain —u € P, which is impossible (again by question 1). 

5. The map x +> (x + u)/||x + ul| is clearly continuous on P (by question 2). 
F(P) C T(Bg) C K since T € K(E). 

6. When replacing u by eu, the constant a in question 2 may change, but the constant 
r in question 3 remains unchanged. 

7. We have A¢||x¢e|| = ||T (xe + €u)|| < || TI ||xe + eu|| and therefore ||x,|| < IIT ||. 
Hence A, < ||T|| + €|lu||. Passing to a subsequence €n — 0, we may assume 
that às, —> mo and Txs, —> £ (since T € K(E)). Hence xs, — xo with 
xo E€ P, uo = ||xoll > r and Txo = “oxo, so that xo € Int P by (3). 


-B- 


1. The set © = {s € [0,1]; (1 — s)a+ sb € P} is a closed interval (since P is 
convex and closed). Then o = max {s;s € X} has the required properties by 
Exercise 1.7. 

2. We cannot have u = 0 (otherwise, 0 € Int P) and we cannot have u < 0 
(otherwise, —x € (Int P) AN (—P)). Thus u > 0, and then x € Int P, which 
implies —x ¢ P.Note that xo and x play symmetric roles: x9, x € Int P, —xo ¢ P, 
—x ¢ P,Txo9 = oxo with uo > 0, and Tx = ux with u > 0. Set y = xo — Tox, 
where to = T(x0, —x). Then y € P (from the definition of o and t). Moreover, 
y Æ 0 (otherwise x = mxo with m = 1/to). Thus Ty € Int P. But 
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Ty = Txo — ToT xX = oxo — TOM. 


Hence xo + re, € Int P. From the definition of tọ we deduce that a < To 
and therefore u < uo. Reversing the roles of xo and x yields uo < u. Hence we 
obtain a contradiction. Therefore x = mxo for some m > 0 and then u = no. 

3. Ifx € P or —x e P we deduce the first part of the alternative from question 2. 
We may thus assume that x ¢ P and—x ¢ P. We will then show that |u| < jo. If 
u = 0 we are done. Suppose that u > 0 and let t9 = T(xọ, x). Set y = xo + Tox, 
so that y € P. We have y Æ 0 (otherwise —x € P) and thus 


Ty = oxo + Tox € Int P. 


Hence xo + rib € Int P. From the definition of tọ we deduce that aa < To, 


and thus u < uo. 
Suppose now that u < 0. Let t = T (x0, x) and To = T (x0, —x). Set y = xo + Tox 
and y = xg — Tx, so that y, y € P and y Æ 0, y Æ 0. As above, we obtain 


Ti T 
xo + ler eIntP and xọ— ae € Int P. 
Ho HO 


Thus 


qT qT 
Ol a) € Int P and xo + ola 


Ho Lo 
From the definition of to and Tọ we deduce that 


xo + x € Int P. 


Therefore 


4. Using question 3 with u = uo yields N(T — ol) C Rxo. 

5. In view of the results in Problem 36 it suffices to show that N((T — ol Y= 
N(T — pol). Let x € E be such that (T — pol)*x = 0. Using question 4 we may 
write Tx — uox = axo for some a € R. We need to prove that œ = 0. Suppose 
not, thata Æ 0. Set y = 7, so that Ty — woy = xo. Then T*y = woTy+T x9 = 
bay + 2uoxo. By induction we obtain T”y = Hoy + nig Xo for all n > 1, 
which we may write as 


n+1 
r” (xo Hoy) HO 
n n 


Since xo € Int P, we may choose n sufficiently large that x9 — or € P. Since 
T”(P) C P, we conclude that —y € P. Thus T”(—y) € P. Returning to the 
equation T”y = uy + np! xo Yn > 1, we obtain —y — ip 0 e P, ie., 
—xo — Moy €e P. Asn —> +o we obtain —xo € P. Impossible. 
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Thus we have established that the geometric multiplicity of uo (i.e., dim(N — 
LoL )) is one, but also that the algebraic multiplicity is one. 


Problem 42 
1. We have, Vx € C, 
1 
ITx — Proll < TI lle = xoll SIT llr < 5 lITxoll, 
and by the triangle inequality, 
1 
|Pxoll — IITxl| < Tx = Proll < 5 Proll. 


Thus || y|| > 5 || xo|| Vy € T(C), and therefore also Vy € T(C). Since Txo 4 0, 
we see that 0 ¢ T(C). 


2. By assumption (1), A, is dense in E, and consequently Ay N B(xo,r/2) Æ Ø, 
i.e, there exists $ € A such that ||Sy — xo|| < r/2. 
3. We have, Vz € B(y, €), 


7 
Sz = xoll <$ [SC = y + Sy — xoll £ ISlle + 5- 


Then choose £ = JIST: 

4. If x € C, then Tx € BO), 5 ey;) for some j € J. Therefore gj (x) > 5 Ey; and 
thus q(x) > minjes{5 Ey;}. 

5. The functions qj are continuous on E and the function 1/q is continuous on C. 
Thus F is continuous on C. Write 


F(x) — xo = X aœ [Sy, (Tx) — xo]. 


1 
q(x) 7 


Note that qj (x) > 0 Yx € E and qj (x) > 0 implies || 7x — yj|| < ey,. Using the 
result of question 2 with z = Tx and y = yj yields 
I Sy, (Tx) — xoll < r. 
Therefore 
qj X)I|Sy, (Tx) — xoll S qj@)r Vee E, VjEJ, 


and thus 
| F(x) — xoll < r. 


6. Let Q = T(C), so that Q is compact. Thus Rj = Sy; (Q) is compact, and 
so is [0, 1]R; (since it is the image of [0, 1] xR; under the continuous map 
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(t, x) b> tx). Finally, yD jesl0, 1]R; is also compact (being the image under the 
map (x1,%2,...) => ier xj of a product of compact sets). 

7. Each operator Sy; o T is compact by Proposition 6.3. Since K(E) is a subspace 
(see Theorem 6.1), we see that U € K(E) (q;(&) is a constant). From Theorem 
6.6 we know that F = N(J — U) is finite-dimensional. 

Writing that F (£) = & gives 


1 
—~ ) aj) Sy, (TE) =£, 
ios 
and by definition of U, 


1 
(é) We 28) yj (TE) =E 


jes 


8. We need to show that Ta = U (Ta) Va € Z. Note that Sy, € A (by the construc- 
tion of question 2; thus Sy, oT € AandU € A. From the definition of A it is clear 
that U oT = T o U. Leta € Z, so that a = Ua. Then Ta = T (Ua) = U (Ta). 


The space Z is finite-dimensional and thus Z Æ E (this is the only place where 
we use the fact that F is infinite-dimensional). Clearly Z is closed and Z Æ {0}, 
since € € Z (and & e C implies € Æ 0 by question 1). Thus Z is a nontrivial 
closed invariant subspace of T. 

9. Nontrivial subspaces have dimension one. Thus the only nontrivial invariant sub- 
spaces are of the form Rxọo with x9 Æ 0 and Txo = ax for some œ € R. Therefore 
it suffices to choose any T with no real eigenvalue, for example a rotation by 7 /2. 


Problem 43 


1. |Tutv)P = |Tu|?+|T v|? +2(T*Tu, v) and |T* (u+v)|? = |T*ul?+|T*v/7 + 
2(TT*u, v). 

3. By Corollary 2.18 (and since H is reflexive) we always have R(T) = N(T*)} 
and R(T*) = N(T)+. 

4. Since f € R(T), we have f = Tv for some v € H. Using question 3 we may 
decompose v = vı + v2 with vı € R(T) and v2 € N(T). Then f = Tv = Tr 
and we choose u = v4. 

5. We have by question 1 |un — um| = |T* On — ym)| = IT (Yn — ym)| > 0 
as m,n —> oo. Thus Ty, is a Cauchy sequence; let z = limy—+ooT yn. Then 
T*Tyn = TT*y, with TT*y, = Tun > Tu = f and T*Ty, —> T*z. Thus 
T*z= f. 

6. In question 5 we have proved that R(T) C R(T*). Applying this inclusion to T* 
(which is also normal) gives R(T*) C R(T). 

7. Clearly ||T7|| < ||T7||. For the reverse inequality write |Tu|? = (T*Tu, u) < 
|T*T u| |u|. Since T is normal, we have |T*Tu| = |TTu| < ||T?|| |u|. Therefore 


2 Tul? 2 
ITI? = sup „zo ae SUT? I 


Partial Solutions of the Problems 571 


8. When p = 2* we argue by induction on k. Indeed, ro || = IIS], where 


k 7 { k 
S = T”. Since S is normal, we have || S*|| = || S||?. But || S|| = |IT ||” from the 
r s $ k+1 k+1 
induction assumption. Therefore || T? if I = IIZ? i 


For a general integer p, choose any k such that 2% > p. We have 
k k k_ k_ k_ 
ITI? =T? i = T? PTP < T? PTP STP PTPN. 


Thus ||7 ||? < ||TP ||, and since ||TP|| < |T ||P, we obtain ||T?|| = ||T||?. 

9. Letu € N(T?). Then Tu € N(T)N R(T) C N(T) N N(T)+ by question 2. 
Therefore Tu = 0 and u € N(T). The same argument shows that N(TP) C 
N(T?—!) for p > 2, and thus N(T?) C N(T). Clearly N(T) C N(T?P) and 
therefore N(T?) = N(T). 


Problem 44 
-A- 


2. Clearly T*oT = J implies |Tu| = |u| Vu € H. Conversely, write |T(u+v)|? = 
ju + v|? and deduce that (Tu, Tv) = (u, v) Yu, v € H, so that T*o T = I. 


3. (a) => (b). T*oT = and T bijective imply that T* = T7!, so that T* is 

also bijective. 

(@)= (c) T*oT = I implies that T* is surjective. If T* is also injective, 
then T* is bijective and T = (T*)~!. Hence T o T* = I. 

(c) => (d). Obvious. 

(d) => (e) T* oT = I implies that T* is surjective. If T* is an isometry, it 
must be a unitary operator. 

(e) > (a). Apply (a) > (e) to T*. 


4. In H = Æ the right shift S, defined by S, (x1, x2, x3,...) = (0, x1, x2,...) is 
an isometry that is not surjective. 

5. Let fa € R(T) with fa > f. Write fa = Tun and |un — um| = |fn—- Sl, 
so that (un) is Cauchy sequence and u, —> u with f = Tu. Given v € H, set 
g = TT*v. Then g € R(T) and we have Vx € H, 


(v — g, Tx) = (v, Tx) — (TT*v, Tx) = (v, Tx) — (v, TT*Tx) = 0, 


since T* o T = 1. Thus v — g € R(T)+ and consequently g = Prryv. 

6. Assume that T is an isometry. Write (T — AI) = (J — AT*) o T. Assume 
|A| < 1. Then ||AT*|| < 1 and thus (J — AT™*) is bijective. When T is a unitary 
operator we deduce that (T — AJ) is bijective; therefore (—1, +1) C p(T) 
and hence o (T) C (—oo, —1] U [+1, +00), so that o (T) C {—1, +1} (since 
o(T) C [—1, +1]). On the other hand, if T is not a unitary operator and |A| < 1, 
we see that (T — AJ) cannot be bijective; therefore (—1, +1) C o(T), so that 
o(T) = [—1, +1] (since øo (T) is closed and o (T) C [—1, +1]). 
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9. 


10. 
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T is an isometry from H onto T (H). If T € K(H) then T(By) = Brn) is 
compact. Hence dim T (H) < oo by Theorem 6.5. Since T is bijective from H 
onto T (H), it follows that dim H < oo. 


. If T is skew-adjoint then (Tu, u) = (u, T*u) = — (u, Tu) and thus (Tu, u) = 0. 


Conversely, write 0 = (T (u + v), (u + v)) = (Tu, v) + (Tv, u) Yu, v € H, so 
that Tu + T*u = 0 Yu € H. 

Assume à Æ 0. Then (T—AJ) = —AU— ; T), and the operator (J — iT) satisfies 
the conditions of the Lax—Milgram theorem (Corollary 5.8). Thus (T — AJ) is 
bijective. 

From question 9 we know that 1 ¢ o(T), and thus (T — I )—! is well defined. 
From the relation (T — I)o (T + I) = (T + I)o (T — I) we deduce that 
U = (T — I)! o (T + I). Similarly U o T = (T — I)! o (T+ DoT = 
T0o(T+1)o(T—1)~! = ToU because (T+I)oTo(T—I) = (T—I)oTo(T +1). 
Next, we have U* = (T* — I)! o (T* + I) and thus U* o U = (T* — I)! o 
(T*+1)0(T+Do(T—1)7! = I, since (T*+I)o(T +I) = (T*—I)o(T-I) 
because T* + T = 0. 

Thus U is an isometry. On the other hand, U = (T + I)o (T — D! is bijective 
since —1 € p(T) by question 9. 


. By assumption we have U* o U = I. Thus (T* — I)! o (T*+ I)o (T +I)o 


(T = D7! = I. This implies (T* + I) o (T + D = (T* — I) o (T — I), i.e., 
T*+T=0. 


(i) Trivial. 
(ii) If dim H < œ, standard linear algebra gives dim N(T) = dim N(T*). 


(iii) If T is normal, then N(T) = N(T*). 


(iv) dim N(T) = dim N(T*) < oo by Theorem 6.6. 


. If T = Se, a left shift, then dim N(T) = 1 and T* = S, satisfies N(T*) = {0}. 
. We have T* = P o U* and thus T*oT = PoU*oUo P = P? by question A.2. 
. From the results of Problem 39 we know that P must be a square root of T* oT, 


and that P is unique. 


. Suppose that T = U o P = V o P are two polar decompositions. Then U = V 


on R(P) and by continuity U = V on R(P). But P? = T*oT implies N (P) = 
N (T). Thus R(P) = N(P*)+ = N(P)+ = N(T)* (since P* = P). 


. From the relation T = U o P we see that U(R(P)) C R(T). In fact, we have 


U(R(P)) = R(T); indeed, given f € R(T) write f = Tx for some x € H, 
and then U (Px) = f, so that f € U(R(P)). 


By continuity U maps R(P) = N(T)* into R(T) = N(T*)}. Since U is an 
isometry, the space U (N (T)+}) is closed (by the standard Cauchy sequence argu- 
ment). But U(N(T)+) D R(T) and therefore U(N(T)+) = R(T) = N(T*)+. 
Using the property (Ux, Uy) = (x, y) Vx, y € H we find that (Ux, Uy) = 
0 Vx € N(T)+, Vy € N(T). Thus U(y) € N(T*)++ = N(T*) Vy € N(T). 
Consequently J = Ujyvr) is an isometry from N (T) into N(T*). 
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7. Let P be the square root of T* o T. We now construct the isometry U. First define 
Uo : R(P) — R(T) as follows. Given f € R(P), there exists some u € H (not 
necessarily unique) such that f = Pu. We set 


Uof = Tu. 


This definition makes sense; indeed, if f = Pu = Pu’, then u —u' € N(P) = 
N(T), so that Tu = Tu’. Moreover, 


lUo f| = |Tul = |Pu| = |f| Vf € RCP). 


In addition we have Up(R(P)) = R(T). Indeed, we already know that 
Uo(R(P)) C R(T). The reverse inclusion follows from the identity Uo(Pu) = 
Tu Vue H. 


Let Uo be the extension by continuity of Up to R(P). Then Uo is an isometry 
from R(P) = N(T)+ into R(T) = N(T*)+. But R(Up) > R(Uo) = R(T) and 
therefore (as above) R (Uo) > R(T) = N(T*)+. Hence Uo is an isometry from 
N(T)+ onto N(T*)+. 


Finally, we extend Uo to all of H as follows. Given x € H, write 
x =x] +2 
with xı € N(T)+ and x2 € N (T). Set 
Ux= Uox| + Jx. 
Then 
|Ux|? = [Ūox1|? + 2Uox1, Jx2) + |Jx2)? = [ail? + x2? = IP? 
since oxı € N(T*)+ and x2 € N(T*) (by (1)). 


Clearly U (Pu) = Up(Pu) = Tu Vu € H, and therefore we have constructed a 
polar decomposition of T. 

8. The construction of question 7 shows that R(U) = N(T*)+ @ R(J). Thus 
R(U) = H if R(J) = N(T*), and then U is a unitary operator. 

9. If T is a normal operator then N(T) = N(T*) (see Problem 43). Thus (2) is 
satisfied and we may apply question 8. Next, we have T* = P o U*, and since 
T is normal we can write 


(P o U*)o(U o P)=T*oT=ToT*=(UoP)o(PoU’%), 


which implies that 
P? =UoP?0U K 


and thus 
P?oU =U oP”. 
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Applying the result of question C2 in Problem 39 we deduce that PoU = UoP. 


. We have P? = T* o T € K(A). This implies that P € K(H). Indeed, let (un) 


be a sequence in H with |u| < 1. Passing to a subsequence (still denoted by 
Un), We may assume that un — u and Puy — P?u. Then |P (un — u)|? = 
(P? (un — u), Un — u) > 0, so that Pu, —> Pu. Hence P € K(H). 


. We have T* o T € K(A), since T € K(A) and its square root P is compact 


(see part D in Problem 39). 


. Let (e,) be an orthonormal basis of H consisting of eigenvectors of T*T, with 


corresponding eigenvalues (àn), so that A, > 0 Vn anda, —> Oas n — œ. Let 
I = {n € N; A, > 0}. Consider the isometry Up defined on R(P) with values 
in R(T) constructed in question 7; we have Up o P =T on H. 

Set fa = Uo(en) for n € I; this is well defined, since Pen = /Ané€n, So that 
én E€ R(P) whenn € J. Then (fp)nez is an orthonormal system in H (but it is 
not a basis of H, since fa € R(Uo) C R(T) Æ H in general). Choose any basis 
of H, still denoted by (f;,)nen, containing the system (f;,)ncy. Foru € H, write 


u = You, en)en, 


neN 
so that 
Pu = SS vV Àn (U, en)en = ye vV Àn (U, en)en, 
neN nel 
and then 
Tu = Uo(Pu) = 5 V Àn (u, en) fn = Xy Anu, en) fn. 
nel neN 

Clearly 

T*v = Je Janv, faen. 

neN 

Set 


N 
Tyu = X onu, en) Ín, 


n=1 


so that Ty € K(A) (since it is a finite-rank operator). Then ||Ty — T|| < 
max;>N+1|Gn|, so that ||Ty — T|| > 0 as N — œ, provided a, — 0 as 
n — oo; thus T € K(H) by Corollary 6.2. 


Problem 45 


. Consider the equation 


—u" +k°u = f on(0,1), 
u(0) = u(1) = 0. 


The solution is given by 
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sinh(kx) 


EE aie 


1 x 
1 
i f(s) sinh(k(1 — s))ds — =f f(s) sinh(k(x — s))ds. 
0 0 
A tedious computation shows that 


k 


> 
WO) = nk 


1 
x(1— » | f(s)s(1 — s)ds. 
0 
Next, suppose that p = 1 and u satisfies 
-u"+qu=f on(0,1), 
u(0) = u(1) = 0. 
Write 
—u" + ku = f + (k? — qu. 


We already know that u > 0. Choosing the constant k sufficiently large we have 
f + (k? — q)u > f, and we are reduced to the previous case. 


In the general case, consider the new variable 


f l dt h L f l dt 
=— —dt, where L = — dt. 
2T Eh pO o PO 


Set v(y) = u(x). Then 
1 
ux(x) = yO TG) 
and 


1 
(p(x)ux)x = OT 


Therefore the problem 


—(pu'y +qu=f on (0,1), 
u(0) = u(1) = 0 


becomes 


—vyy (y) + L p(x)q(x)v(y) = L p(x) f(x) on (0,1), 
v(0) = v(1) = 0, 


and we are reduced to the previous case, noting that x(1 — x) ~ yd — y). 


Problem 46 


12. Let (un) be a minimizing sequence i.e., F (un) —> m. We have 
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Fam) = 1 fae +e f (un) < C 


On the other hand we may use Young’s inequality (see (2) in Chapter 4, and the 
corresponding footnote) with a = (t+)**+! and p = 2/(œ + 1), so that p > 1 
since œ < 1. We obtain 


glun) < euZ +C; Ve>0. 


Choosing, e.g., € = 1/4 we see that (u„) is bounded in Hy (I). Therefore we 
may extract a subsequence (u,, ) converging weakly in Hy (J), and strongly in 
CT) (by Theorem 8.8), to some limit u € Hy (I). Therefore 


1 1 
limin f (i? +R) > f (u? +u?) 


k>oo 


and 


k= œ 


1 1 
lim gUUn,) = 1. g(u). 
0 0 


Consequently F(u) < m, and thus F(u) = m. 


Problem 47 
-A- 


2. Choose a sequence (un) proposed in the hint. We have 


1 
Un = / Un(x)dx 
1! 


and thus |u| < 1/n. On the other hand 
lun — un |l Lq) = un) — un = 1 — P 

and i 

lunlia = / un (x)dx = Un(1) — un (0) = 1. 

0 
3. Suppose, by contradiction, that the sup is achieved by some function u € 
Ww! (1), i.e., 
lu — ull) = 1 and lullen = 1. 

We may assume, e.g., that there exists some xo € [0, 1] such that 
(S1) u(xo)— u = +1. 


On the other hand, 
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1 
S2 a= | (ua - minu ) dx + minu > minu =u 0), 
ve 0 @) [0,1] [0,1] [0,1] (v0) 


for some yo € [0, 1]. Combining (S1) and (S2) we obtain 


u(xo) — u(yo) = 1. 
But i 
u(xo) — u(yo) < [ \u'(x)|dx = 1. 


Therefore all the inequalities become equalities, and in particular u = minjo,1] 4. 
This contradicts (S1). 
6. Set 
m = inf{|lu' lle); u € WHP (I) and |ju — Tliz) = 1}, 


and let (uy) be a minimizing sequence, i.e., |u} ||Le(7) > m and ||un — un || Lar) 
= |. Without loss of generality we may assume that u, = 0. Therefore (un) is 
bounded in W!:? (1). We may extract a subsequence (Un,) converging weakly in 
W!-P(1) when p < œ (and Un) converges weak* in L° (7) when p = oo) to 
some limit u € W!:?(1). By Theorem 8.8 we may also assume that Un, > uin 
C(I) (since p > 1). Clearly we have 


lune) <m, @=0, and lulz = 1. 
-B- 
1. Apply Lax—-Milgram in V equipped with the H!-norm, to the bilinear form 


a(u, v) = f,u'v’. Note that a is coercive (e.g., by question A6). 
2. Letw € C? (I). Choosing v = (w — w) we obtain 


[uw =f tw-m= f fw Yw € Cl). 
I I I 


e deduce that u € and —u’ = f. Similarly we have 
We deduce th H?(1) and —u" Similarly we h 


[uw ftw Yw € H'(1) 
I I 


and thus u’(0) = u’(1) = 0 (since w(0) and w(1) are arbitrary). 
4. We have o (T/à1) C [0, 1]. Applying Exercise 6.24 ((v) = (vi)) we know that 


MTF, fP) Z ITF? YfeH 


1 1 
u f w> | u? Vu € W, 
0 0 


and we deduce that 


where 
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W= fu € H?(0, 1); u/(0) = u' (1) = O and i u = o} ; 
0 


On the other hand, given any u € V, there exists a sequence un € W such that 
un —> u in H!. (Indeed let Pn E g! (I) be a sequence such that g, —> u’ in 
L? (I) and set u„ (x) = J Pn(t)dt + cn, where the constant c, is adjusted so that 


ik Un = 0.) Therefore we obtain 


lalz) < VArllu'll 2) Vue V. 


Choosing an eigenfunction e1 of T corresponding to (1, and letting u1 = Te, we 
obtain 


luillzz) = VAI lza: 


The eigenvalues of T are given by Ay = ree k =1,2,.... Therefore the best 
constant in (6) is 1/z. 


. Write, for u € WŁ! (I), 


1 1 1 1 1 
[we - imax = | ua- f uo)dyidx < | / lu(x) — u(y)|dxdy 
0 0 0 0 0 


1 x x 1 1 y 
<f ax | ay f wolar+ f ax f ay f |u'(t)|dt 
0 0 y 0 x x 


1 
= 2 | WOA — Hdt 
0 


by Fubini. 

. Choose a function u € Wt! (I) such that u(x) = -4 Vx € (0, 5 — £) , u(x) = 
+4 Vx € (4 +E, 1) „u = 0 and u’ > 0, where ¢ € (0, 5) is arbitrary. Then 
lu'llzı = Land |lu||;1 > 5 —e. 

. There is no function u € W}! (7) such that ||u — all ,1(7) = 3 and |lu'||picy = 1. 
Suppose, by contradiction, that such a function exists. Then 


1 2 1 1 
z 5 lu all S 2f WOA — Hdt < 5 [woo =a 


since 2t(1 — t) < 3 Vt € (0,1). All the inequalities become equalities and 
therefore G —td- t)) |u’(t)| = 0 a.e. Hence u’ = 0 a.e. Impossible. 


Problem 49 


7. We have 
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tv, t ; 
A, = a(wo, wo) < eos ae v) Vv HÉ (0, 1), Vt sufficiently small. 
lwo + rolla 


Therefore we obtain 
1 1 
M (1 +2 f woo + f ) <A, + 2ta(wo, v) + ta(v, v), 
0 0 


and consequently 


1 
af wov =a(wo,v) Yv € AGO, 1), 
0 


i.e., Awọ = A, wo on (0, 1). 

8. We know from Exercise 8.11 that w; = |wo| € Hy (0, 1) and |w)| = |wo| a.e. 
Therefore a(w 1, w1) = a(wo, wo), and thus wy is also a minimizer for (1). We 
may then apply question 7. 

10. Here is another proof which does not rely on the fact that all eigenvalues are 
simple. (This proof can be adapted to elliptic PDE’s in dimension > 1.) It is easy 
to see (using question 9) that w? /w belongs to Hy (0, 1). Therefore we have 


1 w2 1 1 
f amw =a f w= f TA 
0 w1 0 0 


Integrating by parts we obtain 


and therefore 


Consequently Ga y= n (w “1 =) = 0, and therefore w is a multiple of w1. 


Problem 50 


2. Note that 


1 1 1/2 1 1 1 
f es(f 2?) (/ n) <e f utc f qe 
0 0 0 0 0 


Choosing £ = 1/8 we deduce that, Vu € Hy (0, 1), 


1 Le pe Efra AL Pg 
—a(u, — >= = —C. 
saints putes [a +5 fu 
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3. Let (un) be a minimizing sequence, i.e., 5a(Un, Un) + i fe us — m. Clearly (uy) 
is bounded in Hy (0, 1). Passing to a subsequence, still denoted by un, we may 
assume that un — uo weakly in Hy (0, 1) and un — uo in C((0, 1]). Therefore 


wee 1 1 1 1 1 1 
lim infn—>oo fo ul? > Jo a Jo qu? > Jo que and fo ut > 46 ug. Conse- 
quently a (uo, uo) + i f |uo|* < m, and thus uo is a minimizer. 

4. We have 


a yti f ugs ba +t stifa +tv)4 
—a(ug, U — uj < -a v, u v — u v 
alto, uo) + 7 p 2Sa uo 0 zh 0 
1 1 f! 4 3 2 
= 74o, uo) + ta(uo, v) E 4 (up + 4uptv) + O(t ). 

0 


Taking t > 0 we obtain 


1 
a(uo, + f ugu > O(t). 
0 


Letting t —> 0 and choosing +v we are led to 
1 
a(uo, v) +f ugv=0 Yue HLO, 1). 
0 


6. Recall that vu; Æ 0 since 5a(ui, uy) + E u$ =m < 0. On the other hand we 
have 
—u} + a°u = (a* — q — uî?)u =f>0 


and f # 0 (provided a? — q — u? > 0). We deduce from the strong maximum 
principle (see Problem 45) that uj > 0 on (0, 1), u4 (0) > 0, and uw) (1) < 0. 
8. Letu € C! ((0, 1)); we have, using integration by parts, 


1 2 1 ’ 20 1 
2 uU 
-f ul =} u( — — =) z u’, 
0 Uj 0 Uj Uí 0 


and therefore 


l 2 2 ey 2 2 : 20,2 2 
(S1) f" Ui > f! U D=- f atu — Uj). 


By density, inequality (S1) holds for every u € Hy (0, 1). Assume p € K and set 
u = ./p.Thenu € Hy (0, 1), and we have 


1 
1 1 
DW) -P= fu? + qu? + ut Uy’ — qu; — 5U}. 


Using (S1) we see that 
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1 
1 1 
2() - (0) | — (a +U?) (u? -= UF) + qu? + 5u" — gu? — 50 
0 


1 1 
1 1 1 2 
si sit + suf ube = f (2 - U7) ; 


Problem 51 


1. The mapping v œ> Tv = (v’, v, „/pv) is an isometry from V into L?(R)’. It 
is easy to check that T(V) is a closed subspace of L? (R)?, and therefore V is 
complete. V is separable since L? (R)? is separable. 

3. Letu € CX (R). We have Vx € [—A, +A], 


+A 
(S1) |u(x) — u(—A)| =f |u'(t)|dt < V2Allu' lp. 


On the other hand u2(—A) = 2 f F uu’ and therefore 
(S2) 


—A +00 1 +00 +00 

lu(— A)? <f P+ f wÊ < >| pul?+ f lu’? < Catu, u). 
—0o —0o ô —0o —0o 

Combining (S1) and (S2) we obtain 

(S3) |u(x)| < Ca(u,u)!/? Yx € [—A, +A], 


and consequently 


+A 
/ |u|? < Ca(u, u). 


—A 
Next, write that 


+00 
/ wes f P+ f ulir < Ca(u, uw). 
—o0o |x|<A |x|=A 


+00 aac 
f Meacan a f pun aia. 
68 —0o 


Since 


we conclude that a(u, u) > atu l|7, Vu € CX (R), for some a > 0. 

4. It is clear that u € H?(I) for every bounded open interval J and u satisfies 
—u" + pu = f a.e. on I. Since p, u and f are continuous on J we deduce that 
u € C(J). On the other hand, u(x) > 0 as |x| — oo by Corollary 8.9 (recall 
that V C H!(R)). 

5. We have 


(S4) | ul (26) pu + tfu’) + f ptu = I felu. 
R R R 
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But 
alu En) = f Gaul + Sa)? + fores | sut f ua by (S4). 


Thus (since |f,| < 1) 
e £ 2 
a(čnu, Cnt) < IVF llz2œlénull2R + a2 ur. 
n<|x|<2n 


Since u(x) —> 0 as |x| —> œœ we see that hae — Oasn — oo. Using 
the fact that a is coercive on V we conclude that ||¢,u||y < C. It follows easily 
that u € V. Returning to (S3) we obtain 


+00 
a(u, v) = / fv Ye CXR), 


—co 


and by density the same relation holds Vu € V. 

6. Let F = {u € V; |lullv < 1}. We need to show that F has compact closure in 
L?(R). For this purpose we apply Corollary 4.27. Recall (see Proposition 8.5) 
that 


Itau — ullz2œ) < lhlllu zz ag 


and therefore 


lim ||thu — ull z2) = 0 uniformly in u € F. 
|hi>0 


On the One hand, given any £ > 0 we may fix a bounded interval J such that 
|p(x)| > + Vx € R\ Z. Therefore 


i: u< eè f pul? < luig se Vu € F. 
RV R 


Notation 


General notations 


[f =a] = {x; f(x) =a} 
B(xo,r) 

Bg = {x € E; |ix]| < 1} 
epi ọ = {[x, A]; g(x) < å} 
y* 

L(E, F) 


Mt 
D(A) 
G(A) 
N(A) 
R(A) 
o(E, E*) 
o(E*, E) 


J 


$ 


p 
a.e. 

|A| 
supp f 
Jee 


Pn 
(ta f(x) = fx +h) 
@ CCR 


PK 


complement of the set A 
dual space 
scalar product in the duality E*, E 


open ball of radius r centered at xo 


conjugate function 

space of bounded linear operators from 
E into F 

orthogonal of M 

domain of the operator A 

graph of the operator A 

kernel (= null space) of the operator A 
range of the operator A 

weak topology on E 

weak* topology on E* 

weak convergence 

canonical injection from E into E** 


L 4 


conjugate exponent of p, i.e., a =1 


L 
ry 
almost everywhere 

measure of the set A 

support of the function f 
convolution product of f with g 
sequence of mollifiers 

shift of the function f 

w strongly included in Q, i.e., @ is compact 
and@ C Q 

projection onto the closed convex set K 
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| | Hilbert norm 


p(T) resolvent set of the operator T 
o(T) spectrum of the operator T 
EV(T) the set of eigenvalues of the operator T 
Jo = (1+ AA)7! resolvent of the operator A 
A, = As, Yosida approximation of the operator A 
Vu = (2 2, ENE At) gradient of the function u 
ð lal u N 
D*u = ———_., a = (1, &2,..., an), |a| = ``; ai 
ax? axe axe ( 1,2 N) | | Ži i 

N 8u 
Au = — Laplacian of u 

X 3x2 P 


RY nae (x, xy) € R^! x R; xy > 0} 

Q = {x = (x', xy) € RN x R; |x'| < Land |xy| < 1} 
Q+ = QNR] 

Qo = {x € Q; xy = 0} 

(Dru) (x) = ai (u(x +h) — u(x)) 

ou 


a outward normal derivative 
n 


Function spaces 


QcR open set in RY 

dQ=T boundary of Q 

LP (Q) = {u : Q — R: u is measurable and fo jul? < œ}, 1 < p < œ 

L® (Q) = {u : Q > R: u is measurable and |u(x)| < C a.e. in Q for some 
constant C} 


Ce (Q) space of continuous functions with compact 
support in Q 
CCQ) space of k times continuously differentiable 


functions on Q, k > 0 
CPO) = N CQ) 
k>0 


E) functions in C*(Q) such that 
for every multi-index a with |a| < k, 
the function x > D®u(x) admits a continuous 
extension to Q 
CSQ = N CAD 
k>0 


CC® (Q) = fu € C(Q); sup Us eet JO) 
x, yeQ |x E yl” 
= ied = 
Ch (Q) = {u € CK(Q); Diu € CQ) Vj, Li < k} 
w!P(Q), Wy? (Q), W™?(Q), H! (2), Hp (Q), H” (Q) Sobolev spaces 


< oof withO <a < 1 
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